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Abstract

Almost-periodic solutions in various metrics (Stepanov, Weyl, Besi-
covitch) of higher-order differential equations with a nonlinear Lipschitz-
continuous restoring term are investigated. The main emphasis is focused
on a Lipschitz constant which is the same as for uniformly almost-periodic
solutions treated in [Al] and much better than those from our investiga-
tions for differential systems in [A2], [A3], [AB], [ABL], [AK]. The upper
estimates of € for e-almost-periods of solutions and their derivatives are
also deduced under various restrictions imposed on the constant coeffi-
cients of the linear differential operator on the left-hand side of the given
equation. Besides the existence, uniqueness and localization of almost-
periodic solutions and their derivatives are established.
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1 Introduction

We shall consider the differential equation

y "+ aiy" ) = f(y) +p(t), (1)
j=1
where a; € R, j = 1,...,n, are real constants such that the real parts of the

roots of the characteristic polynomial associated with the linear operator on the
left-hand side of (1), namely

A" a A, (2)
j=1

are at least nonzero, i.e. ReA; # 0, j = 1,...,n. It is well-known that the
related Routh-Hurwitz conditions are necessary and sufficient for Re \; < 0,
j =1,...,n, i.e. in order polynomial (2) to be stable. In this case, all coeffi-
cients a; € R in (1) must be positive, i.e. a; > 0, j =1,...,n. One can also find
necessary and sufficient conditions in order all roots of (2) to be negative, but for
characteristic polynomials of a higher degree these conditions are rather cum-
bersome (see e.g. [AG, Chapter II1.5]). Assume, furthermore, that the restoring
term f € Lip(R,R) is a bounded Lipschitz-continuous function with constant
L < |ay|, and that the forcing term p € L .(R,R) is an essentially bounded,
locally Lebesgue integrable function which will be successively supposed to be
almost-periodic (a.p.) in the sense of Stepanov, Weyl or Besicovitch.

The main aim of the present paper is to extend appropriately sufficient con-
ditions for the existence of uniformly almost-periodic solutions and their deriva-
tives, obtained for (1) in [A1] (cf. also [AG, Chapter II1.10]), provided the forcing
term p is almost-periodic in a more general sense (Stepanov, Weyl, Besicovitch).
Although the existence criteria for such a.p. solutions and their derivatives can
be deduced from our earlier results for differential systems, namely for Stepanov
a.p. solutions in [AB], for Weyl a.p. solutions in [A2], [A3], and for Besicovitch
a.p. solutions in [ABL] (cf. also [AG, Chapter III.10]), the upper estimates for
Lipschitz constant L related to f would be very rough (cf. e.g. [AK]). Another
purpose therefore consists in obtaining much sharper inequality for L, namely
L < |ay|. Since this is possible only if the roots of (2) are at least nonzero real
(otherwise, the desired estimates for L would explicitly depend on them), we
shall still assume that the coefficients a;, j = 1,...,n, yield nonzero real roots.

Higher-order differential equations of the type (1), where n > 2, have not
been treated w.r.t. the existence of a.p. solutions so often (see e.g. [Kh], [KBK],
[L]). The investigations of the other authors of more general than uniformly
a.p. solutions were also quite rare (see e.g. [BFSD1]-[BFSD3], [BFH], [DHS],
[DM], [H], [Ku], [LZ], [P], [ZL]). As far as we know, apart from our mentioned
papers [A2], [A3], [AB], [ABL] and [LZ], [P], [R], [ZL], almost-periodic solutions
in the generalized sense of (1), where n > 2, have not yet been studied with the
indicated respect.
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The paper is organized as follows. After some preliminaries, the main exis-
tence results are formulated. Roughly speaking, as much as we impose on the
coefficients a;, j = 1,...,n, on the left-hand side of (1), as good estimates of
€ for e-almost-periods of a.p. solutions and their derivatives we obtain. More-
over, more transparent estimates of (entirely bounded) a.p. solutions allow us
to replace global boundedness assumption on f by restrictions localized only
on certain domains. This will be done, besides another, in concluding remarks,
jointly with extending our results to differential inclusions, on the basis of se-
lection theorems in [HP] and [D1]-[D3], [DS].

2 Some preliminaries
At first, we recall various types of almost-periodicity.

Definition 1 Let us introduce the following (pseudo-) metrics:
(Stepanov)

a+l
Ds(f.9)i=sup [ 1£(6) = g(t)| .

acR
(Weyl)

a+l1

Dw(f,9) = Jim sup 7 /If ()| dt = lim Ds,(f,9),
(Besicovitch)
Ds(f.9) —hmsup—/|f (1) dt,

where f,g : R — R are measurable functions. Denoting by D¢g any of the
above (pseudo-) metrics, by the metric space (G, Dg), we understand the related
quotient space in the sense that we identify such elements fi, fo, for which

Dq(f1, f2) = 0.

Definition 2 A function f € L.(R,R) is said to be G-almost-periodic
(G-a.p.) if

Ve >03k>0VaeR 3T € [a,a+k]: Da(f(t+71), f(t)) <e.
The above 7 is called an e-almost-period in the respective sense.
Instead of Dg,-a.p. or Dy -a.p. or Dp-a.p. function, we shall write Si-a.p.
or W-a.p. or B-a.p., respectively.

The following definition uses curiously the Stepanov metric for the almost-
periodicity in the sense of H. Weyl.
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Definition 3 A function f € L}, (R,R) is said to be equi- Weyl-almost-periodic
(equi-W-a.p.) if
Ve >0 3k,lo(e) >0Va €R 37 € [a,a+ k] :
Ds,(f(t+7), (1) <&, VIZ=lo(e).

Remark 1 It is well-known (see e.g. [ABG], [L], [LZ]) that, without any loss
of generality, we can take [y > 1 in Definition 3.

Definition 4 A function f: R — R is called uniformly G-continuous if
Ve>03d=08(e) >0:|h| <0 = Dg(f(t+h),f(t)) <e.

If, in particular, the above implication holds for a continuous function f with
D¢ replaced by the sup-norm, then we simply speak about uniform continuity

of f.

In the following sections, the existence of almost-periodic solutions and their
derivatives in various metrics will be proved by three different techniques for
differential equation (1).

Hence, consider the differential equation (1), i.e.
y ™+ ay ™ = fly) + (1),
j=1

where a; €R, j=1,...n, f € Lip(R,R) and p € L (R, R).
Assume, furthermore, that
(i) all roots A;, j = 1,...n, of the characteristic polynomial (2), i.e. of

v+iyﬂ“%
j=1

are nonzero and real;
(ii) f is bounded and Lipschitz on R, i.e. there exists L > 0 such that

[f(x) = fy)l < Llz —yl, Yo,y eR;

(iii) p is an essentially bounded G-a.p. function, where G' means either S or
W or B or equi-W case;
(iv) there exists a positive constant Dy s.t.

supess |p(t)| +sup | f(y)| < Do.
teR yeR

In the entire text, by a solution y(-) of (1), we shall mean the one in the
sense of Carathéodory, i.e. such that 3" ~1)(.) is locally absolutely continuous.

The following lemma guarantees the existence of a unique bounded solution
of (1), including its suitable representation for our application, and the same
for its derivatives.
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Lemma 1 Assume that all roots of the characteristic polynomial (2) are nonzero
and real (i.e. (i)). Under the assumption (), and (i) with L < |a,|, equation
(1) has exactly one (Carathéodory) entirely bounded solution y(-) given by the
formula

t1 tn—1

/ /- / MO At (g (1) ()] di ..,

A1 Az Ap

where Aj =+o00-Aj, j=1,...,n.
Denoting the right-hand side of the preceding formula by [1,...,n], the k-th
derivatives (k=1,...,n— 1) of solution y(-) satisfy

i k
y® () = W =[k+1,...,n]+ Z Aey[e1, k+1,...,n]
c1=1
k
+ Z Ay Aepler,ca, b+ 1,000+ ...
k P k
+ Z <H)\61> [617...7Cp,k+1 ]+ +<H>\z> []-a an]a
st Ni=l =
where
t ot tn—1
e, .. n] = / / / AettOeri=A)tet -t —An—1)tn—1—Antn
Achey1  An X [f(y(tn)) + p(tn)] dty ... dteqy dic.

Proof The complete proof can be found in [AG]. The existence of a bounded
solution is verified at page 554 (cf. also pp. 329-330). The representation formula
is given at p. 321 (Lemma 5.45) and the formula for the k-th derivative is derived
at pp. 324-325 (Lemma 5.61). The uniqueness is proved at p. 556. O

Remark 2 The solution y(-) in Lemma 1 satisfies

D
sup y(1)] < —
teR |an|

(see [AG, p. 323]) and its k- th derivative (k =1,...,n —1) can be estimated by
2kD
a) sup |y™® (t)| < @ |0 H |cj|, when the characteristic polynomial has only
teR

real nonzero roots (see [AG Lemma 5.63 at pp. 325-326]);
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28D
b) sup |y(k) )] < |a—0’ provided each of the shifted polynomials
teR n—k

n—p
AP 4 Zaj/\”_p_j, p=0,...,n—1,
j=1
admits real nonzero roots (see [AG, Lemma 5.70 at p. 327]);
N QkG,kDo
¢) sup [y (1)] < 7
teR (k) Qn

are negative (see [AG, Lemma 5.67 at p. 326]).

The meaning of constant Dy can be seen in (iv).

Moreover, the estimates for the k-th derivatives are independent of the per-
mutation of the roots (see [AG, p. 326]).

, whenever all roots of the characteristic polynomial

Remark 3 Observe that, under the assumptions (i), (iv), a bounded solution
of (1) with its derivatives, up to the (n — 1)-th order, are uniformly continuous,
and subsequently also uniformly G-continuous.

Remark 4 The existence and representation parts of Lemma 1 are true if only
the real parts of roots of (2) are assumed to be nonzero (cf. [AG, Chapter IIL5]).
On the other hand, the related estimates for solutions y(-) and their derivatives
y(’“)(~), k=1,...,n—1, do not depend explicitly on the coefficients aj, but only
on the real parts of the roots of (2) (cf. again [AG, Chapter IIL.5]).

3 Existence of a.p. solutions: case of nonzero real roots

The following main theorem is stated under the most general assumptions, when
comparing with other main results of this paper.

Theorem 1 Let the above conditions (i)-(iv) be satisfied. If L < |ay|, then
equation (1) admits a unique bounded G-a.p. solution with bounded G-a.p.
derivatives, up to the (n — 1)-th order.

Moreover, the e-almost-period of p(-) implies the ﬁe-almost-pem’od of

nl*L
28 A1 A
lan|—L

of the solution in the G-(pseudo-)metric, for k= 1,...,n— 1, where \1,..., A\n
are the roots of the characteristic polynomial A" + 2?21 aj)\”’j.

the solution y(-) and the e-almost-period of the k-th derivative y™*)(.)

Proof It follows from Lemma 1 that equation (1) admits a unique bounded
solution of the form as above. Using the appropriate representation of this
solution, one can obtain by means of (ii):

ly(t +7) —y(t)] <

<

t t1 th—1
/ / / 2D+ A O =D=Mt [| £yt + 7)) — F(y(tn)]
Ay

A1 Ao
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+ [p(tn, +7) — p(tn)|] dtn dtn—1...dt

t t1 th—1
< // /e*ltﬂ*z**1”1*"'*(*"*A"*l)t"*l**"t" (Lly(tn +7) —y(tn)|
A1 Ao An
+ |p(tn +7) — p(tn)]) dty dbp—1 ... dt;
1 V] " 1 1
ns ns
e Co [ [ [ B e - 3B
An A Y C )
00 0 j=1 i=1
n 1 . n 1 .
-‘r-‘p(-Z%-‘rt-‘rT)—p(— %—&—t)dsn...dstsl,
j=1 Y j=1 "

where the last equality can be obtained by virtue of successive substitutions
sj=eliti-17t) for j=n,n—1...,2 and s; = eM(t=t),

Now, we shall prove the G-almost-periodicity of solution y(-), when applying
assumption (iii). To employ all of the considered (pseudo-) metrics, we will need
the following estimate (for a < b, a,b € R):

b
/wu+ﬂ—mmm§

b 1
1 n "
< [ [ [t e a2
|An A1| — >\] — )\]
a 0 0 J= j=
" Ins; " Ins,;
+ ‘p(_Z—H;J +t+7)—p(- %H) ds,, . .. dso ds, dt

j=1 j=1 "V

L 1 o n 1 n 1
ns; "y
:m/'“//‘y(_Z—A‘J +t+r)—y(—ZA—?H)‘dtdsn...dsl

" 0 0 a Jj=1 J j=1 J

1 1
1 - Ins; Ins;
0 0

u+1

wp/|mwwa—mw|ﬁg
ueR
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1 1w+l
L "~ Ins; "~ Ins;
S—sup/ / y(—zﬁ+t+7’)—y(—zﬂ—&—t)‘dtdsn...dsl
|an| uer 1 Aj i—1 Aj
0 0 wu J J
1 1 u+1 n 1 n 1
s [ [ o B v pe B s, s
|a’n|uE]RO 0 j=1 >\J j=1 )\j

1
L

< sup/|y(t+7')—y(t)|dt+i/...
|an|u€R a'n| 0

u

Hence,
u+1

sup ylt+7)—y@)|dt < ———— =¢.

sup [ Iyt +7) =y(0)|at <
u

Thus, under the assumption |a,| > L, the &-almost period of solution y(-)

corresponds to an e-almost period of function p(-) (in the sense of Stepanov).

For the equi-Weyl case, we get (a :=u, b:=u+1):

u+l
sup — /|y +7)—y(t)dt <
uE]Rl
I 1 1 ] u+1 | n |
< sup/ ../—/y(— ﬁ—%—t—%—ﬂ—y(—zﬁ—%t)‘dtdsn dsy
|an| uer l — A — A
0 0 u = 1=
. 11 . u+l "y "y
+— sup/ /— / p(—zﬁ—kt—}-ﬂ—p(— ﬁ—%—t)‘dtdsn dsy
|a’n| u€ER l —1 AJ =1 >\.7
0 0 u J= J=
u+l 1 1
L €
<—sup ly(t +7) —y(t)| dt + coo | dsp...ds1,
|a'n| uelRl | Wl
0 0
which implies
u+1
sup 2 /|y (t+7)—yOldt < —— =5 W=l
ue]Rl | n| —L

By the above estimate, we can also obtain the following inequalities for the
W -almost-periodicity:

u4-1

lim {supl / ly(t +71) —y(t)| dt
l—o0 | ueR l
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1 1 utl
L 1 " Ins,
< — hmsup/ /—/‘y— — 4t
|G,n| l—00 yeR l ( ; /\j )

LLI )’dtdsn...d 51

u+l
L 1
< — lim sup - /|y(t—|—7')—y(t)|dt+|ag—|/.../dsn...dsl.

|an| l—o0 yeRr l
u 0 0
Thus,
u41
€
lim |sup / +7) t dt}<7=§
i [sup 7 [ (e o0 at] <

holds for the W-almost-periodicity of y(-).
The proof for B-almost-periodicity is again based on the application of the

inequality derived above. Hence, (a := —T,b:=1T):
T
limsup — [ |y(t+7) —y(t)|dt <
T—o0
“r
. 1 1T "y
ns;
< —1 — | ... — — +t
I;HfolipzT/ // ’y( 2y, )
0 0 -1 J=1
"1
Sy Ry t)’ dtds, ...ds,
)\
j=1

|an| T—o0

1 1T
1 1 "~ Ins;
+—11msup—/...//’p(—ZI;—jJ—Ft—FT)
0 0 =T

T 1 1
L 1
<—limsupﬁ/|y(t+7)—y |dt—|——/ /ds
0 0

|an| T—oc0
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Repeating the procedure as in the preceding cases, one arrives at

hmsup— |yt—|—T )|dt<L:€
T—o0 |n|_L

We could see that the almost-periodicity of solution y(-) was verified in all
given (pseudo-)metrics, whenever L < |a,|. Moreover, to e-almost period of
p(+), there corresponds the ra = -almost period of solution y(-) (in the related
pseudo-metric).

To prove the G-almost-periodicity of the derivatives y(’“)(~), we use the for-
mula from Lemma 1. Hence, applying (ii) and making successive substitutions
as in the preceding part of the proof, we get

™ (¢ +7) —y M ()] <

tht1 tn—1
/ / / )\k+1t+(>\k+2—>\k+1)tk+1+---+(>\‘n,_)\‘n,—l)t‘n,—l_>\nt’n
Akt1 Ap2

X [|f(y(tn + T)) - f(y(tn))| + |p(tn + T) _p(tn)H dt, ... dtk+1

tn—1

)\j/ / / At =A)ti+ (A —An 1)t 1 —Antn

Nj At

x [[f(y(tn + 7)) = Fy(Ea))| + [p(tn +7) — p(ta)l] dty .. . dt;

t t; 7 tn—1

k
£y )\i)\j// / / At = At tn = An—1)bn—1=Antn
=1
A

i<j i Ay Apgr

X [ f(y(tn + 7)) = Flytn))] + [p(tn +7) — p(tn)| ] dty . . . dt; dt;| +

t t th_1

H)‘ // / At (2 At ot —An 1)1~ Antn

A1 A

x [[f(y(tn + 7)) = Fyta))] + [p(tn +7) — p(ta)l] dtn ... dts

tht1 tn—1

/ / / Aeg1ttAeg2=Apr1)tep1+ FAn—=An—1)tn—1—Antn

Agy1 Agt2
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X [Lly(tn + 1) — y(tn)| + [p(tn +7) — p(tn)| | dty . . . dtrsy

/ / / A1t+ A2 — >‘1)t1+ +(>‘n7>\n l)tn 1—Antn

Aj Mgy

X [Lly(tn +7) = y(tn)| + [p(tn +7) — p(ta)|] dtn . .. dt;

tn—1
+

)\ )\ // / / Ai t+(>‘ =i )t +.. +(>‘n*>\n l)tn 1— >\ntn
i,j=1

i<j Aj At

X [Lly(tn + 1) — y(tn)| + [p(tn + 7) — p(tn)|] dty . . . dt; dt;| +

n, 1
H)\ // / At+Ae=A)ti+.. +(An—An_1)tn—1—Antn

Ar Ao

X [Lly(tn + 1) — y(tn)] + [p(tn +7) — p(ta)|] dty, . .. dty

H (_Az) 0 j=k+1 /\j j=k+1 7Y
1=k+1
Ins Ins
+ ‘p(— Z —j +t+7)—p(= Z —L +1)|dsy, . .. dspro dspy1
j=k+1 "7 j=k+1 7Y

j=k+1 77
Ins; Ins; In s; Ins;
p(_ . - Z )\ +t+7’)—p(— )\ - Z —+t) dSn d8k+1d57
v j=k+1 7 i k1 I
) 11 1 " »
ns ns
Tt // /L‘y(— —Aj+t+r)—y(—Z—Aj+t)‘
I[I (X))o o 0 j=1 Y j=1
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zn:l— t+71)— Zlnsj )| dsy .. .dsads
2\ n-.-- 2 1-

1 J

j=

Thus, for arbitrary a < b, the followmg inequality holds:

b
j/u%k>t+-r Y0 (1) dt <

b1 1
1 n IDSJ " lnsj
gni//.../[,‘y(— > T -y > v +t)‘
il a 0 0

I e Y i
i=k+1
", Ins; ", Ins;
+‘p(— /\—?—i—t—&-T)—p(— Z /\—?—i—t)‘dsn...dskﬂdt
j=k+1 7Y j=k+1 Y
. e b1l 1 1 "o
ns; ns;
- - oo | Liy(——== — —L +t
= [ [ i 3 B
II Nli=ty o % 0 J=k+1
i=k+1

j=k+1 j=k+1
. b1 1 " "
+ot— ///L‘y(— %-Ft-kT)—y(—Z%‘Ft)‘
IT Nl o 0 j=1 i=1 "
i=k+1
" Ins; — lns;

] j=k+1 j=k+1 7
1=k+1
", Ins "\ Ins;
+ ‘p(— /\—f—kt—&-T) —p(— Z J )‘dtdsn dsk+1
j=k+1 7Y j=k+1 Y
X L L1 1 b | "o
ns; ns
+ — Z//...//L‘y(—/\ — —/\J+t+7)
H |)‘z| =17 0 0 a ’ j=k+1 Y
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Ins; " Ins
S-S Y By

Ai j=k+1 7
+ I Ins; zn: lnsj+t+ ) ( Ins; Xn: ln8j+t)
PN A TP Y
j=k+1 J j=k+1 J
X dtdsy ... dsg+1ds;
1 A 1 "\ In
nsj
et — . t i}
o — / // ‘ Z +t+7) Z /\j ‘
[T [Nilo 0 a J=1 J=1
i=k+1
" Ins. " lns.
+ p(_z_nsJ +t+7)—p(— ey +t)|dtds,, ...ds;
Pl Pl

Now, the G-almost-periodicity of derivatives 3*)(-) will be verified for single
cases separately. Applying (iii) and employing to the correspondence between

the e-almost-period of p(-) and the ———-almost-period of solution y(-) (in the
given pseudo-metric), one obtains e g. in the Stepanov case (taking a := u,
b:=u+1):

j=k+1 Y j=k+1
.11 1 utl | "o | "o
ns; ns; ns; ns;
+Z//...//L‘y(— " —AZ St - —AZ = +t)‘
7,:10 0 0 u Jj=k+1 J Jj=k+1 J
In s; Ins; Ins; Ins
+‘p(— v Aj+t+ 7) =P~ ~ j+t)‘
v =kt Y o=kt 7Y
X dtdsy ...dsgy1 ds;
1 1 utl " "
ns;
/ / L‘ Z/\—j+t+7' —y(—z/\—j—&-t)‘
0 u J=1 J=1
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- 1 { el +€+(k>[ el —&—s}—&—(k)[ el +5}
ﬁ il lan| — L 1 lan| — L 2 lan| — L

i=k+1
k
L n
S (Y HE RN s S ER Y
k) |lan] — L : ; J
(lan| = L) IT [Nif =0
1=k+1
_ 2F|a,| e
(lan| = L) TI [N
1=k+1

Following the similar way as above, we can prove quite analogously the equi-
W-almost-periodicity of derivatives (taking a := u, b := u +1).

To verify the Weyl-almost-periodicity or the Besicovitch-almost-periodicity
of derivatives y*)(-), we use the above integral estimate. Integrands contain
the Weyl-a.p. or Besicovitch-a.p. function p(-) and entirely bounded, W-a.p. or
B-a.p. solution y(-), respectively. Thus, we can verify by the similar manner as
above the Weyl-almost-periodicity (putting a := u, b := u + 1) as well as the

Besicovitch-almost-periodicity (a := =T, b = T') of derivatives.

After all, to e-almost-period of function p(-), there corresponds the %5—
almost-period of k-th derivative (k =1,...,n — 1) of solution y(-), in the given
(pseudo-)metric, provided L < |ay]. O

4 Existence of a.p. solutions: shifted polynomials
approach

It is not very convenient that the almost-periods of the derivatives of a G-a.p.
solution depended on the roots of the characteristic polynomial (2). The shifted
polynomials approach will allow us to avoid this handicap.

Theorem 2 Let the above conditions (i)—(iv) be satisfied. Assume, further-
more, that a; # 0, for j = 1,...,n — 1, and that all shifted polynomials
AP 4 Z;:f aj\" P p=0,...,n—1, ha}Je real nonzero rootsf. If lan| > L,
then equation (1) admits a unique bounded G-a.p. solution with G-a.p. deriva-
tives, up to the (n — 1)-th order.

_ 2Manl e-almost-pe-
lan—kl(lan|—L)

riod of the k-th derivative of the solution in the G-(pseudo-)metric, for k =
0,...,n—1.

Moreover, the e-almost-period of p(-) implies the

Proof The existence of a unique bounded solution y(-) of (1) follows from
Lemma 1. Its G-almost-periodicity can be proved exactly in the same way as
in the proof of Theorem 1. So, it remains to prove the G-almost-periodicity of
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derivatives 3®)(.). Putting y(t) into f and substituting ¢ = ¢/, one can write
(1) in the form

n—1
¢V 13" ;6D = F(y(t) — any(t) + p(t),

j=1

with exactly one bounded solution (again, according to Lemma 1). Applying
the same procedure as at the beginning of the proof of Theorem 1, we can write
the following inequality:

ot +7) — o(t)] <

1 1 _
/ / +|an|‘ Z I ft4) Z
|An 1| |>\1|O / =1

“lns; — In
+‘p(—ZA—J+t+T)—p(—Z - t)‘dsnl...dsl,
j=1 Aj j=1 Aj
where /)\\ eR, j=1,....,n—1, are nonzero roots of the corresponding char-

acteristic polynomial )\” 1 + S =1 aj)\” 1=J, Thus, for arbitrary a < b, the
following estimate holds

/|(+T (t)|dt = /b (t+7) —o(t)]dt <

y(_zlnsj Fttr)

>
T |=
=+
B
R E
>
\e
o _
ol .

J =N
“lns;
—y(— A—J ) dSn 1 .d51 dt
J=1 J
| b1 1 nol
ns
//.../‘p(—z/\—j-l-t-‘rT)
An—alo Ml S0y = A
n—1 s
—p(— A—J +t) dSnfl d81 dt
j=1 J
L b 1 1 n—1 n—1
_ L lan] ///‘y(— ﬁ—i—t—&-ﬂ—y(— &—&-t)’dsnl ... dsydt
|U,n_1| 2l 2 j=1 i j=1 )\j

dsn_l . d51 dt.
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To prove the G-almost- periodicity of y'(+), denote by 7 the e-almost period
of p and, subsequently, the -——-almost period of y (in the G (pseudo-)metric).

Concretely, for the S-almost-periodicity of y'(-), we apply the preceding
inequality with @ = u, b = v+ 1 and the fact that 7 is the Stepanov e-almost
period of p as well as the Stepanov ﬁ—almos‘c period of y. Therefore,

u+1 1

L+la, lns
sup / ly/(t+7) =y (t)]dt < | | / / /‘y — +t+7)
ueR |a'n 1| uelR j
u 0
y( Z_: In t)‘ ds Cdsydt + ——
- - —— n—1- 1
=N |an 1]
L+ |ay| € € 2|an| c
lan—1| lan| =L lan—1|  lan—1|(Jan] —L)

Repeating the procedure with the equi-Weyl pseudo-metric, we obtain for
a =u, b =u+1, where [l > lo, and for the equi-Weyl e-almost period of p

denoted by 7 (Which is the ‘—L -almost period of solution y) that
] u+l
sup + / /(e 7)o/ (1) di <
u€R l
L / .|
+ |an
o Ltlan] // /‘y n53+t+7)
|an 1| uE]R l
0
ns,
—y(=) =2+ t)‘ dsp_1 ... dsydt + ——
=1 )\j |an 1|
L+ |ay| 5 " € 2|an|
an—1| lan| =L fan-a|  lan-1f(lan| - L)

This inequality holds for VI > [y, where [y is connected with p.
The W-almost-periodicity of y'(-) will be proved in the same way. Denoting
by 7 the Weyl e-almost period of p, one can derive:

u+l

lim sup = /|y ) — o ()] dt <
l_’+°°1LER

I utl 1 1 .
< — —|—|an| lim sup - // /y n83+t+ T)
|an 1| l—>+ooueRl
0
j €
—y(— s )‘ dsp_1...dsydt + ———

|an—1]
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L+ |an| £ £ 2|an|
. —+ = 9
an—1| lan| =L an—1]  lan-1|(Jan| = L)

Finally, let us concentrate on the Besicovitch case

. Thanks to the above
integral estimate, we can verify the B-almost periodicity of the derivative y'(+)

+T

1
limsup — [ |y (t+7) =y (¢)|dt <
T—+4o00 2T

+T
L+ |an|
<

1 1

I ! // /‘ 1“53+t+ )

— " limsup — T
lan—1] T—goo 2T ) ) I

—In € 2|ap|
—y(— — +t)|dsp—1...ds1 dt + < E.
ul Z % )‘ " (il = Tan-il (janl— L)
Hence, to e-almost-period of p, there corresponds the
period of ¢/, in the G-(pseudo-)metric

Putting 1) = ¢, we arrive at the equation

<.
Il

% €_a1most_
lan—1](lan]—L)

Jj=1

P Y I = (y(1) = any(t) = anay/ (1) + p(1)

In view of Lemma 1, this equation has exactly one entirely bounded solu-

tion. Proceeding by the similar way as above and denoting the roots of the

corresponding characteristic polynomial by :\\j, j=1
estimate

n — 2, one gets the

1 1 n—2
1 Ins;
ot +7) 0] £ = [ [t anh | \ oyl
|/\n_2|...|)\1| o o

— +t+7)
j=1 Aj

s Zns, Zlns,

— 4 ’+Ian Y (=Y =2 +t+7)—y(= ) =L +1)
j=1 Aj J=1 Aj J=1 A

— 1 ! ns;

+p(—Z gt —p(= Y = 1) dsn s ... dsy,

J=1 Aj j=1 Aj
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b 1 1
L+ lay, - -
I B 7S SR s
|an—2|a0 5 j Aj j=1 Aj

X dSn,Q e d81 dt

b1 1 o2 _
+|a 1] /”‘/y/(_zg—&-t—&-T ) —y'( Z —L +1t)|dsp—z...ds dt
|a’n_2| 20 0 j=1 A] j=1 A
// / 1 = iy Z )| ds Ldsy dt
|an 2| a n—2- 1 &b,

Proceeding by the same way as in the case of y ’(+), we can analyze all kinds of
(pseudo-)metrics separately. The G-almost-periodicity of ¢’/ (-) can be verified by
means of the e-almost-period of p (denoted by 7, as usual), which coincides with

the ﬁ—almost period of solution y and the % e-almost-period of

/

y', in the G-(pseudo-)metric. Repeating the procedure as above, we get that

the mentioned almost-period 7 coincides with the %

e-almost-period
of 3, in the G-(pseudo-)metric. B
By the same manner, we can verify the G-almost-periodicity of higher-order

derivatives y*). The essential estimate takes now the form

b 1 1 n—k n—k
L+la, In s Ins
<Lkl [ ] /!y<—2—5+t+7>—y<—2~—wt> o
IMAlao o' =t 7Y =
j=1
b—1 | | b 1 1 n_kl
Ul ns
. (nk~ [ ITA SELREReS
=1 H |AJ| a 0 0 j=1 J
j=1
“Llns;
—yO (= —L +t)|dsp_p...dsy dt)
j=1 >\J
1 b 1 1 nikl 1
Ny ns
I Y "5 SRR 3]
T J ) =1 )\j Jj=1 )‘j

X dSp_j .. .dsy dt,

for a < b, where Xj € R denote the nonzero roots of the related shifted polyno-
mial (j =1,...,n—k).
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Studying all cases separately, we obtain the G-almost-periodicity of y*).
Moreover, the relationship between (G-almost-periods of p and of derivatives
y*) can be described as follows: to e-almost-period of p, there corresponds

the ‘a_il‘c(‘%s—almosbperiod of y¥) in the G-(pseudo-)metric, for k =
0,...,n —1, provided L < |a,|, and |a;| # 0, for j = 0,...,n. This completes

the proof. O

5 Existence of a.p. solutions: case of negative roots

Another way how to come to almost-periods of the derivatives not depending
on the roots of the characteristic polynomial A" + Z?’Zl ajA"J is to assume
that all roots are negative. This implies that all coefficients a;, j = 1,...,n,
must be positive.

Theorem 3 Let the above conditions (i)—(iv) be satisfied. Assume additionally
that all roots of the characteristic polynomial (2) are negative. If L < a,, then
there exists a unique bounded G-a.p. solution y(-) of equation (1) with G-a.p.
derivatives, up to the (n — 1)-th order.

Moreover, the e-almost-period of p(-) implies the E 2"ay e-almost-period

kf)(an*L)
of the k-th derivative y*)(-) of the solution y(-), in the G-(pseudo-)metric, for
k=0,...,n—1, where ag := 1.

Proof According to Lemma 1, equation (1) admits exactly one bounded solu-
tion. Its representation formula can be now written in the form:

/ / / At+Ae—=A)ti+ A A —=An—1)tn—1—Antn

oo X [f(y(tn)) + p(tn)] iy . . . dty

Analogously as in the proof of Theorem 1, we can prove the G-almost-
periodicity of solution y(-).

Proceeding by the same way as in the proof of Theorem 1, we can check the
G-almost-periodicity of derivatives y(k)(-)7 k=1,...,n—1. More precisely, we
2R (1) A

an—L
period of k-th derivative of solution y(-), k = 1,...,n — 1, in the G-sense. Due
to the independence of the preceding term under the permutation of roots (see
[AG, p. 326]), one has () choices of A;,, ..., \;, for n roots of the characteristic

polynomial (2). Let us sum up the following (}) inequalities:

can specify that the e-almost-period of p(-) implies the e-almost-

u+1

suﬁ / |y(k)(t +7)— y(k)(t)| dt <
ue

2F(—1)F N\, N,
anp — L

&

u

for the S-metric,
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u+l

1 2k(—1)F N, N
sup — / ly®) (t +7) —y® (#) dt < (D", ke
u€R l an — L

&,

in the equi-Weyl case (for all [ > Iy, where [y is connected with p),

(TR

1 .
lim sup = / ly®) (¢t +7) —y® (1) dt <
l—*+00u6R l

u

2F(—1)k N\, o, .
an — L ’

for the Weyl pseudo-metric, and

2F(—1)F N, N,
anp — L

&

T
1
lim sup — / ly® (¢ +7) —y® (1) dt <
T—4o00 2T

=T

in the Besicovitch case.

Divide these sums by (Z) Now, application of the Vieta formula

n

k
S DRI = an

i1,y =1
i1<...<ip

leads to the desired simplification: every e-almost-period of p(-) implies the

Zkak

DD e-almost-period of y*)(-), in the G-sense. a
AN

6 Concluding remarks

First of all, one can readily check that all main theorems remain valid if, instead
of the boundedness of f, only the existence of a positive constant Dy > 0 is
assumed such that (cf. Remark 2)

max | f(y)| + supess |p(t)| < Dy.
IyISDo/Ian\| )l teR Ip()l

The same is true for the Lipschitzianity of f: it is enough that
|f(z) = f(y)| < L]z -y

holds, with 0 < L < |ay,|, only for |z| < D—?“ ly| < %.

lan
Therefore, considering the pendulum-type equation

y" +ay’ + bsiny = p(t), (3)

where a,b are nonzero constants such that a® > 4|b| and p € L (R,R) is G-
a.p., and following the arguments in [A1] (cf. [AG, pp. 556-557]), we can easily
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deduce that eguation (3) admits at least two G-a.p. solutions y1(-) and yo(-)
with G-a.p. derivatives such that

T ™

sup  |yi(t)| < = and sup  |ya2(t) — 7| < =,
t€(—o00,00) 2 t€(—o00,00) 2

provided only
supess |p(t)| < |b].
te(—o0,00)
Furthermore, since multivalued Lipschitz-continuous function with nonempty,
convex and compact values ¢ : R — 28\ {0}, i.e.

d (p(2),¢(y)) < Lz —yl,

where dpy stands for the Hausdorff metric and L € R is a constant, possesses
a single-valued Lipschitz continuous selection f C ¢ with constant Ly such
that Lo := L(12/3/5 + 1) (see e.g. [HP, pp. 101-103]), and since Stepanov or
equi-Weyl a.p. multivalued function with nonempty, convex and compact values
P:R — 2%\ {0} possesses a single-valued Stepanov or equi-Weyl a.p. selection
p C P, respectively (see [D1], [D2], [DS] resp. [D3]), the existence parts (without
uniqueness) of all main theorems can be extended to the differential inclusions

v+ ay T € p(y) + P(t),
j=1

provided a positive constant Dy > 0 exists such that

max + supess |P(t)| < Dy,
128 [P supess P()] < Do

 is Lipschitz-continuous, for |y| < %, with a constant L such that

L < an|/(12v3/5+ 1),

and P is either Stepanov or equi-Weyl almost-periodic in a multivalued sense
(for the related definitions and more details, see e.g. [AG, Chapter II1.10 and
Appendix A.1]).

Finally, all G-a.p. solutions y(-) and their derivatives, up to the order (n—1),
are in fact (see Remark 3) G-normal (a.p. in the sense of Bochner), i.e. the
families {y*)(t + h) | h € R}, h = 0,1,...,n — 1, are G-precompact, because
these solutions and their derivatives are bounded and uniformly continuous; for
more details, see [AG, Chapter II1.10] and [ABG]. Stepanov a.p. solutions are
even uniformly almost-periodic.

Some further remarks are in order.

Remark 5 Observe the similarity of the estimates for e-almost-periods with
those for bounded solutions and their derivatives in Remark 2.
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Remark 6 Analogous theorems can be obtained when only assuming that the
real parts of the roots of the characteristic polynomial (2) are nonzero. On
the other hand, the explicit inequality L < |a,| would be replaced by a rather

implicit condition L < |a; ...y, where o = Re ), j = 1,...,n, denote the
real parts of the roots A; of (2). Moreover, the related e-almost-periods of a.p.
solutions and their derivatives would depend on a5, j =1,...,n.

Remark 7 Similar theorems can be also deduced for a more general equation
than (1), namely

n n
g+ ay D =37 g (v0) + (),
j=1 j=1

or inclusion (without uniqueness)

y™M Y aytD e g (y(”’j)) + P(t),

j=1 =1

but the related calculations would be rather cumbersome. At least in the case
of uniformly a.p. solutions, this will be treated by ourselves elsewhere.
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