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Frequency modulated signals everywhere
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Decomposition of FM signals/IFs separation
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Pure tones vs FM signals

$16) = con(ent) + cos(u)
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Time-Frequency Analysis
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Decomposition of FM signals/IFs separation
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IF curves
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Problem

How to deal with
overlapping components
without assuming the IF class?
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Spectrogram model

Definition. The Short-Time Fourier Transform (STFT) of a function f € L?(R), with respect to a real
and symmetric analysis window g € L?(R), is

+o0o
S8 = [ Ft)gt = we < dt, ¥ (u,) € R xR

Spectrogram is defined as STFT squared modulus, i.e. P(u,§) = [S%(u, &)[°.



Spectrogram model

Definition. The Short-Time Fourier Transform (STFT) of a function f € L?(R), with respect to a real

and symmetric analysis window g € L*(R), is F (f (t) ' g (t - u))

+o0o
S8 = [ Ft)gt —we < dt, ¥ (u,) € R xR

Spectrogram is defined as STFT squared modulus, i.e. P(u,§) = [S%(u, &)[°.



F(f(t) gt —u))

Proposition 1. Let f(t) = a1(t) cos1(t) + ax(t) cos @2(t) be a two-components signal and let us set
gr = 9(s(§ — ¢ (u))), where g is the analysis window with length s > 0, and ¢ denotes its Fourier
Transform; ar = ax(u) and ¢ = op(u), k = 1,2, Ap = ¢1 — P2, and (*)" denotes the time derivative of
(*). Then, the spectrogram P(u, &) satisfies the following evolution law

OP(u,§) OP(u,&) s 5 8 A o
5 + @7 9 — §a1aigf—§ {agaggg + g192(atas + ahay) cos Aqb]
S A . 82 “ ~ -
+ §a1a29192A¢’ sin A¢ + EACb”gé [GQQS — a1a2J1 COS Aqb] = 0. (1)



F(f(t) gt —u))

Proposition 1. Let f(t) = a1(t)cos1(t) + ax(t) cos p2(t) be a two-components signal and let us set
gr = 9(s(§ — ¢ (u))), where g is the analysis window with length s > 0, and ¢ denotes its Fourier
Transform; ar = ax(u) and ¢ = dx(u), k = 1,2, Ap = ¢1 — @2, and (x)" denotes the time derivative of
(*). Then, the spectrogram P(u,§) satisfies the following evolution law

0P (u, OP(u, S 9 S . .
( g) _|_ 1 ( g) . _ajlaflg%__ |:aj2a,2g§ _|_ 9192(0,,10,2 —|— aéa,l) COS Agb]

du L o¢ 2 2

S o . 82 “ ~ A
+ 5(11&29192A¢’ sin A¢ + 5A¢”9'2 [6293 — a1a2J1 COS A¢] = 0. (1)



Spectrogram model

Proposition 2. The spectrogram P(u,&) of a monocomponent signal f(t) = a(t) cos ¢(t) satisfies the
following advection equation

OP(u,§)
ou

+ ¢ (u) 8P(‘(;éa §) - 22253)

P(u,&) =0 Vu e supp{f}, (2)

whose characteristic curves are
Cep = E(u) = ¢'(u) + ¢,
with ¢ = &y — ¢'(ug) and (ug, &) is a point in the TF plane.



Spectrogram model

Proposition 2. The spectrogram P(u,£) of a monocomponent signal f(t) = a(t)cos ¢(t) satisfies the
following advection equation

OP(u,§)
ou

OP(u,§)  2a'(u)
0¢ a(u)

+ ¢" (u) P(u,§) =0 Yu e supp{f}, (2)

whose characteristic curves are
Cep : E(u) = ¢'(u) +c,
with ¢ = & — ¢'(ug) and (ug,&p) is a point in the TF plane.
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Spectrogram model

Proposition 2. The spectrogram P(u,&) of a monocomponent signal f(t) = a(t) cos ¢(t) satisfies the
following advection equation

OP(u,§)
ou

OP(u,&) 2a'(u)

+ (b”(’U;) 8§ - a,(u)

whose characteristic curves are
Clen e =d@+e_D

with ¢ = &y — ¢'(ug) and (ug, &) is a point in the TF plane.

P(u,§) =0 Vu e supp{f}, (2)
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Spectrogram model

Proposition 2. The spectrogram P(u,&) of a monocomponent signal f(t) = a(t) cos ¢(t) satisfies the
following advection equation

6P(U,£) ”(’U,) aP(’U, f) 20’%) =0 Vue Supp{f}a (2)
ou a

7 N

whose characteristic curves are
Cep : E(u) = ¢'(u) +c,
with ¢ = &y — ¢'(ug) and (ug, &) is a point in the TF plane.
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Weakened separability

Definition 1[Separability condition)|
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Weakened separability

Definition 1[Separability condition)|
Two modes with IFs ¢/ (u) and ¢} (u) are separated at time location
w if

|61 (u) — ¢3(u)| = Aw,

where Aw denotes the analysis window frequency bandwidth.

Definition 2 [ Weakened separability condition)]

Two modes with IFs ¢/ (u) and ¢5(u) are separated at time location
u if there exists at least one curve in Cg, 4,, i.e., &1(u) = ¢} (u) + c1,
such that

€1 (u) — d5(u)| > Aw;
or viceversa.
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Weakened separability

Definition 2 | Weakened separability condition]

Two modes with IFs ¢} (u) and ¢} (u) are separated at time location
u if there exists at least one curve in Cg, ¢,, i.e., &1(u) = ¢} (u) + ¢,
such that

[€1(u) — ¢5(u)| = Aw;

or viceversa.

Eqg. (1) reduces to

4 ¢Il(u) apg‘;a §) . 2;1;?(;;)

OP(u,§)
ou

P(u,§) =0



Weakened separability
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Spectrogram model

Proposition 2. The spectrogram P(u,&) of a monocomponent signal f(t) = a(t)cos ¢(t) satisfies the
following advection equation

Vu € supp{f}, (2)

whose characteristic curves are




Iterative spectrogram reassignment

Classical reassignment Proposed reassignment
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Iterative spectrogram reassignment

gk—l-l — &k + Ak(P(uagk)ag)a k> 0, fixed u

the shift Ay is determined from the data
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Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos¢(t) and its normalized spectrogram p(u,§) = "SP(_u’g). In

Y2 a;§(0)
addition, let us consider &y s.t. §”(§0—&r) < 0, with £ := ¢/(u), and let define (&) = E+sign(pe(§)) |1Q_’%§)I
and the sequence

611 = &+ asign( @))\/ P 28 g, 3

with a € (0 2\/1— 12

/‘-\

7)), T € (&0, ©(&0)). Then the sequence {&; }i converges to the ridge point &g.
1
—2

Moreover, if o = ( ) the convergence is at least quadratic.
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Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos®(t) and its normalized spectrogram p(u,§) = - P(Tf’g). In

Wi
Taig(())
addition, let us consider &y s.t. §”(§0—&r) < 0, with £ := ¢/(u), and let define (&) = E+sign(pe(§)) |1Q_’%§)I

and the sequence

p((&x)) — p(&k)

Ek+1 = &k + asign(pe (&)

with a € (0 2\/1— 12

/‘-\

7)), 7 € (&0, ©(&0)). Then the sequence {&w}r converges to the ridge point &g.
1
—2

Moreover, if o = ( ) the convergence is at least quadratie
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Newton-like method
with «fixed tangent»



Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos¢(t) and its normalized spectrogram p(u,§) = vsp(u,g). In

Y2 a;§(0)
addition, let us consider &y s.t. §"(§0—&r) < 0, with £ := ¢/(u), and let define (&) = E+sign(pe(§)) |1Q_’%§)I
and the sequence

611 = &+ asign( @))\/ P 28 g, 3

with a € (0 2\/1— 12
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7)), 7 € (&0, ©(&0)). Then the sequence {&g } converges to the ridge point &g.
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Moreover, if o = ( ) the convergence is at least quadratic.
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Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos®(t) and its normalized spectrogram p(u,§) = - Plwd)

¥2a;g(0)’
addition, let us consider &y s.t. §”(§0—&r) < 0, with £ := ¢/(u), and let define (&) = E+sign(pe(§)) |1Q_’%§)I
and the sequence
611 = &+ asign( @))\/ P 28 g, 3

with a € (0,24/1 — ¢’

™~

7S (€0, (&0)). Then the sequence {&;}r converges to the ridge point &g.
1

I

y. —3 . .
Moreover, if o = ( ) the convergence is at least quadratic.
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Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos®(t) and its normalized spectrogram p(u,§) = - Plwd)

¥2a;§(0)
addition, let us consider £ s.t. §”(§—€r) < 0, with £ := ¢/ (), and let define (&) = £+sign(pe(€))y/ 14
and the sequence
i1 = & +a sign@g(sk))\/ P 28 g, 3

with a € (0,24/1 — @"2(7)), T € (€0, ¢(&0))- Then the sequence {&x }r converges to the ridge point &g.
1
—2

Moreover, if o = (% — i) the convergence is at least quadratic.

APPLICATION to MULTICOMPONENT signals?

By involving the characteristic curves such that WSC is met, interference effects are negligible and the problem reduces to the
monocomponent case.

Problem: if the modes cross in the TF plane, there exists a region where after one iteration the WSC is no more satisfied.



Iterative spectrogram reassignment

V P(u,)

Proposition 3. Let us consider f(t) = acos¢(t) and its normalized spectrogram p(u,{) = = O In
5 aig
addition, let us consider &y s.t. §”(§o—E&r) < 0, with g := ¢'(u), and let define (&) = +sign(pe(€)) TQT‘?EEJ%)I
and the sequence
Era1 = G + ozsign(ps(&k))\/ PSSP =0 (3)

with a € (0,24/1 — @"2(7)), T € (€0, ¢(&0))- Then the sequence {&x }r converges to the ridge point &g.
1
—3

Moreover, if « = [ == — 2 the convergence is at least quadratic.
vz 4 &

APPLICATION to MULTICOMPONENT signals?

By involving the characteristic curves such that WSC is met, interference effects are negligible and the problem reduces to the
monocomponent case.
Problem: if the modes cross in the TF plane, there exists a region where after one iteration the WSC is no more satisfied.

Solution: Convergence properties are exploited for detecting this region.
Relaxed method

fun = +sign(re(@o)) (1 05 ) TR k=12 @)



Iterative spectrogram reassignment

Proposition 3. Let us consider f(t) = acos®(t) and its normalized spectrogram p(u,§) = - Plwd)

Vv
~-ai g (0)
addition, let us consider &y s.t. §”(§0—&r) < 0, with £ := ¢/(u), and let define (&) = E+sign(pe(§)) IIQ’%&;)I
and the sequence
Gur1 = &+ sign(ve @))\/ P 28 g, 3

with a € (0,24/1 — 7)), T € (&0, ©(&0)). Then the sequence {& }x converges to the ridge point &£g.
1
—3

) the convergence is at least quadratic.
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Moreover, if o = (

Further details:

[3] Bruni, V., Tartaglione, M., Vitulano, D., A Fast and Robust Spectrogram Reassignment Method,
Mathematics, 7(4), 358, 2019

[4] Bruni, V., Tartaglione, M., Vitulano, D., An iterative approach for spectrogram reassignment
of frequency modulated multicomponent signals, Mathematics and Computers in Simulation, 2019.




Iterative spectrogram reassignment

Spectrogram Classical Reassigned Spectrogram Our result
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benefits: computational effort (convergence reached in 2-3 iterations, only 1 STFT required),
robustness to interference

issues: limited to constant amplitude signals.

[4] Bruni, V., Tartaglione, M., Vitulano, D., An iterative approach for spectrogram reassignment of frequency modulated multicomponent signals, Mathematics and
Computers in Simulation, 2019
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Radon-Spectrogram Distribution

Definition. Given a function F(z,y) € C*°(R?;R), compactly supported or rapidly decreasing to zero,
its Radon Transform (RT) is defined as

Rp(r,0) = / F(x,y)d(r —xcosh —ysin@)dzdy, (r,0) € R x[0,7)
R



Radon-Spectrogram Distribution

Definition. Given a function F(z,y) € C*°(R?;R), compactly supported or rapidly decreasing to zero,
its Radon Transform (RT) is defined as

Rp(r,0) = f F(x,y)d(r —xcosf —ysin@)dedy, (r,0) € R x[0,m)
R
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Radon-Spectrogram Distribution

Definition. Given a function F(z,y) € C*°(R?;R), compactly supported or rapidly decreasing to zero,
its Radon Transform (RT) is defined as

Rp(r,0) = f F(x,y)d(r —xcosf —ysin@)dedy, (r,0) € R x[0,m)
R
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Why Radon-Spectrogram?

TF DOMAIN RADON DOMAIN

P(U’:‘E) i" RP(TJ 9)

Non-linear IFs?




Why Radon-Spectrogram?

Spectrogram Radon Spectrogram
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Radon-Spectrogram Model
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Radon-Spectrogram Model
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Radon-Spectrogram Model
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Radon-Spectrogram Model

Proposition. Let f(t) = acos ¢(t) be a constant amplitude FM signal satisfying one of the following assumptions:
(i) ¢"(t) =0or ¢"(¢) =0, Vi;

(i1) 0 < [¢"(t)| < Ly, |¢"'(t)| > Ly > 0 and the spectrogram P(u,&) is computed with a compactly supported analysis

window ¢ whose bandwidth satisfies Aw < 1;—’?
Then, the Radon Spectrogram of f(?) is
o9 oo ¢ (t) sin? B Lo T
R(r,0) = : R(’r,t,‘»’,t)‘:it—_/0 cos(8 — o) (r —tcosf — ¢ (t)sinf) R(r,0,t)dt, VO : |0 — 6y € [0, 5),‘#7'61&,

. 1
with 6y = 0y(t) = — arctan (qb”(t)) ;

B 1 (1T —tcosf — ¢'(t)sinb
R(r.6,¢) = 27 cos(6 — ) 2 ( cos(6 — ) '
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J f. Radon Transform

Radon Spectrogram reaches its maximum along the IF curve mapped
in the Radon Domain (up to an error depending on ¢"'(t), t € supp{f})



Radon-Spectrogram Model
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IF curves in TF domain can be recovered
by inverting Radon Transform on Radon maxima



IFs separation

| MCs f(t) |
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{ spectrogram p(u, £)J
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[ Threshold R = R

extract extract
signature signature
; compute IRT cumputc IRT | |
| — IRy (u,€) > IRy(u,) |

v
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Some results
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Conclusions

* The problem of the decomposition / IFs separation of frequency modulated multicomponent
signals with interfering modes has been presented

* A spectrogram TF evolution law and a model for Radon-Spectrogram have been proposed
* Advantages : non parametric approach; some limitations in state-of-the-art have been overcome

 Immediate developments: time-varying amplitudes

Bruni, V., Tartaglione, M., Vitulano, D., A Signal Complexity-Based Approach for AM—FM Signal Modes Counting.
Mathematics, 8, MDPI, 2170, 2020

Bruni, V., Tartaglione, M., Vitulano, D., A pde-Based Analysis of the Spectrogram Image for Instantaneous
Frequency Estimation. Mathematics, 9(3):247, 2021

Bruni, V., Tartaglione, M., Vitulano, D., Automatic interference region detection and ridge curves recovery
in AM-FM multicomponent signals, in preparation

* Future perspectives: real-world signals; addressing the open questions appeared
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