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Abstract
The paper presents the specific framework and a set of simulations computed on the basis of a kinetic model of interest in the
field of the Social Sciences. The model is a reduced version of a comprehensive more general one, and it relates to the specific case
of a competing bipartisan political system. The model structure contains terms with localized interactions and mean field terms. In
the first part of the paper the mathematical details of the model are recalled. In the second part the simulations are presented with
reference to the various scenarios examined. Finally a discussion on research perspectives is formulated.
c 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
This paper deals with the modelling of a system of human individuals constituted by a voting population in
interaction with a political “class”. The content takes advantage of a mathematical framework offered by a preceding
paper [1], which proposes a general methodological approach suitable for specialization to analyse the specific
aspects of the above mentioned class of complex systems. Indeed, in this paper a specific analysis is performed
on the competition between the two above-mentioned different types of individuals, with special attention paid to the
predictive ability of the model for depicting the asymptotic distributions of the populations.
The general mathematical framework belongs to the so-called generalized kinetic models which might represent
a fruitful anticipatory and interpretative tool in the area of the Social Sciences. As is well known, these models,
starting from the description of the dynamics of a great number of interacting particles in the field of plasma physics,
have already been successfully applied to various other fields of research such as the description of traffic flows [2],
complex biological systems (see, among others, [3–5]), aspects of social and political dynamics [6–9].
Further research on the generalization of classical models of the mathematical kinetic theory is the object of
systematic studies developed by various authors, among others [10,11]. Our aim is to make use of these models
to enlarge and enforce the connections between mathematical methods and the socio-political area, a path already
initiated by several authors and that gave fruitful results already described by interesting books such as [12–14].
The amount of complexity of such a system is clearly enormous, and the model in Ref. [1], even if already
incomplete and schematic if compared to a real situation, still suffers from a high degree of complexity. Indeed it
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necessarily depends on characters and details that may be totally and adherently modelled only if a particular political
ensemble is considered and specific research and data are supplied for it.
This motivates the present paper wherein a reduced, more generally oriented, although less realistic, model is
deduced from the one in Ref. [1], and a set of simulations presented that might clarify some of the most relevant
features of it.
It is plain that in this way any attempt to fully describe a real system is abandoned, and only qualitative behaviours
may be analysed for a toy-population of electors. All the same, some effects are indicated by the model that are of
interest, and in particular those concerning the actions that the politicians may impose on “common people”.
The content of the paper is organized into three sections. The second section, following this introduction, briefly
introduces the simplified model and compares it to the complete one. The third section is reserved for presenting and
illustrating a set of simulations. The last section is reserved for a schematic discussion.
2. The model
In this section the model is presented; it is then analysed by the simulations. As already mentioned, it consists
of a direct simplification of the one developed in Ref. [1] where the necessary details, mathematical framework, and
related bibliography are provided and to which the interested reader is referred. Here only the essential points are
given for reproducing the model.
• The system is a collection of human individuals evolving over time. Individuals are assumed of two different types:
individuals of type A, the “electors”, and individuals of type B, the “politicians”.
• Type A individuals may freely adhere to one of three families: party “one”, party “two”, and a “non-vote party”.
The first two parties are in competition. The numbers N1 , N2 , N3 of adherents to each of the parties depend on time;
their sum is a constant. In addition, electors may be referred to using a real valued random variable taking values
u ∈ I A := [−1, 1] that has the features of a microscopical state variable and depicts the individual satisfaction
level as regards the political system.
• Type B individuals are addressed using a real valued random variable taking values ν ∈ I B := [−1, 1], that relates
to their ideological position inside the political arc I B .
• Parties are identified by number density functions over the state variable u:
f i : (t, u) ∈ [0, T ] × I A 7→ f i (t, u) ∈ [0, ∞),

i ∈ {1, 2, 3}.

The family of type B individuals is identified (not by their number, which is exceedingly small, but) by a density
function
g : (t, ν) ∈ [0, T ] × I B 7→ g(t, ν) ∈ [0, ∞),
that relates to the popularity that all the politicians that share the same ideological position ν are awarded at that
instant. The total popularity is assumed to be constant.
Thus, the system is such that
Z u2
Ni (t; u 1 , u 2 ) =
f i (t, u)du, i ∈ {1, 2, 3},
(1)
u1

denotes the number of A-individuals that at time t ∈ [0, T ] ⊂ R+ are expected to adhere to party i ∈ {1, 2, 3} and are
in a state u ∈ [u 1 , u 2 ] ⊂ I A ≡ [−1, +1]. Likewise
Z ν2
G(t; ν1 , ν2 ) =
g(t, ν)dν
(2)
ν1

relates to the popularity of all ideologies in the set [ν1 , ν2 ] ⊂ I B ≡ [−1, +1]. These total values are subject to the
constraints
3 Z 1
X
f i (t, u)du = N1 (t) + N2 (t) + N3 (t) = N , ∀t ∈ [0, T ]
(3)
i=1

Z

−1

+1

g(t, ν)dν = 1,
−1

∀t ∈ [0, T ].

(4)
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In the following, four-tuples ( f 1 , f 2 , f 3 , g) are denoted by a unique symbol: h.
Remark 2.1. Adherence to a party is here called “voting” for that party, although actual voting or electoral periods
are not considered [13,14].
Further, although in principle politicians may change their ideological position, this is not allowed in this model
(no defections are permitted) and hence they are identified with the ideologies they represent. On the contrary, electors
may change not only the party of adherence but also their satisfaction level. Negative values for this variable relate to
unhappy people, whereas positive values are for the satisfied ones.
In what follows, an elector is addressed using a pair ( j, u), meaning that at that instant she or he is an A-individual
in the state u ∈ [−1, +1] and that she or he belongs to population j ∈ {1, 2, 3}, whereas the term ideological sector
ν is used to address the set of politicians that share ideology ν regardless of their number. In fact, B-individuals are
considered as “bits of popularity”.
Remark 2.2. All the density functions here considered are measure theoretically non-atomic; therefore the closure
of state intervals is irrelevant. In particular, recourse to the Lebesgue measure and Riemann integrals is made for
convenience, and the model could be restated if necessary with more appropriate weights. Thus, in the following,
intervals will conventionally be closed on the left, and sector ν will only address the “median” of the politicians that
represent ideologies located in the interval [ν − dν, ν + dν] for “small enough” dν > 0.
• Each competing party refers to some ideology. Let party “one” (the Left) refer to the set of ideologies I− ⊂ I B , and
party “two” (the Right) refer to the set I+ . No ideological space is reserved for the non-vote party, nor are common
ideologies allowed: I B = I− ∪ I+ . Due to the abstract character of the variable ν, there is no loss of generality in
assuming I− := [−1, 0) and I+ := [0, +1].
The two complementary ideologies I− and I+ are in opposition, and since they constitute the reference
ideologies for party “one” and party “two” respectively, they merit friendly behaviour from the corresponding
partisans.
• Individuals interact with other individuals, of both types. Interactions are described by convenient functions, called
microscopic interaction descriptors or, briefly, µ-descriptors, of the interacting individuals’ microscopic variables
and of convenient system averages and expectations.
• Only pairwise interactions are considered. They are of two kinds: Direct Interactions and Social Interactions, and
these may happen at any instant and even simultaneously. Direct interactions induce a stochastic change of state
and/or population of one of the two interacting individuals. Social Interactions induce a (deterministic) change of
the state of one of the two interacting individuals: the test individual.
Specifically:
Direct Interactions produce either a change of the interacting individual state, or of its population size, or both. Electors
adhere to a different population or acquire a different satisfaction level according to stochastic rules identified by
appropriate µ-descriptors. As regards the politicians, only the amount of popularity is affected by Direct Interactions,
not their states.
Social Interactions produce, via appropriate system averages, a set of functions with the characters of mean field
terms, hereafter called convective speed or wind drift. They are denoted by χi = χi (u, t), i = 1, 2, 3, or χ = χ (ν, t),
respectively, for electors and politicians.
• Direct Interactions are identified by the following set of (regular) microscopic interaction descriptors:
η j (v, ν) ∈ [0, ∞), the rate of events wherein an elector ( j, v) evaluates the policy of sector ν. This µ-descriptor is
henceforth called the hitting rate of sector ν over ( j, v);
ψ i, j [h](u; t, v, ν) ∈ [0, ∞), the probability density function for the outgoing state u and population i of an elector
( j, v) after she or he undergoes an evaluation for sector ν policy.
γ [h](t, ν, ν 0 ) ∈ (−∞, +∞), the variation of the popularity value g(t, ν) after a political event has happened
between sector ν and sector ν 0 , henceforth called the renewal rate for sector ν popularity.
Function ψ i, j is assumed to be factorizable according to the scheme where the choice of the outgoing party only
depends on the interaction rules and on the state of the first individual, whereas it is independent of the other individual
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who completes the interacting pair. Namely,
ψ i, j [h](u; t, v, ν) = ψ j [h](u; t, v, ν) × pi, j [h](t, u),

(5)

where
ψ j [h](u; t, v, ν) ∈ [0, ∞) is the probability density function over the r.v.r.v. that relates to the outgoing state u of
elector ( j, v) after her or his evaluation of sector ν policy;
pi, j [h](t, u) ∈ [0, 1] is the probability of the outgoing population i of elector ( j, v) conditional on the fact that
because of some interaction her or his state became u.
Unlike in the complete model, here all the rates and transitions that concern interaction of electors with other
electors, or briefly, person-to-person interactions, are assumed to be null. This is because, in reality, the contribution
of these interactions proves to have an incidence much lower than that of those between electors and politicians. Their
effect being valued much smaller than that of the other terms, it is cancelled out in the simplified model. On the other
hand, as shown in [8], its ultimate action is only that of evenly flattening and mixing the parties’ distributions, and no
specific directions or political actions are connected with them.
• Social Interactions produce the following set of convective speeds:
χi [h](t, u), the convective speed of (i, u) due to her or his individual internal freedom (partisan interpretations);
R1
P
χ(t, ν) := N1 3j=1 −1 ϕ j [h](t, ν, v) f j (t, v)dv, the convective speed of sector ν due to interactions of social
character (image impact).
The (regular) µ-descriptors ϕ j [h](t, ν, v) denote the contribution to the drift of ν, due to “people’s ( j, v) feelings”
about the system altogether.
Unlike in the complete model, here the contribution to the drift of elector (i, u) due to ( j, v)’s feelings about party
i is neglected for reasons quite similar to those discussed above. Further, in this simplified model the media impact is
maintained only in the Direct Interactions, and not in the Social ones where it would be too strictly dependent on the
particular case depicted.
• Boundary conditions are satisfied in order that the total population sizes remain constant. In particular it will be
assumed that the flow of individuals of type B through both the boundaries of I B is null, that the flow of individuals
of type A through the right boundary of I A is null, and that the flow of individuals of type A through the left boundary
of I A has null weighted average.
In conclusion, the evolution equations for the system densities ( f 1 , f 2 , f 3 , g) are the following, for t ∈ [0, T ],
u ∈ I A ≡ [−1, +1], and ν ∈ I B ≡ [−1, +1]:

∂ fi


(t, u) +
∂t

 ∂g (t, ν) +
∂t

∂
( f i χi [h]) (t, u) = Bi [h](t, u),
∂u
∂
(gχ [h]) (t, ν) = C[h](t, ν),
∂u

i = 1, 2, 3
(6)

where
Bi [h](t, u) =

3
X

Z

+1

f j (t, v)

pi, j [h](t, u)
−1

j=1

− f i (t, u)

"Z

"Z

#

+1

η j (v, ν)ψ j [h](u; t, v, ν)g(t, ν)dν dv
−1

#

+1

ηi (u, ν)g(t, ν)dν ,

(7)

−1

C[h](t, ν) = g(t, ν)

Z

+1

γ [h](t, ν, ν 0 )g(t, ν 0 )dν 0 − g(t, ν)
−1

3 Z 1
1 X
χ [h](t, ν) =
ϕ j [h](t, ν, v) f j (t, v)dv.
N j=1 −1

Z

+1

γ [h](t, ν 0 , ν)g(t, ν 0 )dν 0 ,

(8)

−1

(9)
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On the system densities, in addition to the already mentioned constraints (3) and (4), the following ones are
imposed:
3 Z 1
X
Bi [h](t, u)du = 0, ∀t
(10)
−1

i=1

Z

+1

C[h](t, ν)dν = 0,

(11)

∀t

−1

Z

1

ψ j [h](u; t, v, ν)du = 1,

∀t, j, ν, v

(12)

−1
3
X

pi, j [h](t, u) = 1,

(13)

∀t, j, u

i=1

χ1 [h](t, +1) = χ2 [h](t, +1) = χ3 [h](t, +1) = 0,
[ f 1 χ1 [h] + f 2 χ2 [h] + f 3 χ3 [h]] (t, −1) = 0,
χ [h](t, −1) = χ [h](t, +1) = 0, ∀t.

∀t

∀t

(14)
(15)
(16)

2.1. Details of the model
To specify the various µ-descriptors that are used by the model, a convenient set of macroscopic variables is now
introduced. The term macroscopic refers to the fact that they are expectations and averages. They will appear in the
µ-descriptors as parameters, a property rather uncommon in the kinetic theories where interactions are usually not
supposed to depend on the microscopical distributions. On the other hand, in describing possible human behaviours,
a dependence of the interactions not only on the microscopical variables but also on the personal feelings averaged
over the system appeared to be preferable.
Two groups of macroscopic variables are considered. The first easy one consists of moments of the densities
considered; the second one is defined on the basis of the assumption that: there exist regular functions that relate to
the consent that an elector feels towards a political ideology. Namely:
α j (t, v, ν) ∈ [0, 1] is the approval that an elector ( j, v) feels about a sector ν ∈ [−1, +1], and similarly
−
α−
j = α j (t, v, ν) ∈ [0, 1] relates to her or his disapproval.
Specifically the macroscopic variables here used are, for i, j ∈ {1, 2, 3}, h, k ∈ {1, 2}, v ∈ [−1, +1], ν ∈ [−1, +1],
I1 := I− := [−1, 0), and I2 := I+ := [0, +1], as follows.
R +1
• Ni (t) = −1 f i (t, u)du is the total number of votes for party i at time t, the size of population i (recall constraint
(3));
R +1
• Ui (t) := −1 u f i (t, u)du/Ni (t) is the expected satisfaction of adherents, the spirit of population i = 1, 2, 3;
• Fh,k (t) := R(Nh (t) − Nk (t))/N is the political weight of (competing) party h relative to k, h, k ∈ {1, 2};
• G h (t) := Ih g(t, ν)dν is the reservoir of favour of each of the two competing sides, the resources of party h,
h = 1, 2; R
• Yh (t) := Ih νg(t, ν)dν/G h (t) is the leading sector of party h, h = 1, 2;
R
• Sh, j (t, v) := Ih α j (t, v, ν)g(t, ν)dν/G h (t) is the expected approval of elector ( j, v) (due) to party h = 1, 2;
R +1
P
• S(t, ν) =R N −1 3j=1 −1 f j (t, v)α j (t, v, ν)dv is the total support (due) to sector ν;
• Sh (t) = Ih S(t, ν)g(t, ν)dν/G h (t) is the total support (due) to party h = 1, 2,
Functions similar to the last four are also defined for α −
j instead of α j . However, in what follows, a further
assumption is made that allows these latter to be evaluated starting from the former, namely that the approval
α j = α j (t, v, ν) that that elector ( j, v) feels about sector ν may be estimated as the total probability that she or
he ends up with positive satisfaction when evaluating sector ν policy:
Z +1
α j (t, v, ν) =
ψ j (u; t, v, ν)du.
(17)
0

This yields

α−
j (t, v, ν)

−
−
−
= 1 − α j (t, v, ν) and Sh,
j (t, v) = 1 − Sh, j (t, v), S (t, ν) = 1 − S(t, ν), Sh (t) = 1 − Sh (t).
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Since the competing parties are only two, for reasons of brevity the political weights will be denoted by
F1 := −F2 := (N1 − N2 )/N . Carefully note that the leading sector Yh is evaluated in weight, and it is neither the
peak value of g in Ih , nor the peak argument: ν ∗ ∈ Ih such that g(·, ν ∗ ) is maximum. Moreover, Ui , Yh , Fh ∈ [−1, 1],
F2 = −F1 , α j , Sh, j , Sh , S ∈ [0, 1], and Ni ∈ [0, N ], N ∈ N and G h ∈ [0, 1], G 2 = 1 − G 1 .
Finally, the details of the model may be given, and in particular the µ-descriptors of this simplified model be
recalled from their general picture seen in Ref. [1]. They are as follows.
• The probability density function for the outgoing satisfaction level u of elector ( j, v) after evaluation of sector ν
policy is

ψ j [h](u; t, v, ν) = hψi u; m j [h](t, v, ν), σ j [h](t, v, ν) ,
(18)
where hψi is given by
1
hψi(u; m, σ ) := exp −
2



u−m
σ

2 ! , Z

+1
−1

1
exp −
2



u−m
σ

!

2
du

(19)

and where functions m = m j [h](t, v, ν) and σ = σ j [h](t, v, ν), σ j > 0, ν, v ∈ [−1, 1], are proposed on account of
the following conjectures.
•
•
•
•
•
•

Uninterested electors ( j = 3), are uninfluenced.
Electors of the competing parties j = 1, 2 are influenced by the leading sector Y j (directed evaluation) as follows:
satisfied j-partisans (v > 0) appreciate a partner ν (i.e. ν ∈ I j ) near to the leader Y j ;
unsatisfied j-partisans (v < 0) displease a partner ν near to the leader Y j ;
these feelings are reversed for a competing partisan, i.e. for ν ∈ I B \ I j .
Electors take courage from the common opinion U j .
e2 , m
e3 ∈ [0, 1],
Specifically, for m

v


 if j = 3,

e2 v(1 − |v|) 1 − |Y j (t) − ν|/|I j | if j = 1, 2, ν ∈ I j ,
v+m
m j [h](t, v, ν) =
e3 v(1 + |v|)|Y j (t) − ν|/|I B |
v−m
if j = 1, 2, ν 6∈ I j .




(20)

and
σ j [h](t, v, ν) = e
σ2 + e
σ3 |U j (t) − v|,

e
σ2 , e
σ3 ≥ 0,

(21)

γ [h](t, ν, ν 0 ),

• The renewal rate
which relates to the variation of sector ν popularity because of a Direct Interaction
with sector ν 0 , is the contribution of two terms: one is proportional to the net support: (S(t, ν) − S − (t, ν)), of sector
ν, the other to the party’s political weight Fh(ν) (t):

γ [h](t, ν, ν 0 ) = q1 S(t, ν) − S − (t, ν) + q2 Fh(ν) (t), q1 , q2 ≥ 0,
(22)
where h(ν) = 1 or 2 according to whether ν ≤ 0 or ν > 0.
Describing person-to-politics interaction rates, or Politicians-on-electors hitting rates, η j (v, ν) represents an
interesting task. Various reasons are discussed in Ref. [1] and lead to a specific form for them that is meant to reproduce
an acceptable although qualitative situation. On the one hand, η j (v, ν) is assumed to decrease with satisfaction v to
reproduce the screen that has arisen against undesired political intrusions. On the other hand, the η j dependence on
ν is conjectured to reproduce the strategy that is adopted by the parties to influence electors. It is assumed that each
party has a certain base level impact, say r− and r+ respectively. Then, starting from its base level, each party may
adopt different policy strategies: either aggressive, or neutral, or the reverse. When the policy is aggressive, the impact
is higher than the base level if the target is an elector of the opposite party, and it is lower than if the elector is of the
same side. In the neutral case the impact equals the base level. In the reversed case the impact is higher than the base
level when directed towards fellow partners, and lower than on partisans of the opposite side. This is in view of the
fact that an elector with no interactions at all with the political world sees no reason to change her or his preceding
decision and persists in her or his former party choice (no diffusion terms are present in the model). The base level
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is thus the impact that is reserved for non-voting individuals, and neutral means “as if” no preconceived partisan
separation exists and electors evolve starting from non-distinct distributions.
In the modelling, the balance is realized by non-negative parameters, e− and e+ respectively, which in the three
cases are meant to be higher than, equal to, or lower than one, and that may loosely be considered as a measure of the
efficiency of the party policy. Specifically:
• The hitting rate η j (v, ν) of sector ν on elector ( j, v) has the form
η j (v, ν) = e0 + e3 (1 − v) + η j (ν),

e0 , e3 ≥ 0,

(23)

where, with I− := [−1, 0) and I+ := [0, +1] used to denote the ideologies that are of reference for parties “one” and
“two” respectively, and introducing the “target index τ ( j)”

+1 if j = 1
if j = 3
τ ( j) := 0
(24)

−1 if j = 2
the function η j (ν) is set as follows, for r+ , r− , e+ , e− ≥ 0:
(
−τ ( j)
r e
if ν ∈ I− ,
η j (ν) = − −
+τ ( j)
r + e+
if ν ∈ I+ .

(25)

Social Interaction descriptors have the role of yielding the impact on individuals of both types that is produced
on average by the rest of the system. In the mathematical picture these terms have the aspect of “transport terms”,
borrowing the terminology (and the mathematics) from continuum mechanics.
Transport, or drift, has different characters in the case of electors and of politicians. For electors it gives rise to the
way they react to what it is called the common opinion about external events. For politicians it gives rise to what may
be thought of as the image return from the electorate.
Before recalling the detailed form of transport speeds, a few technical words are needed to introduce convenient
regularizing functions κ(u) to take care of the border procedures. Since a deeply satisfied person does not have
any reason to change her or his decision and adhere to a different party, a regularizing multiplicative function, to
the convective speed, is used, that has unitary value over almost all the interval [−1, +1] except on a small left
neighbourhood of the point u = +1, where it decreases to zero. In this way the densities f 1 , f 2 , f 3 , if sufficiently
regular, are free to attain at the point u = +1 any (non-negative) real value, and no outgoing flux arises at the u = +1
boundary. Here in particular: κi (u) = 1 − κ+ (u), i = 1, 2, 3, where κ+ (u) := exp (−5(1 − u)).
Also, neither outgoing nor ingoing flows are allowed through the popularity borders, and as a factor of the
popularity speed one has κ(ν) := (1 − κ+ (ν))(1 − κ− (ν)) and κ− (ν) := exp (−5(1 + ν)).
Conversely, when the wind of common opinion blows towards unhappiness, that part of the electorate that is
forced to a satisfaction level “even less than the least” is here assumed to change party. They are conveyed in either or
both of the other two parties, provided these show an absorbing trend there, or definitely enlarge the non-vote party.
Technically, the speed value at u = −1 is weighted by the absorbing parties’ total numbers Ni (t), in the first case, or
χ3 is properly initialized at u = −1 if the signs of χ1 , χ2 , and χ3 at u = −1 all happen to be the same (i.e. the term
χ3 (t, u) is further multiplied by (1 − κ− (u)) and set to ±ε, ε  1, at (u = −1) in order that (C.10) may be verified).
On using the above conjectures, the detailed form of the transport speeds may now be given.
• The convective speed of elector (i, u) may be modelled as
χi [h](t, u) = ai (t)κi (u),

(26)

ai ∈ R,

where coefficients ai ∈ R, to be thought of as interpretation coefficients due to a partisan fellowship, are as follows:
ai (t) = a · sign(Fi (t)),

i = 1, 2;

a3 = −a0 .

(27)

In its turn, the image drift that acts on sector ν due to “people’s ( j, v) feelings” about the system altogether is
described by

ϕ j [h](t, ν, v) := c3 S2, j (t, v) − S1, j (t, v) κ(ν), c3 ≥ 0.
(28)
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Coefficient c3 ≥ 0 may be thought of as the image return coefficient. Consequently, the image return convective
speed is
χ (t, ν) = c3 (S2 (t) − S1 (t)) κ(ν),

c3 ≥ 0.

(29)

Finally, the “Voting” procedure is introduced. In fact, as regards the choice procedure no reduction has been
considered from the general model, and hence its main points are here only recalled. Let us have the following.
• n + 1 is the non-vote.
• ρh, j [h](t, u) ∈ R summarizes a mark that elector ( j, u), j ∈ {1, . . . , n + 1}, assigns to party h ∈ {1, . . . , n}; in
particular, let it have the form
ρh, j [h](t, u) = p0 δh j + p1 Sh j (t, u),

p0 , p1 ≥ 0,

(30)

where δh j is the Kronecker symbol.
• h 1 ∈ {1, . . . , n} is the first-best choice for ( j, u); namely h 1 is (are) such that
ρh 1 , j > ρh, j

for all h ∈ {1, . . . , n} \ {h 1 } .

(31)

• h m ∈ {1, . . . , n} \ {h 1 , . . . , h m−1 } is the mth-best choice for ( j, u); namely, h m is (are) such that
ρh m , j > ρh, j

for all h ∈ {1, . . . , n} \ {h 1 , . . . , h m } .

(32)

• Given that the best choice party in a certain set is h, the probability that elector ( j, u) “votes” for party h is a
function p ∗ : R → [0, 1] of the mark value ρ = ρh, j [h](t, u); in particular, p ∗ = p ∗ (ρ) is a step–linear function
of the mark value ρ:

0 if ρ < 0
p ∗ (ρ) := [ρ]10 := ρ if 0 ≤ ρ ≤ 1
(33)

1 if 1 < ρ.
(a uniform distribution is assigned when equal marks are found, i.e. when h is not a single index).
• The probability that elector ( j, u) gives her or his vote (not to h 1 , h 2 , . . . , h m−1 but) to the mth-best choice party
h m is the product of two probabilities: one for not voting for any higher choice party, and another one which is
(again) p ∗ valued at ρh m , j [h](t, u).
• The probability that elector ( j, u) does not vote at all is the residual to one.
On account of the strategy proposed above, one constructs the matrix of the probabilities pi, j (u) that relate to the
change (because of some Direct Interaction) of the population of an elector in the state u from her or his party of
adherence j to party i. Here i, j ∈ {1, 2, 3}, and pi,∗ j := p ∗ (ρi, j [h](t, u)); uniform values if parity.
• h 1 = h 1 ( j) is selected in {1, . . . , n} such that ρh 1 , j > ρh, j for all h ∈ {1, . . . , n} \ {h 1 }. Then
ph 1 , j = ph∗1 , j .

(34)

• h 2 = h 2 ( j; h 1 ) is selected in {1, . . . , n} \ {h 1 } such that ρh 2 , j ≥ ρh, j for all h ∈ {1, . . . , n} \ {h 1 , h 2 }. Then
ph 2 , j = (1 − ph∗1 , j ) ph∗2 , j .

(35)

• The procedure goes on in this way, for h 3 , h 4 , . . ., up to
ph n , j = (1 − ph∗1 , j ) . . . (1 − ph∗n−1 , j ) ph∗n , j .

(36)

• The non-vote probability is
pn+1, j = (1 − ph∗1 , j ) . . . (1 − ph∗n−1 , j )(1 − ph∗n , j ).

(37)

3. Selected simulations
The simulations presented in this section are examples of an initial–boundary value problem which is:
Let an arbitrary (compatible) set of densities f 1 , f 2 , f 3 , g : [−1, 1] → [0, +∞) be assigned at an instant
t = 0. Analyse the dynamics, the possible stationary or time-asymptotic distributions, and their dependence on the
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Fig. 1. Initial distributions adopted in the simulations.

controlling parameters, for a model in the framework of Eq. (6), . . . , (9) and with microscopic interaction descriptors
as described in the preceding section.
In particular, all simulations relate to one and the same set of initial conditions, that are as follows. Denote by
hni(u; m, σ ) a normal distribution truncated on a set I ⊂ R, with mean (on R) m and variance σ > 0:
!

 !, Z


1 u−m 2
1 u−m 2
exp −
du .
(38)
hni(u; m, σ ) := exp −
2
σ
2
σ
I
In particular, let hn i i, hn − i, hn + i denote normal distributions truncated respectively on I A = [−1, 1], I− := [−1, 0),
I+ := [0, +1]. The initial conditions adopted are
g(t = 0, ν) =: g 0 (ν) ≡ G 0− hn − i(ν; m − , σ− ) + G 0+ hn + i(ν; m + , σ+ ),
f i (t = 0, u) =:

f i0 (u)

(39)

Ni0 hn i i(u; m i , σi ),

i = 1, 2, 3,
(40)
P3
where G 0− , G 0+ ∈ [0, 1] and Ni0 ∈ N, i = 1, 2, 3, i=1
Ni0 = N , denote the initial global values, and where
G 0− = 1 − G 0+ . A uniform distribution has been used for the non-voters.
Simulation initial data:
m 01 = −0.5,

≡

m 02 = 0.5,

σ10 = 0.4,

σ20 = 0.4,

N10 = 5.0,

N20 = 5.0,

m 0− = −0.5,
σ−0 = 0.6,
N30 = 2.0,

m 0+ = 0.5,

σ+0 = 0.6,

(41)

G 0− = 0.5.

Further, for the convenience of the reader, before entering into the various cases examined, the plots of some of
the functions that have been mentioned in the preceding section, and that play the most relevant role in the model,
are shown here. The plotted graphs (see Fig. 1) are all computed at the initial conditions detailed above, so they may
be accepted as explanatory of the corresponding function behaviours only qualitatively, since these modify when the
time changes. It must be remarked, however, that no major changes have been observed in the global behaviours of
the functions referred to and that, on the other hand, their global variations are not as relevant as their relative ones.
Indeed, the role of diversifying the dynamics is already accomplished by the latter. In this respect, the following plots
may be considered as illustrative at all times.
Figs. 2 and 3 are examples of the approval and support functions, plotted in correspondence with the initial
conditions and values cited above.
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Fig. 2. Approval α2 (t = 0, v, ν).

Fig. 3. Support functions S1, j (t = 0, v) and S2, j (t = 0, v).

Fig. 3 qualitatively shows the sustain that the system may expect from the electorate under the above-mentioned
assumptions. As discussed in Ref. [1], this is also seen as the support that parties “one” and “two” respectively expect
from elector ( j, u).
Note that the non-symmetric behaviour of the two sets of plots in Fig. 3 arises because at time t = 0 the population
of party “two” is definitely more satisfied than that of party “one”. Variations from the central curve, that is the one
e2 and m
e3 ; the steepness, to e
relating to the non-partisan individuals, are due to the directional parameters m
σ2 and e
σ3 .
The three graphs plotted in Fig. 4 depict the result of the voting procedure when Si, j is that of Fig. 3, and
p0 = 0.1, p1 = 1.0. They represent the probabilities that adherents to parties “one”, “two”, or none (respectively),
and in the satisfaction state u, decide to vote for party i = 1, 2, 3.
Finally, a set of simulations is now presented. They have been selected with the idea of depicting interesting
although general characteristics of the model, and of throwing light on the role played by the specific interactions
considered.
In particular, two aspects have been examined over the others: one concerns wind actions on the electors; the other
relates to political strategies of parties. Hence most of the analysis is developed on these two subjects. Instead, the
contributions of the drift c3 (S2 (t) − S1 (t)) of Eq. (29) and that of the sector activity q1 (S(t, ν) − S − (t, ν)) of Eq. (22)
proved to be somewhat equivalent (at least qualitatively they act in the same direction); therefore the cases of c3 6= 0
are only partly reported. Likewise, in most of the simulations the parameter q2 is set to zero, thus ignoring the power
reward with respect to sector activity, and only some references are given as regards its contribution.
In fact, as regards the interpretation coefficients ai of Eq. (27), two technically different forms have been tested:
one is a sign(Fi ); the other is the mathematically simpler a Fi . The former should be logically preferred in view of
its physical interpretation; the second one may seem more acceptable from the mathematical point of view. However
the latter, with slightly higher values of the constant a, yields results very similar to those of the former and, contrary
to all expectations, it yields a slight decrease in regularity. Therefore the first one has been adopted.
As regards the voting procedure, attention is paid to the following three scenarios: No party changes,
i.e. pi, j [h](u) = 1.0 if i = j, and zero otherwise; Random party changes, i.e. pi, j [h](u) not explicitly dependent
on u; S-controlled party changes, i.e. pi, j as described in (30), . . . , (37).
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Fig. 4. Probabilities pi, j (u) that electors ( j, u), j = 1, 2, 3, vote for party i = 1, 2, 3.

For each of these scenarios, different pictures as regards the policies adopted, and consistently different hitting rates,
have been examined. Specifically, three pictures are reported that concern different hitting rates. They are related to
uniform, balanced, and unbalanced hitting policies, as now described. From these, a further splitting into two subcases is of interest, depending on whether the screening action against the political impact, described by term e3 (1−v)
of Eq. (23), is, or is not, taken into account.
In detail, the following are considered, making reference to Eqs. (23) and (25):
Uniform hitting, that is when the rates η j (v, ν) are simply constant. This happens when both parties choose a
neutral policy strategy (and equal base impact levels), and is recalled by declaring a neutral–neutral policy, briefly:
an n–n policy. The two above-mentioned sub-cases are produced by either omitting or adding the screening term
e3 (1 − v). When all electors are equally unreceptive, i.e. when e3 = 0, the policy is said to be unfiltered; it is said
filtered otherwise. Therefore, the uniform cases examined in each scenario are: unfiltered, n–n policy and filtered, n–n
policy, and relate to values r+ = r− = 2.0, e+ = e− = 1.0 in Eq. (25), and (respectively) e3 = 0.0 and e3 = 1.0 in
Eq. (23).
Balanced hitting, that is when both parties adopt similar (non-uniform) strategies, i.e. both either aggressive or
reversed, namely a–a policy and r –r policy, unfiltered or filtered. In the following, a–a policy relates to values
e+ = e− = 2.0, and r –r policy to e+ = e− = 0.5, the other values being set as above.
Unbalanced hitting, which is collected in two groups: the first one “prefers party one”, namely a–r , a–n, and
n–r policies; the other one collects the symmetrical r –a, n–a, and r –n policies. They relate to values e = 0.5 and
e = 2.0 respectively for the aggressive and regressive cases, the other values being set as above.
On these cases, attention has been paid to the effect of parameter q1 , which controls the popularity renewal rate
described in Eq. (22), and to parameter a, that drives the convective winds χi as described in Eq. (26). (For technical
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Fig. 5. No party changes; unfiltered, n–n policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

reasons, the function y = sign(x) of Eq. (26) must be read as: y = 0.0 if |x| < 10−6 and, otherwise, y = +1.0 or
−1.0, according to whether x > 0 or x < 0.)
The situations plotted relate to the stably asymptotic distributions that the system exhibits after a, generally brief,
transient period of time. In this respect, and surely in a very broad sense, asymptotic distributions here mean
f i∞ (u) := f i (t, u)|t0 ,

i = 1, 2, 3,

g ∞ (ν) := g(t, ν)|t0 .

3.1. No party changes
The first scenario presented here is the one where no party changes are considered: each elector decides to keep to
her or his side whatever her or his satisfaction is, or whatever the other parties or politicians do. Namely, throughout
this subsection the changes of party probabilities are pi, j (u) = 1.0 if i = j, and zero otherwise. Due to the initial
conditions adopted, all the results shown for this first scenario are such that the party total numbers remain separately
constant: Ni (t) ≡ Ni0 , i = 1, 2, 3 (see however the discussion at the end of the subsection).
As regards the hitting rates, the terminology and values adopted here are explained at the beginning of the section.
First, an unfiltered neutral policy is examined.
A clear tendency towards the right side of the political arc I B is shown by the popularity distribution in the last plot
of Fig. 5, where q1 6= 0. This depends on the fact that at time t = 0 population “two” (the right) has been assumed
to be happier than population “one”. Indeed, as along as the transient evolution keeps f 1 different from f 2 and such
that U2 > U1 , the support function S(t, ν) is greater on the right and it lets g increase there. In contrast, when q1 = 0
the function g(t, ν) remains identically equal to its initial value g 0 (ν). Results analogous to those seen for q1 6= 0 are
obtained when c3 6= 0, the only difference being that the two peaks of the function g, that here are at Y1 = −0.5 and
Y2 = +0.5, are also right-shifted towards 0.0 and +1.0 respectively.
If the common base level e0 of Eq. (23) is increased, thus indistinctly increasing the political impact on the
electorate, then the higher evolutionary speed produces initial transient phases of lower relevance, and hence lower
∞
∞
∞
differences between asymptotic values such as G ∞
− and G + , or U1 and U2 .
In examining balanced policies, either the direct a–a or the reversed r –r ones, results totally similar to those of
Fig. 5 are found as long as policies are unfiltered. The same argument as above explains why the asymptotic values of
the former are (slightly) closer than those of the latter.
To appreciate the role of filtering, a neutral policy is depicted in Fig. 6.
In it, a shift may be seen, of all the three distributions f 1 , f 2 , f 3 , towards positive satisfaction values. It is a
consequence of the screening term e3 (1 − v) of Eq. (23) that relates to the more frequent political actions (and
better persuasions) accepted by the unsatisfied part of the electorate. On the one hand, these produce some benefits
by lowering the number of unsatisfied electors; on the other hand, they centralize the function g, when q1 6= 0, by
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Fig. 6. No party changes; filtered, n–n policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

Fig. 7. No party changes; filtered, r –r policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

decreasing the transient times and hence contrasting with the initial effect of S. This last is overwhelming, though,
when c3 6= 0.
The centralizing tendency of popularity distribution g is even more evident in Fig. 7 for the filtered r –r policy case,
that “sees” (also) the initial conditions: U10 < U20 as reversed.
Figs. 8 and 9 are representative of the first group of unbalanced policies, namely when party “one” adopts a winning
policy with respect to party “two”. In Fig. 8 both parties direct their actions to the electorate without these being further
controlled by any v-dependent term. Instead, in Fig. 9 the actions are filtered.
Here again, during the early evolution, distribution g shows a tendency to the right when q1 6= 0; as mentioned,
this is due to the asymmetry of initial conditions that sets party “two” as more satisfied than party “one”. This initial
tendency however may be totally inverted, and happens here, yet only in the filtered case, thanks to the different
strategies adopted by the two competitors, and provided the activity of the parties is not accordingly varied, as it is in
this model when q1 = const. Indeed, the policy non-balance may cause one of the two sides to overcome the other.
Observe that since here Ni (t) = Ni0 , the term “overcome” only means that the average satisfaction U of a party
acquires values higher than those of the other one and, in particular, its reservoir of favour G(t) that becomes vastly
greater than the other: Popularity completely changes side. In the last plots of Fig. 9 one can see that U1∞ > U2∞ and
∞
G∞
1  G 2 . It is of interest that in the first scenario this happens only if e3 6= 0. In the following ones, however, this
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Fig. 8. No party changes; unfiltered, a–r policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

Fig. 9. No party changes; filtered, a–r policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

may be true even in the unfiltered cases, since the change of party dynamics leaves more freedom for this inversion to
happen.
As mentioned, in all the cases examined in the first scenario each of the population sizes Ni (t) remains separately
constant, thus maintaining Fi (t) identically zero, as has been assumed at time zero. Therefore the wind contribution
due to the term a sign(Fi ) and the contribution to the renewal rate due to q2 Fh(ν) are not effective. However, if at
time zero the initial conditions are such that unbalanced N10 6= N20 is assumed, then the a 6= 0 case would behave
differently from the ones seen above, and party sizes would change due to an outflow from the (unsatisfied side of the)
boundaries.
3.2. Random party changes
The second scenario that is presented here is one where party changes are allowed, yet not due to reasoned,
motivated decisions, but only to indistinct, random chances. Unexpectedly, many of the system features under
this assumption, and in particular its qualitative dependence on the hitting rate parameters, are similar to those
shown in the complete case, where the change of party procedure is driven by the approval functions Sh, j ; see
Eq. (30). In the simulations presented in this subsection the values of the random change of party probabilities
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Fig. 10. Random party changes; unfiltered, n–n policy; q1 = 0.0 and q1 = 5.0; a = 0.0.

Fig. 11. Random party changes; unfiltered, a–a policy; a = 0.0, and a = 0.4; q1 = 5.0.

have been set as follows: ( p1,1 = 0.7, p2,1 = 0.18, p3,1 = 0.12), ( p2,2 = 0.7, p1,2 = 0.18, p3,2 = 0.12),
( p3,3 = 0.4, p1,3 = p2,3 = 0.3). Again, the terminology and values adopted here for the hitting rates are explained at
the beginning of the section.
The first case examined is again for an unfiltered neutral policy.
Although very similar to the plot of Fig. 5, the case in Fig. 10 is not identical. Differences include, in particular,
the flatter shape of the second set of distributions due to the greater mixing property of this case. As stated before, this
slows down the evolution of macroscopical variables. On the other hand, again Ni (t) = Ni0 for i = 1, 2, 3 and hence
the wind parameter a is still ineffective.
Conversely, differences from the preceding scenario are much more evident when the policy is non-neutral. They
relate not only to the dynamical history of the latter case, but also to the asymptotic states. The party total numbers
N1 (t) and N2 (t) are no longer constant and their time dependence is various: they may change, yet remain equal to one
another, or separate and then converge to a common value, or separate and remain appreciably different, depending
on the values of the other controlling parameters. On the other hand, if parameter q1 is null (together with q2 and
c3 ), then the popularity distribution does not evolve at all, and this represents a serious bias in the evolution of the
whole system. Therefore only the results for q1 6= 0 are reported here, except for comparison purposes. In Fig. 11 a
balanced case is depicted, that produces asymptotic values N3∞ < N1∞ < N2∞ . Due to the aggressive policies of both
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Fig. 12. Random party changes; unfiltered, r –r policy; a = 0.0; q1 = 5.0.

  
Fig. 13. Random party changes; unfiltered, r –r policy; qa1 = 5.0
0.4 ; populations versus time.

competitors, N2∞ is here greater than N1∞ because the action is a direct a–a one, and party “two” is favoured by initial
conditions. The wind effect only enhances such a victory. Similar results hold for c3 6= 0.
If instead both the competing parties adopt a reverse (balanced) hitting policy, then interesting effects may arise.
Indeed, again a system tendency is triggered to reverse (even) the initial condition settings; yet, now, the system is
not sufficiently strong to stably maintain this inversion. Less significantly in the windless case of Fig. 12, where the
inversion is still present, this weakness is amplified by the term a 6= 0.
Indeed, if parameters a and q1 are active together, reverse policies may produce stable oscillations in the system
behaviour. Note that a 6= 0 alone is not enough to give rise to periodicity. In Fig. 13 the plots of the party total numbers
Ni (t) and total reservoirs G i (t) versus time are shown, and in Fig. 14 those of distributions f i (t, u), i = 1, 2, 3, for
q1 = 5.0 and a = 0.4. It must be reported that similar results hold also in the case q1 = 0.0 and a = 0.4 provided
that c3 6= 0, and that they do not depend on the particular initial condition adopted.
In the more general case of filtered policies, behaviours similar to those depicted in the preceding figures are found,
additionally showing a shift of distributions f i , i = 1, 2, 3, towards positive happiness values. Furthermore, and in
particular when a = 0, the screening action due to the individual filtering helps the evolution of g, and may then even
favour the above-mentioned “inversion” of initial conditions when triggered by the proper policies. This, in the r –r
and n–n windless cases, produces a centralizing tendency both of the distribution g towards the ν = 0 value and of
the party total numbers Ni towards a common (mean) value, as shown in Fig. 15, to be compared with Fig. 12.
Again, when both policies are reversed, periodic evolutions are triggered by a 6= 0 together with either q1 6= 0, or
c3 6= 0, or q2 6= 0. The figures relating to these instances are completely similar to those Figs. 13 and 14, and therefore
are omitted. Instead, just for purposes of comparison with Fig. 11, the filtered a–a policy case is plotted in Fig. 16,
the other parameters being the same.
To complete this second scenario, unbalanced cases must be discussed. They are in fact consistent, both when
policies are filtered and when they are unfiltered, with the general discussion developed above. In addition, now,
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Fig. 14. Random party changes; unfiltered, r –r policy; qa1 = 5.0
0.4 ; 3D plot of f 1 , f 2 and f 3 as functions of t and u.

Fig. 15. Random party changes; filtered, r –r policy; a = 0.0; q1 = 5.0.

Fig. 16. Random party changes; filtered, a–a policy; a = 0.0 and a = 0.4; q1 = 5.0.

separations of the asymptotic total sizes Ni∞ are produced, on the basis of the policy choices, in correspondence with
a right shift or left shift of popularity g (when this is allowed).
If policies are either a–r , or a–n, or n–r , then the result is in favour of party “one”; however, party “two”
wins the game when the symmetrical r –a, n–a, and r –n policies are adopted. The latter group, for instance, yields
behaviours qualitatively represented by Fig. 17, whereas Fig. 18 depicts the corresponding a–n case where party “one”
is ultimately preferred.
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Fig. 17. Random party changes; filtered, n–a policy; a = 0.0 and a = 0.4; q1 = 5.0.

Fig. 18. Random party changes; filtered, a–n policy; a = 0.0 and a = 0.4; q1 = 5.0.

3.3. The complete picture
The last scenario may now be presented, namely the one where party changes are due to motivated decisions driven,
in particular, by the approval functions Sh, j (t, u) as described by Eq. (27). In the simulations presented in this scenario
the values of the parameters that appear in that equation are: p0 = 0.1, p1 = 1.0. The terminology and values for the
hitting rates are as specified at the beginning of the section.
As already remarked, the overall behaviours that are found in this scenario (with the cited values) are generally
similar to those seen in the preceding random case. Hence only some comments are added. The major remark is that:
the approval functions Sh, j produce in the unfiltered policy cases results quite similar to those for the filtered one.
In other words, the freedom of party selection acts in the same sense as the individual screening against exceedingly
invasive political impact. This is paid for, however, by a general increase of the total number of non-voting individuals
with respect either to the same cases of the preceding scenario, or to the unfiltered versus the filtered policies of this
same scenario.
First, the case of an unfiltered neutral policy is depicted in Fig. 19.
It may be seen that even in the unfiltered case, the property of approval functions Sh, j (·, u) of being nonsymmetrical (with respect to the sign of the satisfaction variable u) is enough to shift the populations f 1∞ (u) and
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Fig. 19. S-controlled party changes; unfiltered, n–n policy; a = 0.0 and a = 0.4; q1 = 5.0.

Fig. 20. S-controlled party changes; unfiltered, a–a policy; a = 0.0 and a = 0.4; q1 = 5.0.

f 2∞ (u) toward the positive values of satisfaction, and leave unsatisfied only the non-voting people. This explains why,
throughout this scenario, the contribution of the screening term e3 (1 − u) is (in general) not particularly relevant. The
asymmetry of g ∞ (ν) in Fig. 19 again depends on the asymmetrically assumed initial conditions for the two competing
parties. Indeed in this scenario initial conditions are rewarded by balanced policies, even if q1 = 0. As noted above,
the functions Sh, j act in the same sense as the individual screening. Also the a–a policy has results qualitatively close
to those depicted in Fig. 19, as may be seen in Fig. 20.
On the other hand, the periodic behaviour seen in the random scenario is again observed in the S-controlled reversed
case, provided a 6= 0. The examples reported in Figs. 21–23 concern the unfiltered policy, but similar ones hold for the
filtered case. Furthermore, it must be noticed that similar results hold as well for the (mathematically simpler although
physically less justifiable) case of a linear wind: a Fi , and with c3 6= 0 or with q2 6= 0.
Finally, the two groups of unbalanced policies must be mentioned. In general, they confirm in the S-controlled
cases what has been seen in the random scenario, namely more than initial conditions, a higher aggressiveness is
necessary to win the game. However, in this scenario cases have been encountered such that this may not be enough.
This is indeed sufficient in all the cases favoured by initial conditions. But if the initial distribution need to be reversed
and the opponent policy is not weak enough, then the initial transient may be so fast that the inversion fails, and the
initially favoured side remains at an advantage if conveniently helped by a proper wind. Fig. 24 shows this instance,
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Fig. 21. S-controlled party changes; unfiltered, r –r policy; a = 0.0; q1 = 5.0.

  
Fig. 22. S-controlled party changes; unfiltered, r –r policy; qa1 = 5.0
0.4 ; populations versus time.

  
Fig. 23. S-controlled party changes; unfiltered, r –r policy; qa1 = 5.0
0.4 ; 3D plot of f 1 , f 2 , and f 3 .

where N1∞ is greater than N2∞ in the windless case, but is smaller than it if a 6= 0. Similar behaviours happen when
the filtering is active.
4. Discussion and research perspectives
This section is devoted to drawing very brief conclusions and research perspectives.
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Fig. 24. S-controlled party changes; unfiltered, a–n policy; a = 0.0 and a = 0.4; q1 = 5.0.

The analysis developed here yields a description that is undeniably rough. A kinetic model that contains all the
numerous parameters and details that are of interest in electoral surveys, such as age, sex, social status, interests,
explicit political program, electoral promises, etc., and that is used in predicting even small electoral changes, may at
this stage be considered unrealistic. Moreover, last minute intentions produce a dynamics which is, at present, beyond
the scope of a model such as the one proposed here.
Increasing the numbers (already quite substantial) of microscopic interaction descriptors and of controlling
parameters that are necessary to take into account both the characters of electors and politicians would produce such
an increase in the model complexity that the task of validating and interpreting its results would become hard.
Further, the description of social behaviours, although in a very simplified form such as the one used here, should
be more strictly verified and carefully adapted to the particular set of electors to be described. Hence specific research,
both with respect to the characters of the people selected and to the actual initial conditions used, is needed to fully
create an acceptable modelling of a real ensemble.
On the other hand, what has been attempted here is to depict, and reasonably justify, a reference evolution which
may be thought of as a central line where the variations actually measured start from. This was done with the intention
of better acquiring interpretative keys that may be poorly observed separately, but together contribute to form a
coherent framework.
A mathematical picture that can easily be questioned and promptly varied may give bits of information that
integrate, or even precede, real opinion research. Several different ensembles may be constructed, motivated only
by tested real systems, and their simulated evolutions compared, that easily produce virtual yet plausible overall
descriptions.
In this procedure the impact of the controlling parameters can be easily evaluated and properly tested, and this
may give insight that otherwise would be neglected or misinterpreted. In fact the complexity of the system under
consideration is such that uncoupling the parameters is difficult, if not possible, not only for the mathematical model
but also and especially for the real system.
The peculiar property of the first one is that it may be easily and quickly manipulated, and this renders it a possible
tool, although rough, for examining the second one. In this respect, the proposed model may contribute to justifying
future aimed research into this matter.
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