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1. Introduction

The theory of almost-periodic (a.p.) functions was initiated in the 20’s through the
pioneering work of the Danish mathematician Harald Bohr. Since that time, this
theory and the theory of a.p. oscillations have made much progress (see the mono-
graphs [AP, Bo, Bes, C1, Fa, Fi, L, LZ, M, Kh, KBK, P, SY, Y]). The classical
results and the central notions are mostly related to the names of H. Bohr, A. S.
Besicovitch, S. Bochner, V. V. Stepanov, H. Weyl, and B. M. Levitan.

Since the very beginning, applications to differential equations have been of
great interest, within the framework of the nonlinear oscillations theory, but there
are much fewer results than for a closely related subclass of periodic oscillations.
Especially, those for nonuniformly a.p. solutions are rather rare (see, e.g., [A1, A2,
BG1, BG2, C3, H, ZL], and the references therein).

In [A1, A2], applications to differential inclusions are given for obtaining Weyl-
like a.p. solutions, which are required to deal with a.p. multifunctions. These have
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been considered so far in the sense of H. Bohr (see [BVVL]), V. V. Stepanov (see
[D1, D2, DS]) and H. Weyl (see [A1, A2]), but not in the sense of B. S. Besicovitch,
whose concept has been recently investigated systematically in the single-valued
case (see, e.g., [ABI, P]).

The aim of this paper is to examine the Bohr-type and the Bochner-type de-
finitions of a.p. functions in various metrics, in order to clarify the hierarchy of
a.p. function spaces. In the multivalued case, special attention is paid to the correct
definitions of Besicovitch-like multifunctions. All of these are studied from the
point of view of suitable applications to differential equations and inclusions. Since
Weyl-like a.p. solutions have been already treated in [A1, A2], we restrict ourselves
to the other classes. Thus, under a Stepanov a.p. forcing, a.p. solutions are studied
nontraditionally as a fixed-point problem and Besicovitch-like a.p. solutions are
deduced, under appropriate restrictions, from bounded solutions. In the concluding
remarks, some open problems are posed.

2. Remarks on a.p. Functions in the Sense of H. Bohr and V. V. Stepanov

H. Bohr has defined uniformly almost-periodic (a.p.) functions f ∈ C(R,Rn) as:

∀ε > 0 ∃k > 0 ∀a ∈ R ∃τ ∈ [a, a + k] : ‖f (t + τ)− f (t)‖ < ε.

It is well known (see, e.g., [L]) that the space of uniformly a.p. functions en-
dowed with the norm ‖·‖ := supt∈R

|·| is Banach. The same is true (see, e.g., [AP,
C1, L]) when this norm is replaced by the Stepanov metric (with an arbitrary l).

D
p

Sl
(f, g) :=

[
sup
b∈R

1

l

∫ b+l

b

|f (t)− g(t)|pdt

]1/p

, p � 1.

Then one speaks about Stepanov a.p. (S-a.p.) functions f ∈ L
p

loc(R,R
n).

On the other hand, the completeness is lost, e.g., in the Weyl metric (see Sec-
tion 4) or if the space of (continuous) uniformly a.p. functions is only endowed with
the topology of the uniform convergence on compact subintervals of R (cf. [AK]).
Nevertheless, as we will now see, a suitably chosen subset can become closed and
subsequently complete because C(R,Rn) is Fréchet in such a topology.

Defining, for a given uniformly a.p. function f ∈ C(R,Rn), the sets

�f := {(ε, k, a, τ) ∈ R4 | ∀t ∈ R τ ∈ [a, a + k]
and |f (t + τ)− f (t)| < ε},

Mf := {g ∈ C(R,Rn) | (ε, k, a, τ) ∈ �f ⇒ ∀t ∈ R |g(t + τ)− g(t)| < ε},
we can state the following three lemmas, which will be employed in the next
section.

LEMMA 1. Mf is a convex set.
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Proof. Letting u, v ∈ Mf , λ ∈ [0, 1], (ε, k, a, τ) ∈ �f , we have, for each
t ∈ R:

|(λu+ (1 − λ)v)(t + τ)− (λu+ (1 − λ)v)(t)|
� λ|u(t + τ)− u(t)| + (1 − λ)|v(t + τ)− v(t)|
� λε + (1 − λ)ε = ε. ✷

LEMMA 2. Mf is a closed subset (in the topology of the uniform convergence on
compact subintervals of R) of C(R,Rn).

Proof. Let Mf � gl
loc→ g hold on R, by which g ∈ C(R,Rn). Assume that

(ε, k, a, τ) ∈ �f , ∀t ∈ R. Then, for each δ > 0, there exists l0 such that, for all
l > l0, we have

|g(t + τ)− gl(t + τ)| < δ

2
and |g(t)− gl(t)| < δ

2
.

It follows from the inequality

|g(t + τ)− g(t)|
� |g(t + τ)− gl(t + τ)| + |gl(t + τ)− gl(t)| + |gl(t)− g(t)|

that

l > l0 : |g(t + τ)− g(t)| < δ + ε.

Since δ can be chosen arbitrarily small, we arrive at |g(t + τ)− g(t)| < ε. ✷
LEMMA 3. Let {gl}∞l=1 be a sequence in Mf such that liml→∞ gl = g. Then we
have

lim
l→∞{|gl(t)− g(t)| : t ∈ R} = 0.

Proof. We would like to prove that

∀ε > 0 ∃l0 ∈ R l > l0 ∀a ∈ R : |gl(a)− g(a)| < ε.

Fix ε > 0. Since g ∈ Mf , gl ∈ Mf , for all l ∈ N, there is a number k > 0 such
that

∀a ∈ R ∃τ ∈ [a, a + k] ∀t ∈ R ∀l ∈ N : |g(t + τ)− g(t)| � ε

4

and |gl(t + τ)− gl(t)| � ε

4
.

Let l0 ∈ N be a number such that, for all l > l0, the following is true:

∀t ∈ [−k, k] : |g(t)− gl(t)| � ε

4
.
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Then, for all a ∈ R, l > l0, we have

|g(a)− gl(a)| � |g((a − τ)+ τ)− g(a − τ)| + |g(a − τ)− gl(a − τ)| +
+ |gl(a − τ)− gl((a − τ)+ τ)|

� ε

4
+ ε

4
+ ε

4
< ε. ✷

Now, let us turn to Stepanov a.p. functions with ‖f − g‖Sp = D
p

S1
(f, g), i.e.

‖f ‖Sp :=
[

sup
t∈R

∫ t+1

t

|f (s)|pds

]1/p

, p � 1,

in order to derive an analogical result to Lemma 2.
Defining the Banach space

BSp := {f ∈ L
p

loc(R,R
n) | ‖f ‖Sp < ∞},

we have obviously Sp ⊂ BSp, where Sp denotes the space of Sp-a.p. functions.
The Bochner transform (cf., e.g., [P])

f b(t) = f (t + η), η ∈ [0, 1], t ∈ R,
associates, to each t ∈ R, a function defined on [0, 1].

Thus, if f ∈ L
p

loc(R,R
n), then f b ∈ L

p

loc(R, L
p([0, 1])).

Consequently,

BSp(R) = {f ∈ L
p

loc(R,R
n) | f b ∈ L∞(R, Lp([0, 1]))},

because ‖f ‖pSp = ‖f b‖L∞ :

‖f b‖L∞ = sup ess
t∈R

‖f b‖Lp([0,1]) = sup ess
t∈R

[ ∫ 1

0
|f (t + η)|pdη

]1/p

.

Moreover, if

∀f ∈ L
p

loc(R,R
n) : f b ∈ C(R, Lp([0, 1])),

then

BSp(R) = {f ∈ L
p

loc(R,R
n) | f b ∈ BC(R, Lp([0, 1]))},

where BC denotes the spaces of bounded continuous functions.
S. Bochner has shown (cf., e.g., [AP], pp. 76–78) that

Sp(R) = {f ∈ L
p

loc(R,R
n) | f b ∈ Cap(R, L

p([0, 1]))},
where Sp and Cap denote the Stepanov and the Bohr spaces of a.p. functions,
respectively.
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Obviously,

‖f ‖pSp = ‖f b‖BC(R,Lp([0,1])),

and fn → f in Sp ⇔ f b
n → f b in BC(R, Lp([0, 1])).

Since L
p

loc(R,R
n) is a Fréchet space (Sp ⊂ BSp ⊂ L

p

loc), endowed with the
topology of the uniform convergence on compact subintervals of R, namely

‖f ‖Sploc
:=

[
sup
t∈K

∫ t+1

t

|f (s)|pds

]1/p

, K ⊂ R,K is compact,

we have that (cf. [P], p. 25)

fn → f in L
p

loc(R,R
n) ⇔ f b

n → f b in C(R, Lp([0, 1])),
uniformly on compacts.

After all, we are in position to formulate an analogous statement to Lemma 2.

Hence, taking this time

�̃f := {(ε, k, a, τ) ∈ R4 | ∀t ∈ R τ ∈ [a, a + k]
and ‖f b(t + τ)− f b(t)‖ < ε},

M̃f := {g ∈ L
p

loc(R,R
n) | (ε, k, a, τ) ∈ �̃f

⇒ ∀t ∈ R‖gb(t + τ)− gb(t)‖ < ε},
and realizing that g ∈ M̃f implies g ∈ Sp(R), we can give

LEMMA 4. M̃f is a closed subset of Lp

loc(R,R
n).

Proof. Since the proof of Lemma 2 can be repeated in terms of the Bochner
transforms, in view of the above arguments, we are done. ✷

We conclude this part by recalling the definition of an a.p. multifunction in the
sense of V. V. Stepanov (for p = 1) which will be used later.

An essentially bounded multifunction ϕ: R → 2R
n\{∅} (briefly, ϕ: R ❀ Rn)

with nonempty closed values, which is measurable (i.e. if, for any open U ⊂ R,
the set {t ∈ R | ϕ(t) ∩U �= ∅} is measurable), is called (cf. [A1]) Stepanov a.p. if,
for every ε > 0, there exists a positive number k = k(ε) such that, in each interval
of the length k, there is at least one number τ satisfying

sup
a∈R

∫ a+1

a

dH (ϕ(t), ϕ(t + τ)) dt < ε,

where dH (·, ·) stands for the Hausdorff metric.

3. A.P. Problem as a Fixed-Point Problem for Differential Equations

This rather unusual approach is based either on the Banach contraction principle
or on the Schauder–Tikhonov fixed-point theorem. Similarly as for (e.g., periodic)
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boundary-value problems, a.p. solutions should correspond to fixed-points of the
associated operators in suitable function spaces.

Consider the linear system

X′ + AX = P(t), (1)

where A is a constant (n × n)-matrix, which is hyperbolic (i.e. it has no purely
imaginary associated eigenvalues), and P ∈ L1

loc(R,R
n) is essentially bounded

and S-a.p.
It follows from the Bohr–Neugebauer-type theorem (see, e.g., [C2, C3]) that (1)

possesses, under the above assumptions, a unique entirely bounded solution X(t)

which is uniformly-a.p. This solution takes the form (see, e.g., [AK])

X(t) =
∫ ∞

−∞
G(t − s)P (s) ds (2)

with

sup
t∈R

|X(t)| � sup ess
t∈R

|P(t)|
(

sup
t∈R

∫ ∞

−∞
|G(t − s)| ds

)
� C(A) sup ess

t∈R

|P(t)|, (3)

where C(A) is a real constant depending only on A.
Let us still consider a one-parameter family of linear systems

X′ + AX = f (q(t))+ p(t), q ∈ Q, (4)

where A is same as above, f ∈ C(Rn,Rn) has at most a linear growth, p ∈
L1

loc(R,R
n) is essentially bounded and S-a.p., and Q is a subset of S-a.p. functions.

Since the composed function f (q(t)) becomes, for every q ∈ Q, S-a.p. (see,
e.g., corollary to Lemma 3 in [D2] and the references therein), system (4) pos-
sesses, under the above assumptions, a unique uniformly-a.p. solution of the form
(2) with (3), where P(t) := f (q(t))+ p(t).

Therefore, denoting

T (q) :=
∫ ∞

−∞
G(t − s)[f (q(s))+ p(s)] ds, q ∈ Q, (5)

one can already discuss the possibility of applying the fixed-point theorem.
For the Banach principle, it is required that

(i) Q is complete,
(ii) T : Q → Q is contractible.

Hence, taking Q as the Banach space of uniformly-a.p. (= uniformly continu-
ous S-a.p.) functions, only (ii) remains to be verified, i.e.

‖T (q1)− T (q2)‖ � L1‖q1 − q2‖, for all q1, q2 ∈ Q,
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where L1 ∈ [0, 1) and ‖·‖ = supt∈R
|·|.

Assuming, additionally, that f is Lipschitzian with a constant L2 > 0, we obtain
(cf. (3))

‖T (q1)− T (q2)‖
= sup

t∈R

∣∣∣∣
∫ ∞

−∞
G(t − s)[f (q1(s))− f (q2(s))] ds

∣∣∣∣
� L2 sup

t∈R

∫ ∞

−∞
|G(t − s)||q1(s)− q2(s)| ds � L2C(A)‖q1(t)− q2(t)‖.

Obviously, for a sufficiently small L2, concretely for L2 < 1/C(A), we get the
desired contraction L1 := L2C(A) < 1. ✷

The following statement is based on the application of the Schauder–Tikhonov
fixed-point theorem (for a more general version, see [A2]).

PROPOSITION 1. Consider the problem

X′ + AX = f (X)+ p(t), X ∈ Q, (6)

where A, f, p are as above, but Q is assumed, additionally, to be a (nonempty),
closed, convex, and bounded subset of the Fréchet space C(R,Rn) endowed with
the topology of the uniform convergence on compact subintervals of R.

If the associated system (4), for each q ∈ Q, has a unique solution X(t) ∈ Q,
then problem (6) is solvable.

It immediately follows from the above investigations that Proposition 1 applies
in a desired manner, when

(i) Q with the above properties is also a subset of the Banach space of Stepanov
(or, in particular, uniformly) a.p. functions,

(ii) T (Q) ⊂ Q, for T defined in (5).

Defining, for a given uniformly-a.p. function ξ ∈ C(R,Rn), the sets (. � 1)

�ξ :=
{
(ε, k, a, τ) ∈ R4 | ∀t ∈ Rτ ∈ [a, a + k] and |ξ(t + τ)− ξ(t)| < ε

.

}
,

Mξ := {ϕ ∈ C(R,Rn) | (ε, k, a, τ) ∈ �ξ ⇒ ∀t ∈ R|ϕ(t + τ)− ϕ(t)| < ε},

it is self-evident that every ϕ ∈ Mξ must be an a.p. function as well.
Since Mξ has been already proved to be a convex and closed subset (in the given

topology) of C(R,Rn), the same is true for Mξ ∩QC , where

QC :=
{
ϕ ∈ C(R,Rn) | sup

t∈R

|ϕ(t)| � C
}
,

because, for every α ∈ [−1, 1], β ∈ R, we have that αMξ + β ⊂ Mξ .
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Therefore, taking this time Q := Mξ ∩ QC , it remains to verify (ii). More
precisely, since the inclusion T (Q) ⊂ QC can be easily obtained with a suitable
C, provided the coefficient of at most linear growth of f is sufficiently small (see
[A1, AK]), it is enough to show that T (Q) ⊂ Mξ .

Hence, let ξ(t) be a unique uniformly-a.p. solution of the equation

X′ + AX = p(t)

with an almost-period τξ (for a given ε/.,. � 1). Assuming, additionally, the
Lipschitzianity of f with a sufficiently small constant L > 0, we obtain for a
unique uniformly-a.p. solution X(t) of (4) that

|X(t + τξ )−X(t)|
=

∣∣∣∣
∫ ∞

−∞
G(t − s)[f (q(s + τξ ))− f (q(s))] ds + [ξ(t + τξ )− ξ(t)]

∣∣∣∣
� ε

.
+

∫ ∞

−∞
|G(t − s)|[|f (q(s + τξ ))− f (q(s))|] ds

� ε

.
+ L

∫ ∞

−∞
|G(t − s)|[|q(s + τξ )− q(s)|] ds

� ε

.
+ L sup

t∈R

|q(t + τξ )− q(t)| ·
∫ ∞

−∞
|G(t)| dt

� ε

.
+ LC(A) sup

t∈R

|q(t + τξ )− q(t)| � ε

.
+ εLC(A).

If L is sufficiently small, concretely L < 1/C(A), we arrive at

sup
t∈R

|X(t + τξ )−X(t)| � ε

(
1

.
+ LC(A)

)
< ε,

as required. ✷
Remark 1. The same can be reformulated in terms of the Bochner transforms,

by means of Lemma 4.

Since a Lipschitz-continuous multifunction F with a sufficiently small Lip-
schitz constant possesses a Lipschitz-continuous selection f ⊂ F with (not nec-
essarily same, but) a sufficiently small Lipschitz constant (see [AC], p. 77) and an
essentially bounded a.p. multifunction P with nonempty, closed values possesses
an essentially bounded S-a.p. selection p ⊂ P (see [DS]), we can summarize our
investigations as follows.

THEOREM 1. The system

X′ + AX ∈ F(X)+ P(t), (7)
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where A is a constant hyperbolic (n × n)-matrix, F : Rn ❀ Rn is a Lipschitz-
continuous (multivalued) function with a sufficiently small Lipschitz constant and
P : R ❀ Rn is an essentially bounded Stepanov-a.p. (multivalued) function with
nonempty closed values, admits a uniformly-a.p. solution.

Remark 2. In the single-valued case, results of this type have been obtained,
with a uniformly-a.p. functions, by several authors (see, e.g., [AK] and the refer-
ences therein), when applying more standard methods. Besides the existence, the
uniqueness result is guaranteed under the same conditions (see [AK]).

Remark 3. If A = (aij ) satisfies the Gershgorin-type inequalities (cf. condition
(2) in [C3]),

either

(
aii −

n∑
(j=1
j �=i)

|aij | > 0 or aii +
n∑

(j=1
j �=i )

|aij | < 0 for i = 1, . . . , n

)

or

(
ajj −

n∑
(i=1
i �=j)

|aij | > 0 or ajj +
n∑

(i=1
i �=j)

|aij | < 0 for j = 1, . . . , n

)
,

by which the real parts of the associated eigenvalues of A are either all negative
or positive, then (at least, in the single-valued case) the constant C(A) in (3) can
be expressed explicitly in terms of the entries aij (see [AK]). Moreover, Rn can be
replaced everywhere by a real Banach space (cf. [C3]).

4. Remarks on A.P. Functions in the Sense of H. Weyl

We make the following conventions and notations in this section. All functions are
considered on a real line R (with their usual natural structures, e.g., metrics) into
some normed spaces, say (E, ‖·‖). These functions will be denoted by f, g. In the
family of (Bochner) locally integrable functions, we introduce two ‘metrics’:

DSl (f, g) := sup
a∈R

1

l

∫ a+l

a

‖f (t)− g(t)‖ dt (Stepanov),

DW(f, g) := lim
l→∞DSl (f, g) (Weyl),

for f, g ∈ L1
loc(R, E). We do not exclude the infinity ∞ as a value of DSl ,DW . The

limit DW = liml→∞DSl exists by the simple argumentation in [L], pp. 221–222,
or in [Bes], pp. 72–73.

For our convenience, we write

DSl (f ) = DSl (f, 0), DW(f ) = DW(f, 0).
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Hence,

DSl (f, g) = DSl (f − g), DW(f, g) = DW(f − g).

The distances DSl and DW are the ‘usual’ (i.e. finite) metrics on the subspace

{f ∈ L1
loc(R, E) | DSl (f ) < ∞} = {f ∈ L1

loc(R, E) | DW(f ) < ∞}
of L1

loc(R, E) (cf. [BF], p. 37).
To a function f ∈ L1

loc(R, E), we associate the translation f h ∈ L1
loc(R, E),

f h(t) = f (t + h)∀t ∈ R. Thus, we have the translation operator R � h �→ f h ∈
L1

loc(R, E), denoted by Tf .
The Stepanov and Weyl metrics have some nice properties we shall need later.

PROPOSITION 2. Assume that l, l1, l2 > 0, l1 < l2, h ∈ R and f, g ∈ L1
loc(R, E).

(i) (Equivalence)

DSl1
(f, g) � l2

l1
·DSl2

(f, g),

DSl2
(f, g) �

(
1 + l1

l2

)
·DSl1

(f, g).

(ii) (Shift invariance)

DSl (f
h, gh) = DSl (f, g), DW(f

h, gh) = DW(f, g).

Recall that a set A ⊂ R is relatively dense (r.d.) if there exists a number k

(a constant of relative density) such that each (closed) interval I of length k con-
tains some element of A (cf. [ZL], p. 7). Note that the closedness of intervals I can
be replaced by their openness.

It is possible to give alternative definitions for the spaces of a.p. functions. The
central notions are collected below.

DEFINITION 1. A function f ∈ L1
loc(R, E) is said

(i) Stepanov almost periodic (S-a.p.) if

∀ε > 0 the set {τ ∈ R | DSl (f
τ , f ) < ε} is r.d.,

(ii) equi-Weyl almost periodic (equi-W-a.p.) if

∀ε > 0 ∃l > 0 such that the set {τ ∈ R | DSl (f
τ , f ) < ε} is r.d.,

(iii) Weyl almost periodic (W-a.p.) if

∀ε > 0 the set {τ ∈ R | DW(f
τ , f ) < ε} is r.d.
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Let us add some remarks. The notions (i) and (ii) are studied, e.g., in [L, BF].
In fact, the equi-Weyl almost periodicity is there called ‘Weyl almost periodicity’.
On the other hand, it seems that a similar concept to (iii) has been investigated for
the first time by A. S. Kovanko in [K] (unfortunately, we have at our disposal only
its French translation with no proofs). Recently, interest has been again growing in
this matter (see, [A1, A2]).

In view of Proposition 2(i), Definition 1(i) does not depend on the choice of
l. Definitions 1(i)–(iii) do also make sense without a finiteness assumption� (i.e.
DSl (f ) < ∞, DW(f ) < ∞). However, it can be proved that S-a.p. functions as
well as equi-W-a.p. functions must satisfy this condition (see [L], pp. 200–201,
pp. 222–223).

The numbers τ in the above definitions are often called as DSl , ε-almost peri-
ods and DW, ε-almost periods, respectively. In what follows, we restrict ourselves
to (iii).

It can be easily seen that if f ∈ L1
loc(R, E) is W-a.p., then the same is true for

f h − f , for any h ∈ R. If, in addition, DW(f ) < ∞, then also

DW(f
h − f ) � DW(f )+DW(f

h) = 2DW(f ) < ∞.

Obviously, each essentially bounded function f satisfies DW(f ) < ∞.
Thus, we can prove the continuity of Tf , in the metric DW , provided

HYPOTHESIS. Let f ∈ L1
loc(R, E) with DW(f ) < ∞ be uniformly continuous in

the mean, i.e.

∀ε
3
> 0 ∃δ > 0 ∀|h| < δ : 1

l

∫ l

0
‖f h(t)− f (t)‖ dt <

ε

3
,

uniformly w.r.t. l ∈ (0,∞).

The proof of the following lemma is quite analogous to the one for the equi-W.-
a.p. class (cf. [L], pp. 223–224).

LEMMA 5. Let f ∈ L1
loc(R, E) be a W-a.p. function satisfying the Hypothesis.

Then the translation operator h
Tf�−→ f h is continuous in the Weyl metric DW .

Proof. Consider the (triangle) inequality

DW(f
h, f ) � DW(f

h, f h+τ )+DW(f
h+τ , f τ )+DW(f

τ , f )

= 2DW(f, f
τ )+DW(f

h+τ , f τ ). (8)

Fix ε > 0. Since f is W-a.p., we have

∀a ∈ R ∃τ ∈ [−a,−a + k] : DW(f, f
τ ) < ε/3, (9)

where k is a constant of r.d. to the set {τ | DW(f, f
τ ) < ε/3}.

� Finiteness in the Weyl and the Stepanov metrics is the same (see [BF], p. 37).
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If τ ∈ [−a,−a + k], a � t � a + l, then

0 � a + τ � t + τ � a + τ + l � k + l.

Hence,

1

l

∫ a+l

a

‖f h+τ (t)− f τ (t)‖ dt � 1

l

∫ k+l

0
‖f h(t)− f (t)‖ dt ∀a ∈ R,

and subsequently

sup
a∈R

1

l

∫ a+l

a

‖f h+τ (t)− f τ (t)‖ dt � 1

l

∫ k+l

0
‖f h(t)− f (t)‖ dt.

This inequality gives us

DW(f
h+τ , f τ )

= lim sup
l→∞

sup
a∈R

1

l

∫ a+l

a

‖f h+τ (t)− f τ (t)‖ dt

� lim sup
l→∞

1

l

∫ k+l

0
‖f h(t)− f (t)‖ dt. (10)

Moreover (by the hypothesis),

∃δ > 0 ∀|h| < δ : lim sup
l→∞

1

l

∫ k+l

0
‖f h(t)− f (t)‖ dt � ε

3
. (11)

After all (cf. (8)–(11)), we obtain that

∃δ > 0∀ |h| < δ : DW(f
h, f ) < 2 · ε/3 + ε/3 = ε,

which completes the proof. ✷
Now, we would like to examine the Bochner-type criterion for W-a.p. functions.

A similar result to the theorem we are going to present, has been developed by A. S.
Kovanko [K], in 1944. However, as we have already pointed out, since we have not
to our disposal the original proofs, we rediscover in fact this theorem characterizing
W-a.p. functions in a Bochner manner, i.e. in terms of precompactness of a family
of translates w.r.t. the Weyl metric.

Usually, the Bochner criterion for S-a.p. and uniformly (i.e. Bohr) a.p. functions
is expressed in terms of compactness. But since the spaces of S-a.p. and uniformly
a.p. functions are complete, the precompactness is equivalent to compactness (see
[L], pp. 23–27, 199–200, 216–220, [ZL], pp. 10–11, 38, [BF], pp. 51–53). Surpris-
ingly, the space of equi-W-a.p. functions is incomplete with respect to DW (see [L],
pp. 242–247, [BF], pp. 58–61).
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The space of equi-W-a.p. functions is DW -closed subspace of DW -finite func-
tions and the latter one is also incomplete (see [BF], p. 39, 58–61). Consequently,
the between-lying space of DW -finite W-a.p. functions,

{f | f is equi-W-a.p.}
⊂ {f | f is W-a.p.,DW(f ) < ∞} ⊂ {f | DW(f ) < ∞},

is also DW -incomplete. Indeed. The set {f | f is equi-W-a.p.} is DW -closed, so it
is DW -closed as well w.r.t. the subspace {f | f is W-a.p., DW(f ) < ∞}. Therefore,
the space of DW -finite W-a.p. functions cannot be complete.

Omitting the problems about completeness of spaces of a.p. functions (espe-
cially, W-a.p. functions), we formulate our Bochner type criterion just in terms
of precompactness (which is certainly a weaker condition than the strict com-
pactness). The proof is performed by ε-nets (for more details, see [L]), because
the precompactness is nothing else but the complete boundedness (as the classical
Hausdorff theorem states).

THEOREM 2. A function f ∈ L1
loc(R, E), satisfying the Hypothesis, is W-a.p. if

and only if the family {f h | h ∈ R} of shifts is DW -precompact (i.e. precompact
w.r.t. the Weyl metric).

Proof. ‘If’ part. Fix ε > 0. Since {f h | h ∈ R} is DW -precompact,

∃f h1, . . . , f hn ∀h ∈ R
∃j = 1, . . . , n : DW(f

h−hj , f ) = DW(f
hj , f h) < ε. (12)

Thus, the numbers τ = h− hj are DW, ε-almost periods.
We show r.d. for

{τ | τ = h− hj , h ∈ R, j = 1, . . . , n;DW(f
hj , f h) < ε}. (13)

Take

k = max
j=1,...,n

|hj | (14)

and let a ∈ R be arbitrary. If h = a + k and hj satisfy (12), we obtain, in view of
(14), that h−hj ∈ [a, a+ 2k]. Each interval of length 2k contains a DW, ε-almost
period of f . The number 2k is so a constant of r.d. to the set (13).

‘Only if’ part. Assume that f is W-a.p. and fix ε > 0. Because of a DW -
continuity of the translation operator hr �→ f h (see Lemma 5), we have

∃δ > 0 ∀|w| < δ : DW(f, f
w) < ε/2. (15)

Let k be a constant of r.d. to the set {τ | DW(f, f
w) < ε/2}, i.e.

∀I – an interval of length k ∃τ ∈ I : DW(f
τ , f ) < ε/2. (16)
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To these k and δ, we associate a positive integer n such that

nδ � k < (n+ 1)δ (17)

and put hj = j · δ (j = 1, . . . , n).
Take any h ∈ R. In the interval [−h,−h + k] of length k, we find by means of

(16) some DW, ε/2-almost period τ , i.e.

DW(f
τ , f ) < ε/2. (18)

Furthermore, we match h and τ with j = 1, . . . , n in such a way that

|h+ τ − hj | < δ. (19)

It is possible because of (17) and the fact that τ ∈ [−h,−h+ k].
By means of (15), (18) and (19), we can arrive at

DW(f
h, f hj ) � DW(f

h, f h+τ )+DW(f
h+τ , f hj )

= DW(f, f
τ )+DW(f

h+τ−hj , f ) < ε/2 + ε/2 = ε.

This shows that {f hj | j = 1, . . . , n} is a finite ε-net to {f h | h ∈ R}, in the sense
of the Weyl metric DW , as required. ✷

Let us note that the above proof is based partly on [L], pp. 219–220, and [S].
It is well known (see, e.g., [BF]) that

S-a.p. � equi-W-a.p.

and the inclusion is strict.
The following example shows that the class W-a.p. is more general than the one

of equi-W-a.p. functions.

EXAMPLE 1. Consider the step function f : R→ R:

f (t) =
{

0, whenever t � 0,
1, whenever t > 0.

Obviously, f ∈ L1
loc(R,R).

A relative density of the set {τ | DSl (f, f
τ ) < ε}, for some l, requires arbitrary

large values of τ ’s in this set (we can extract some sequences of τn → ∞ with
n → ∞). If we demand that l is (perhaps large but) constant for all τ ’s (we fix ε),
then for most of them we get τ > l, and subsequently

DSl (f
τ , f ) = 1

l
· l = 1 = const.

So, DSl (f
τ , f ) < ε is impossible (for all τ ’s, simultaneously), by which f is not

equi-W-a.p.
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On the other hand, we have

DW(f
τ , f ) = lim

l→∞
1

l
· τ = 0

(we can assume that τ < l, since l → ∞), by which f is W-a.p.
Therefore, equi-W-a.p. ⊆ W-a.p. and we can conclude by extending our hierar-

chy, namely

S-a.p. � equi-W-a.p. � W-a.p.,

where the above inclusions are strict.

Instead of a normed space E in L1
loc(R, E), we can consider any metric space

(X, d). Although we do not have at our disposal the theory of Bochner integrals, it
is still reasonable to define a class of locally integrable functions with values in X.
One can introduce

L1
loc(R, X) =

{
f : R→ X | ∀a < b :

∫ b

a

d(f (t), x0) dt < ∞
}

with fixing some point x0 ∈ X. Observe that this definition is independent of the
choice of x0. In fact, we only need to integrate real-valued nonnegative functions
(the distances, in fact). Such an approach permits us to investigate multifunctions
(cf. [A1, A2]).

Those in the sense of V. V. Stepanov and H. Weyl have been already treated in
[A1, A2, D1, D2, DS]. Therefore, we will restrict ourselves to a.p. multifunctions
in the sense of A. S. Besicovitch.

5. Remarks on Besicovitch-Like a.p. Multifunctions

Unlike in the single-valued case, a.p. multifunctions have been studied rarely (see
[A1, A2, BVVL, D1, D2, DS] and the references therein). Roughly speaking, the
vector norms have been replaced by the Hausdorff metrics in the related definitions
for measurable multifunctions. It seems that Bohr-like a.p. multifunctions have
been investigated for the first time in [BVVL] w.r.t. the existence of a (continuous)
Bohr a.p. selection. It is rather surprising that this problem was answered there
negatively, in general.

On the other hand, for the Stepanov-like a.p. multifunctions (measurable) Stepa-
nov a.p. selections do exist (see [DS, D1, D2]). A natural question therefore arises
(posed already in [A1, A2]), whether or not measurable Weyl a.p. selections exist
for (equi-) Weyl-like a.p. multifunctions. Since this question remains open, we
considered in [A1, A2] a special subclass of selectional Weyl-like a.p. multifunc-
tions for applications to differential inclusions. In fact, selectional Weyl-like a.p.
multifunctions take the particular form of a Stepanov-like a.p. multifunction plus
a (single-valued) Weyl a.p. function, which are Weyl-like selectionable because of
the Stepanov-like selectionability of a multi-part mentioned above.
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Perhaps the most delicate situation appears for measurable multifunctions in the
Besicovitch case. As far as we know, no appropriate definition has yet been given.
Hence, our next remarks will be devoted to this problem. In the single-valued case,
there are several definitions of Besicovitch-like a.p. functions (cf. [ABI, BG1, Bes,
P]). For our convenience, first we recall here those in [Bes] which are transparently
sketched in Appendix 4 of [Ber]. Namely,

CBp {u.a.p.} = CBp(A) = {Bp-a.p.}, p � 1,

where

CBp {u.a.p.} :=
{

The closure, under the norm

‖f ‖pBp := lim sup
T→∞

1

2T

∫ T

−T

|f (t)|p dt, (20)

of the set of all uniformly (Bohr-like) a.p. functions

}
,

CBp(A) := {The closure, under the norm (20), of the set A of all trigono-
metric polynomials of the form

∑
ajeiλj t , where the coefficients aj as well as the

exponents λj are real numbers and the sum contains only a finite number of terms},
{Bp-a.p.} := {{

f (t) ∈ L
p

loc(R), ∀ε > 0∃ a ‘satisfactorily uniform’ set of
numbers

. . . τ−2 < τ−1 < τ0 < τ1 < τ2 . . . ,

i.e. such that

(i) there is l > 0 with

2 >
maxt∈(−∞,∞)(the number of terms in {{τ0, τ±1, τ±2, . . .} ∩ [t, t + l]})
mint∈(−∞,∞)(the number of terms in {{τ0, τ±1, τ±2, . . .} ∩ [t, t + l]})

(ii) for each j ,

lim sup
T→∞

1

2T

∫ T

−T

|f (t + τj )− f (t)|p dt < εp,

(iii) for every C > 0,

lim sup
T→∞

1

2T

∫ T

−T

{
lim sup
n→∞

1

2n+ 1

n∑
j=−n

1

C

∫ t+C

t

|f (s + τj )− f (s)|p ds

}
dt

< εp
}}
.

For brevity, all these classes will be denoted, as usual, by B
p
ap, i.e.

Bp
ap := CBp {u.a.p.} = CBp(A) = {Bp-a.p.}, p � 1.
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The reason why the definition of {Bp-a.p.}-spaces takes this complicated form
is strictly related to the proof of the above equivalence (see [Bes], pp. 91–104).

Furthermore, it is known (see [BG1]) that every f ∈ B
p
ap, p � 1, satisfying

∀ε > 0 :
{
τ ∈ R lim

T→∞

[
1

2T

∫ T

−T

|f (t + τ)− f (t)|p dt

]1/p

< ε

}

is relatively dense. Thus, Bp
ap is involved in the set of all f ∈ L

p

loc(R) with the
above property. Moreover, the last definition seems to be the most convenient
for applications to differential equations, within the framework of the theory of
nonlinear oscillations. However, we do not know whether f ∈ L

p

loc(R), whose set
of shifts {f h | h ∈ R}, where f h(t) = f (t+h) ∀t ∈ R, is precompact in the above
metric, satisfies the above property, or even f ∈ B

p
ap.

Hence, taking into account the class CBp(A), for p = 1, we can introduce the
definition of Besicovitch-like a.p. measurable multifunctions as follows:

DEFINITION 2. An essentially bounded measurable multifunction ϕ: R ❀ Rn

(i.e. ϕ: R→ 2R\{∅}) with nonempty closed values is said to be a.p. in the sense of
Besicovitch if there exists a sequence {Pn}∞n=1 of finite trigonometric polynomials
with real coefficients such that

lim
n→∞ lim sup

T→∞
1

2T

∫ T

−T

dH (ϕ(t), Pn(t)) dt = 0,

where dH (·, ·) stands for the Hausdorff metric (cf., e.g., [A1, A2]).
Let us also recall that ϕ is measurable if, for any open U ⊂ R, the set {t ∈ R |

ϕ(t) ∩ U �= ∅} is measurable.
Since any measurable multifunction ϕ with nonempty closed values is well

known (cf. [A1, A2, DS]) to be representable in the sense of Castaing, namely

ϕ(t) =
⋃
n∈N

ϕn(t),

where {ϕn(t)}∞n=1 is a suitable sequence of its measurable selections, Definitions 2
is correct. It is really so because the problem of measurability of dH (ϕ(t), Pn(t))

then turns out to be equivalent to the one for dH (
⋃

n∈N
ϕn(t), Pn(t)), which is

obviously measurable by standards single-valued arguments (cf. [A1, A2]). The
local convergence of the Lebesgue integral in Definition 2 follows by means of the
well-known Lebesgue-dominated theorem.

One can easily extend Definition 2, analogously as in the single-valued case
(cf. [ABI]), to essentially bounded measurable vector multifunctions ϕ: R ❀ Rn.
Nevertheless, in view of mentioned applications (nonlinear oscillations for differ-
ential inclusions), we still prefer to give the following definition when involving
the notion of almost-periods:
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DEFINITION 3. An essentially bounded measurable multifunction ϕ: R ❀ Rn

with nonempty closed values is called a.p. in the generalized sense of Besicovitch,
if for every ε > 0, there exists a positive number k = k(ε) such that, in each
interval of length k, there is at least one number τ satisfying

lim
T→∞

1

2T

∫ T

−T

dH (ϕ(t + τ), ϕ(t)) dt < ε.

By the same reasons as above, Definition 3 is correct. Of course, one can also
correctly extend the definitions of the classes CB1{u.a.p.}, or {B1-a.p.} to the vector
multivalued case, when just replacing the vector norms by the Hausdorff metric.

Similarly as for (equi-) Weyl-like a.p. multifunctions, a natural question arises
whether or not a measurable selection f ∈ B1

ap exists to an a.p. multifunction ϕ, in
the sense of Definition 3.

6. Besicovitch-Like a.p. Solutions to Differential Systems

In this section, we establish the sufficient conditions for the existence of a.p. so-
lutions in the generalized sense of Besicovitch (as above) to the Carathéodory
systems

X′ + AX = f (t,X), where f : Rn+1 → Rn, (21)

whose solutions X(t) are understood in the sense of Carathéodory, namely X(t) ∈
ACloc(R), satisfying (21) a.e.

DEFINITION 4. A Carathéodory function f (t,X) ∈ Rn (i.e. measurable in t , for
all X ∈ Rn, and continuous in X, for a.a. t ∈ R) is called a.p. in t in the generalized
sense of Besicovitch, uniformly w.r.t. X ∈ Rn, if for every ε > 0 and every D > 0
there exists a positive number k = k(ε,D) such that, in each interval of the length
k, there is at least one number τ satisfying

lim
T→∞

1

2T

∫ T

−T

|f (t + τ,X)− f (t,X)| dt < ε, (22)

for |X| � D.

THEOREM 3. Let the following assumptions be satisfied:

(i) a constant (n× n)-matrix A is hyperbolic, i.e. all the associated eigenvalues
have nonzero real parts;

(ii) a Carathéodory function f (t,X): Rn+1 → Rn is essentially bounded in t

and Lipschitz-continuous in X, for a.a. t ∈ R, with a constant L < λ/2k,
where the constants λ and k are specified below;

(iii) f (t,X) is a.p. in t in the generalized sense of Besicovitch, uniformly w.r.t.
X ∈ Rn (see Definition 4).

Then Equation (21) admits an a.p. solution in the generalized sense of Besicovitch.
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Proof. It follows from the investigations in [A2] that conditions (i), (ii) repre-
sent the assumptions implying the existence of an entirely bounded solution X(t)

of (21). This solution takes the form

X(t) =
∫ ∞

−∞
G(t, s)f (s,X(s)) ds, (23)

where the Green function G(t, s) satisfies

|G(t, s)| � kexp(−λ(t − s)) for t � s,

|G(t, s)| � kexp(−λ(s − t)) for t � s.

By the hypothesis, for every ε > 0 and every D > 0, there exists a positive number
k = k(ε,D) such that, in each interval of the length k, there is at least one number
τ satisfying (22), for |x| � D. Since for X(t) in (23), we also have

X(t + τ) =
∫ ∞

−∞
G(t + τ, s)f (s,X(s)) ds

=
∫ ∞

−∞
G(t, s)f (s + τ,X(s + τ)) ds,

one can deal with
∫ T

−T
|X(t+τ)−X(t)| dt , to prove the almost-periodicity of X(t)

in the Besicovitch metric used in (22). Hence, applying (after several steps) the
well-known Fubini theorem and using the norm ‖·‖ = supt∈R

|·| and compatible
vector and matrix norms, we successively obtain∫ T

−T

|X(t + τ)−X(t)| dt

=
∫ T

−T

∣∣∣∣
∫ ∞

−∞
G(t, s)[f (s + τ, x(s + τ))− f (s,X(s))] ds

∣∣∣∣ dt

�
∫ T

−T

dt
∫ ∞

−∞
|G(t, s)||f (s + τ,X(s + τ))− f (s,X(s))| ds

�
∫ T

−T

dt

[∫ t

−∞
k e−λ(t−s)|f (s + τ,X(s + τ))− f (s,X(s))| ds +

+
∫ ∞

t

k eλ(t−s)|f (s + τ,X(s + τ))− f (s,X(s))| ds

]

= k

∫ −T

−∞
|f (s + τ,X(s + τ))− f (s,X(s))| ds

∫ T

−T

e−λ(t−s) dt +

+ k

∫ T

−T

|f (s + τ,X(s + τ))− f (s,X(s))| ds
∫ T

s

e−λ(t−s) dt +

+ k

∫ T

−T

|f (s + τ,X(s + τ))− f (s,X(s))| ds
∫ s

−T

eλ(t−s) dt +
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+ k

∫ ∞

T

|f (s + τ,X(s + τ))− f (s,X(s))| ds
∫ T

−T

eλ(t−s) dt

= k

λ

(
eλT − e−λT

) ∫ T

−∞
eλs|f (s + τ,X(s + τ))− f (s,X(s))| ds +

+ k

λ

∫ T

−T

(1 − e−λ(T−s))|f (s + τ,X(s + τ))− f (s,X(s))| ds +

+ k

λ

∫ T

−T

(1 − e−λ(T+s))|f (s + τ,X(s + τ))− f (s,X(s))| ds +

+ k

λ

(
eλT − e−λT

) ∫ ∞

T

e−λs|f (s + τ,X(s + τ))− f (s,X(s))| ds

� 2
k

λ

∫ T

−T

|f (s + τ,X(s + τ))− f (s,X(s))| ds +

+ 2
k

λ2
‖f (t + τ,X(t + τ))− f (t,X(t))‖.

Since X(t) is bounded and subsequently ‖f (t,X(t))‖ < ∞, the last term van-
ishes in the Besicovitch metric used in (22). Thus, furthermore, we get by means
of (22) and the Lipschitz property, that

lim
T→∞

1

2T

[∫ T

−T

|X(t + τ)− X(t)| dt

]

� 2
k

λ
lim
T→∞

1

2T

[∫ T

−T

|f (t + τ,X(t + τ))− f (t,X(t))| dt

]

� 2
k

λ
lim
T→∞

1

2T

[∫ T

−T

|f (t + τ,X(t + τ))− f (t + τ,X(t))| +

+ |f (t + τ,X(t))− f (t,X(t))| dt

]

< 2ε
k

λ
+ 2L

k

λ
lim
T→∞

1

2T

[∫ T

−T

|X(t + τ)− X(t)| dt

]
,

where L is sufficiently small.
After all, we arrive at

lim
T→∞

1

2T

[∫ T

−T

|X(t + τ)− X(t)| dt

]
<

2εk

λ− 2Lk
,

as far as L < λ/2k, which already verifies the desired almost-periodicity of X(t).
So, the proof is complete. ✷
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It is also known (cf. [A1] and the references therein) that a multivalued func-
tion [F(X) + P(t) + p(t)], where F : Rn ❀ Rn is Lipschitz-continuous (in
the Hausdorff metric), P(t): R ❀ Rn is essentially bounded and Stepanov-like
a.p. (cf. [A1]), and p(t): R ❀ Rn is a single-valued essentially bounded a.p.
function in a generalized sense of Besicovitch, possesses a Carathéodory selection
f (t,X) ⊂ [F(X) + P(t) + p(t)] which is essentially bounded and a.p. in t , in
the generalized sense of Besicovitch, uniformly w.r.t. X ∈ Rn (cf. Definition 4),
and Lipschitzian in X, for a.a. t ∈ R. Moreover, if a Lipschitz constant to F is
sufficiently small, then so is (but not necessarily the same) the one to f (see [AC],
p. 77).

Thus, we can immediately give the corollary to Theorem 3 for the Carathéodory
differential inclusion

X′ + AX ∈ F(X)+ P(t)+ p(t), (24)

where the right-hand side is as above.

COROLLARY 1. Let A be a (single-valued) hyperbolic (n × n)-matrix and
[F(X) + P(t) + p(t)] be a Carathéodory function, as above, with a sufficiently
small Lipschitz constant to F . Then inclusion (24) admits an a.p. solution in the
generalized sense of Besicovitch.

Remark 4. An analogous result has been obtained for Weyl-like a.p. solutions
in [A2] (cf. [A1]).

7. Concluding Remarks (Open Problems)

As one can see, there are still many related open problems which can be sketched
in the following way:

• Can the Hypothesis be verified for essentially bounded on R functions
L1

loc(R, E)?
• Can the Weyl DW -metric be replaced by the Besicovitch one (20) in Theo-

rem 2?
• Do there exist measurable Weyl or Besicovitch a.p. selections of Weyl or Besi-

covitch a.p. multifunctions, respectively, in any sense of related definitions?
• Can an a.p. problem for Weyl or Besicovitch a.p. solutions of differential

equations be considered as a fixed-point problem, again in any sense of related
definitions?

• Can a Lipschitzian restriction imposed on the right-hand sides of differential
equations be avoided, for any sort of a.p. solutions?

Some of these problems will be tackled by ourselves elsewhere.



56 JAN ANDRES ET AL.

Acknowledgements

We are indebted to our colleagues for fruitful discussions on this topic. This espe-
cially includes Prof. M. Amar (Rome), Prof. A. Avantaggiati (Rome), Dr R. Grande
(Rome), Dr B. Krajc (Ostrava) and Prof. A. A. Pankov (Vinnitsa).

References

[A1] Andres, J.: Bounded, almost-periodic and periodic solutions of quasi-linear differen-
tial inclusions, In: J. Andres, L. Górniewicz and P. Nistri (eds), Differential Inclusions
and Optimal Control, Lecture Notes in Nonlinear Analysis 2, J. Schauder Center for
Nonlinear Studies, Toruń, 1998, pp. 19–32.
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