THE TOTAL VARIATION FLOW*

Fuensanta Andreu and José M. Mazén!

Abstract

We summarize in this lectures some of our results about the Min-
imizing Total Variation Flow, which have been mainly motivated by
problems arising in Image Processing. First, we recall the role played
by the Total Variation in Image Processing, in particular the varia-
tional formulation of the restoration problem. Next we outline some
of the tools we need: functions of bounded variation (Section 2), par-
ing between measures and bounded functions (Section 3) and gradient
flows in Hilbert spaces (Section 4). Section 5 is devoted to the Neu-
mann problem for the Total variation Flow. Finally, in Section 6 we
study the Cauchy problem for the Total Variation Flow.

1 The Total Variation Flow in Image Pro-
cessing

We suppose that our image (or data) ug is a function defined on a bounded
and piecewise smooth open set D of IRY - typically a rectangle in IR%. Gen-
erally, the degradation of the image occurs during image acquisition and can
be modeled by a linear and translation invariant blur and additive noise. The
equation relating u, the real image, to uy can be written as

ug = Ku+n, (1)

where K is a convolution operator with impulse response k, i.e., Ku = k % u,
and n is an additive white noise of standard deviation o. In practice, the
noise can be considered as Gaussian.
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The problem of recovering u from wuy is ill-posed. First, the blurring
operator need not be invertible. Second, if the inverse operator K ! exists,
applying it to both sides of (1) we obtain

K 'ug=u+ K 'n. (2)

Writing K ~'n in the Fourier domain, we have

K 'n= <7?>V
k

where f denotes the Fourier transform of f and fV denotes the inverse Fourier
transform. From this equation, we see that the noise might blow up at the
frequencies for which k vanishes or it becomes small.

The typical strategy to solve this ill-conditioning is regularization. Then
the solution of (1) is estimated by minimizing a functional

Jy(w) =l Ku —uq |3 +v || Qu |13, (3)
which yields the estimate
uy = (K'K +9Q'Q) ' K'uq, (4)

(@ being a regularization operator.

The first regularization method consisted in choosing between all possible
solutions of (2) the one which minimized the Sobolev (semi) norm of u

/ | Dul? da,
D

which corresponds to the case Qu = Vu. Then the solution of (3) given by
(4) in the Fourier domain is given by

~

k .
= Uq.-
|E[? 4 dym? |2

U =

From the above formula we see that high frequencies of u, (hence, the noise)
are attenuated by the smoothness constraint. This was an important step,
but the results were not satisfactory, mainly due to the inability of the pre-
vious functional to resolve discontinuities (edges) and oscillatory textured
patterns. The smoothness constraint is too restrictive. Indeed, functions in
W12(D) cannot have discontinuities along rectifiable curves. These obser-
vations motivated the introduction of Total Variation in image restoration



models by L. Rudin, S. Osher and E. Fatemi in their seminal work [23]. The
a priori hypothesis is that functions of bounded variation (the BV model)
[2],[13],[24]) are a reasonable functional model for many problems in im-
age processing, in particular, for restoration problems ([22],[23]). Typically,
functions of bounded variation have discontinuities along rectifiable curves,
being continuous in some sense (in the measure theoretic sense) away from
discontinuities. The discontinuities could be identified with edges.

On the basis of the BV-model, Rudin-Osher-Fatemi [23] proposed to solve
the following constrained minimization problem

Minimize/ | Dul| dx

D ) ) (5)
with / Ku:/ Ud, / |Ku — uq|” de = 0| D|.
D D D
The first constraint corresponds to the assumption that the noise has zero
mean, and the second that its standard deviation is ¢. The constraints are
a way to incorporate the image acquisition model given in terms of equation
(1). Under some assumption
’ud — / Ud
Q

/D\Ku—udy2dx:02m\ (6)

>a2

— Y

the constraint

is equivalent to the constraint
/ \Ku — ugl? de < o?|D),
D

which amounts to say that ¢ is an upper bound of the standard deviation
of n. Moreover, assuming that K1 = 1, the constraint [, Ku = [uq is
automatically satisfied [11].

In practice, the above problem is solved via the following unconstrained
minimization problem

Minimize/ |Du|dx—|—>\/ | Ku — ug|* dx (7)
Q 2 Ja

for some Lagrange multiplier .

The most successful analysis of the connections between (5) and (7) was
given by A. Chambolle and P.L. Lions in [11]. Indeed, they proved that both
problems are equivalent for some positive value of the Lagrange multiplier \.



Let us define the functional ® : L?(2) — (—o0, +00] by

[ IDull it w e BY(Q)
u) — 0

(8)
+oo if u e L2(Q) \ BV(Q).

Proposition 1 If u is a solution of (5), then there is some X\ > 0 such that
MK (Ku — ug) € 0P (u). 9)

In particular, the Euler-Lagrange equation associated with the denoising
problem, that is, for problem (5) with K = I, is the equation

—Mu —ug) € 0P(u). (10)

Formally,

0B(u) — —div (ﬁ;zo |

Now, the problem is to give a sense to (10) as a partial differential equation,
describing the subdifferential of ® in a distributional sense.

Motivated by the image restoration problem we initiated in [3] the study
of the minimizing total variation flow u; = div(£%). Indeed, this PDE is

|Du
the gradient descent associated to the energy

/ | Dul.
Q

Observe that we are not considering the constraints given by the image
acquisition model in this simplified energy. Thus our conclusions will not
directly inform us about the complete model (5). Instead, our purpose was
to understand how the minimizing total variation flow minimizes the total
variation of a function. There are many flows which minimize the total
variation of a function. Let us mention in particular the mean curvature

motion (|21
(2 ou Duldi Du

Indeed, this flow corresponds to the motion of curves in IR? or hypersurfaces
S(t) in RN by mean curvature, i.e.,

X,=HN (12)



where X denotes a parametrization of S(t), H denotes its mean curvature
and N the outer unit normal. The classical motion given by (12) corresponds
to the gradient descent of the area functional [¢dS. Both flows, the classical
mean curvature motion (12), and its viscosity solution (11) formulation have
been studied by many authors, we refer in particular to the work by L.C.
Evans and J. Spruck [14]. They proved, in particular, that the total variation
of the (viscosity) solution of (11) decreases during the evolution, as it should
happen since the flow decreases the (N —1) Haussdoff measure of the level set
surfaces of the solution u and the total variation corresponds to the integral
of the (N-1) Hausdorff measure of the boundaries of the level sets. Let us
compare the behaviour of the minimizing total variation flow with respect to
the mean curvature motion flow. The viscosity solution formulation on the
classical mean curvature motion has to be interpreted as follows. If S(t) is a
surface moving by mean curvature with initial condition S(0), and u(0, z) is
the signed distance to S(0), i.e., if u(0,z) = d(x, S(0)) when z is outside S(0),
and u(0,z) = —d(x, S(0)) if z is inside S(0), then S(t) = {z : u(t,z) = 0} for
any t > 0, where u(t, x) is the viscosity solution of (11). This is the level set
formulation of the classical motion by mean curvature, initially proposed by
S. Osher and J. Sethian in [21] and whose mathematical analysis was given
in [14] and was followed by many other works. In particular, as it was shown
by G. Barles, H.M. Soner and P. Souganidis [7], if instead of embedding S(0)
as the zero level set of a continuous function we just set (0, ) = X¢(g) where
C'(0) is the region inside S(0), and we assume that S(0) is a smooth surface,
then u(t,x) = X¢) where C(t) is the region inside S(t). Thus, the mean
curvature motion flow decreases the total variation of X¢(o) by decreasing the
(N — 1)-Haussdorff measure of the boundary S(t) of C(¢) [15]. Now, since
the total variation of any function ug(z) = hX¢ is

TV (hX¢c) = hPer(C)

we see that two basic ways of minimizing the total variation of such a func-
tion are: either we decrease the heigth of ug(x) or we decrease the perimeter
of its boundary. Our purpose was to explain which strategy was followed
by the minimizing total variation flow. As we shall see below, under some
geometric conditions for the sets C'(0), the strategy of the minimizing total
variation flow consists in decreasing the heigth of the function without dis-
tortion of its boundary, while a distortion of the boundary will occur when
these conditions are not satisfied, in particular, this will happen at points
with a strong curvature. Thus the strategy followed by the minimizing total
variation flow, compared to the one followed by the mean curvature motion
is quite different. This gives an idea of the behavior of (5), at least what



are the infinitesimal effects of (5) on the initial datum «(0,z). The methods
and results obtained can also be used to produce particular explicit solutions
of the denoising problem which correspons to the kernel K in (7) being the
identity, i.e., K = I.



2 Functions of Bounded Variation

Due to the linear growth condition on the Lagrangians associated with the
total variation, the natural energy space to study them is the space of func-
tions of bounded variation. In this section we collect some basic results of
the theory of functions of bounded variation. For more information we refer
the reader to [2], [13], [17], [24].

2.1 Definitions
Throughout this section, { denotes an open subset of IR™.

Definition 1 A function u € L'(Q) whose partial derivatives in the sense of
distributions are measures with finite total variation in 2 is called a function
of bounded variation. The vector space of functions of bounded variation in
Q) is denoted by BV (Q2). Thus u € BV (Q) if and only if u € L'(Q2) and there
are Radon measures i1, ..., uny with finite total mass in {2 such that

Op N .
/Quaxicm N _/Q(pd/li Vo € C3°(Q),i=1,...,N.

If w € BV(Q), the total variation of the measure Du is
|| Dul| = sup{/ﬁudiv(gb) dr: ¢ € C(Q, RY), |¢p(x)| < 1for x € Q}
The space BV (2), endowed with the norm

lull v = llully + [ Dul,

is a Banach space. If u € BV (Q2), the total variation || Du|| may be regarded
as a measure, whose value on an open set U C () is

| Dul|(U) = sup {/Uudiv(gb) dr: ¢ € C(U, RN), |¢p(z)| < 1 for z € U}.

[ 1Dul
U

For u € BV(R), the gradient Du is a Radon measure that decomposes
into its absolutely continuous and singular parts

We also use

to denote ||Dul|(U).

Du = D% + D?u.



Then D% = Vu LY where Vu is the Radon-Nikodym derivative of the mea-
sure Du with respect to the Lebesgue measure £V. There is also the polar

decomposition D*u = D*u|D*u| where |D®u| is the total variation measure
of Du.

The total variation is lower semi-continuous. More concretely, we have
the following result.

Theorem 1 Suppose that u; € BV (Q), i = 1,2, ..., and u; — u in L}, ().
Then
|Dull(©) < lim inf | Dug(52).

We say that u € L,.(Q) is locally of bounded variation if pu € BV (Q)

for any ¢ € C5°(€2). We denote by BV),.(£2) the space of functions which are
locally of bounded variation.

Here and in what follows we shall denote by H® the Hausdorff measure
of dimension « in IRY. In particular, H¥~! denotes the (N — 1)-dimensional
Hausdorff measure and H", the N-dimensional Hausdorff measure, coincides
with the (outer) Lebesgue measure in IRY. Given any Borel set B C RY
with H*(B) < oo, we denote by H*[_ B the finite Borel measure XpH?, i.e.
H*l B(C) =H*(BNC) for any Borel set C C IRY. We recall that

lim HE (BN B(z,7r))

r—0+ rk

=0 for H*-a.e. x € RN\ B (13)

holds whenever B C IRY is a Borel set with finite k-dimensional Hausdorff
measure (see for instance §2.3 of [13]).

2.2 Approximation by Smooth Functions

Theorem 2 Assume that u € BV (Q2). There exists a sequence of functions
u; € C=(2) N BV () such that

(i) ui — u in L*();
(i1) || Du;||(2) — || Du||(2) as i — oo.
Moreover,

(111) if u € BV (Q)N L), ¢ < oo, we cand find the functions u; such that
u; € LYQ) and u; — w in LI(Q);

() if u € BV (Q) N L*(Q), we can find the u; such that ||t < ||t]loo
and u; — u in L*°(Q)-weakly*.



Finally,
(v) if 02 is Lipschitz continuous one can find the u; such that
uilan = ulaq for all 1.
Theorem 3 Assume that u € BV (). There exists a sequence of functions
u; € C*(Q) N BV (Q) such that
(i) ui — w in LY(Q);
(i) if U CC Q is such that ||Du||(OU) = 0, then
lim || Dui[(U) = || Dul (V).

Moreover, if u € L1(Q), 1 < ¢ < 0o or u € L>®(QQ), one can find the u;
satisfying (iit) or (iv), respectively, of the above result.

Definition 2 Let u;,u € BV(Q), i = 1,2,.... We say that wu; strictly con-
verges to u in BV (Q) if both conditions (7), (i7) of Theorem 2 hold.

Definition 3 Let u;,u € BV (Q), i = 1,2,.... We say that u; weakly* con-
verges to w in BV (Q) if u; — w in L},.(Q) and Du; weakly* converges to Du
as measures in (2.

Proposition 2 If u;,u € BV(Q). Then u; — u weakly* in BV (Q) if and
only if {u;} is bounded in BV () and converges to u in L}, .(Q). Moreover,
if

[Dus|(€2) — [[Dul| () as i — oo,

and we consider the measures

B):/ Du;, uB)=[ Du,
BN

BN

for all Borel set B C RYN. Then u; — pu weakly* as (vector valued) Radon
measures in IRN.

Theorem 4 If (uz) C BV(Q) strictly converges to u and f : RN — IR is
continuous and 1-positively homogeneous, we have

D
i [ o7 (722 dipud = [ of (D% dloul

for any bounded continuous function ¢ : 2 — IR. As a consequence

Duk
f ( ) |Dug|| weakly™ converge in € to f ( ) || Dul|.
[ Dl [ Dull

In particular, || Duy| — || Du|| weakly* in €.



2.3 Traces and Extensions

Assume that €2 is open and bounded with 02 Lipschitz. We observe that
since 0F) is Lipschitz, the outer unit normal v exists HY~! a.e. on 0.

Theorem 5 Assume that 2 is open and bounded, with 0S) Lipschitz. There
exists a bounded linear mapping

T:BV(Q) — L'(0Q, HY ™)
such that
/ udiv(p) dr = —/ ® - dDu+/ ¢ - vTudHN !
Q Q o9

for all uw € BV(Q) and p € C*(IRN,IRY). Moreover, for any u € BV(Q)
and for HN=! a.e. x € 99, we have

lim T’N/ lu — Tu(z)| dy = 0.
B(z,r)NQ

r—0+

Theorem 6 Let ) be an open bounded set, with OS) Lipschitz. Then the trace
operator u — Tu is continuous between BV (), endowed with the topology
induced by the strict convergence, and L*(0Q, HN~11_00Q).

Theorem 7 Assume that 2 is open and bounded, with OS) Lipschitz. Let
u; € BV (), uy € BV(IRN \ Q). We define

{ul(ac) if £ € Q

us(z) ifx € RN\ Q.

v(x) =
Then v € BV (IRN) and

IDV[[(RY) = || Dus [[(2) + || Dus | (RY\ Q) + /(,m [Ty — Tup|dH™

In particular, if

u(zr) ifzeQ
Eu =

0 if v € RN\ Q.

then Eu € BV (IRY) provided u € BV(Q).

10



2.4 Sets of Finite Perimeter and the Coarea Formula

Definition 4 An £V measurable subset E of IRY has finite perimeter in Q
if Xg € BV(Q). The perimeter of E in Q is P(E,Q) = || DXgl[(€2).

We shall denote the measure || DXg|| by ||OE| and P(E, IRY) by Per(E).

Theorem 8 Let E be a set of finite perimeter in 2 and let DXg = vg||DXEg|
be the polar decomposition of DXg. Then the generalized Gauss-Green for-

mula holds
[ divig)do = = [ (ve, ¢}l DX
E Q
)

for all p € CH(Q, RYN).

Theorem 9 (Coarea formula for BV-functions)
Let w e BV(Q2). Then

(i) Euy:={x € Q:u(x) >t} has finite perimeter for L' a.e. t € IR and

(ii) [|Dul|(€) = /o; P(E, . Q)dt.

(iii) Conversely, if u € L'(Q) and

/°° P(Euy, Q)dt < oo,

—00

then uw € BV (Q).

2.5 Isoperimetric Inequality

Theorem 10 (Sobolev inequality)
There exists a constant C > 0 such that

lull vy < CllDul| (RY)
for all uw € BV (IRY).

If u € L'(Q), the mean value of u in ) is

11



Theorem 11 (Poincaré’s inequality )
Let Q) be open and bounded with OS2 Lipschitz. Suppose that € is connected.
Then

/Q lu — uo| dz < C||Dul|(Q) Yu € BV(Q)

for some constant C' depending only on €.

Theorem 12 Let N > 1. For any set E of finite perimeter in IRY either E
or RN \ E has finite Lebesgue measure and

min {£Y(E), £V (RN \ B)} < C[Per(E)| v
for some dimensional constant C'.

Theorem 13 (Embedding Theorem)
Let Q be open and bounded, with OS2 Lipschitz. Then the embedding BV () —
LNIN=Y(Q) is continuous and BV () — LP(Q) is compact for all 1 < p <

N-1"

The continuity of the embedding of Theorem 13 and Theorem 11 imply
the following Sobolev-Poincaré inequality

lu = ugll, < C|Dull(Q) Vue BV(Q),1<p< % (14)

for some constant C' depending only on 2.

12



3 Pairings Between Measures and Bounded
Functions

In this section we give some of the main points of the results about pairing
between measures and bounded functions given by G. Anzellotti in [6] (see
also [18]).

3.1 Trace of the Normal Component of Certain Vector
Fields

It is well known that summability conditions on the divergence of a vector
field z in 2 yield trace properties for the normal component of z on 9€). In
this section we define a function [z, v] € L>*(02) which is associated to any
vector field z € L>(Q, IRY) such that div(z) is a bounded measure in (2.

LetheanopensetinRN,N22,and1§p§N,%gqgoo. We
shall consider the following spaces:

BV (Q), := BV (Q) N L1(Q)
BV(Q).:=BV(Q)NL*(Q)NC(Q)
X(Q), :={z€ L=, R") : div(z) € LP(Q)}
X(Q), :={z € L*(Q,RY) : div(z) is a bounded measure in Q}.

In the next theorem we define a paring (z,u)sq, for z € X(€2), and
u € BV ().. We need the following result, which can be easily obtained
by the same technique that Gagliardo uses in [16] in proving his extension

theorem L'(0Q) — W11(Q).

Lemma 1 Let Q be a bounded open set in IRN with Lipschitz boundary.
Then, for any given function u € LY(9Q) and for any given € > 0 there
exists a function w € WH1(Q) N C(Q) such that

wlaQ = U
/ V| dx < / | dHY ! + €
Q o0
w(x) =0 if dist(z,00) > e.
Moreover, for any fired 1 < q < 00, one can find the function w such that
Jwllq < e
Finally, if one has also uw € L*>®(0N)), one can find w such that

[wlloo < l[tt]|oo-

13



Theorem 14 Assume that Q C RN is an open bounded set with Lipschitz
boundary 02. Denote by v(x) the outward unit normal to 2. Then there
exists a bilinear map (z,u)sq : X (), x BV (Q). — IR such that

(z,u)00 = /8 u(@)x(@) @) dHVT i ze CUQRY) (15)
|(z, u)90| < HZHOO/@Q lu(z)| dHN ! for all z,u. (16)
Proof. For u € BV(Q).NWh(Q) and z € X(Q),, we define
(z,u)pq = /Qudiv(z) d:l:+/Qz -Vudz.
We remark that if u,v € BV (), N WH(Q) and u = v on I then one has

(z,u)90 = (2,V)a0 for all z € X(Q),.

In fact, by standard techniques in Sobolev spaces theory, we can find a se-
quence of functions g; € D(2) such that, for all z € X(12),, one has

(z,u—v)ag:/Q(u—v)div(z)da:+/gz-V(u—v)dx

= lim (/ g: div(z) dx—i—/ z-Vgid:U> = 0.
Q Q

Now, we define (z,u)sq for all u € BV (Q2). by setting
(z,u)an = (2, w)aq,

where w is any function in BV (Q).NW(Q) such that u = w on 9. This is
a valid definition, in view of the preceding remark and because of the Lemma
1.

To prove (16), we take a sequence u,, € BV (§2). N C*(Q2) converging to
u as in Theorem 2 and we get

(2, W) a0] = (2, un)on| < ‘/Qundiv(z) dz| + ||z||OO/Q|Vun|dx

for all z and for all n. Hence, taking limit when n — oo we have

(2, w)aql < ’/Qudiv(z) dx

izl [ 1Dull

14



Now, for a fixed € > 0 we consider a function w as in Lemma 1. Then

(2 uw)aal = |(z, woa] < [|wlleo /Q\Qe div(2)] + 1zl ([ Juldz +¢),

where . = {z € Q : dist(z,0Q) > €}. Since div(z) is a measure of
bounded total variation in €2,

lim |div(z)|dz = 0.
e—=0T JO\Qe

Consequently, (16) holds. O

Theorem 15 Let Q) be as in Theorem 14. Then there exists a linear operator
v X(Q), — L*(0N) such that

7(2)lee < N2l (17)
(z,u)p90 = égv(z)(w)u(m) dHNTY for all u € BV(Q). (18)

v(2)(z) = 2(x) - v(z) for all z €00 if z e CY(Q, RY). (19)

The function v(z) is a weakly defined trace on 02 of the normal compo-
nent of z. We shall denote ~(2) by [z, v].

Proof. Take a fix z € X(Q),. Consider the functional F' : L*(02) — R
defined by
F(u) == (z,w)aq,

where w € BV (2). is such that w|gg = u. By estimate (16),
[F ()] < [zl [[ul]1-

Hence there exists a function v(z) € L>(0f2) such that

Flw) = [ () @putz) dn

and the result follows. O

Obviously, X (€2), C X (), for all p > 1 and the trace [z, | is defined for
all z € X(Q),.

15



3.2 The Measure (z, Du)

Approximating by smooth functions and applying Green’s formula, the fol-
lowing result can be deduced easily.

Proposition 3 Let 2 be as in Theorem 14 and 1 < p < oo. Then, for all
2z € X(Q), and u € WH(Q) N LY (Q), one has

: . _ N-1
/Qudlv(z) da:—l—/QZ Vudx /m[z, viudH” . (20)

In the sequel we shall consider pairs (z,u) such that one of the following
conditions holds

a)ue BV(Q)y, z€ X(Q), and 1<p<N;
b) u € BV(Q)oo, 2 € X(Q)1; (21)
c) u € BV(Q)., z € X(Q),.

Definition 5 Let z,u be such that one of the conditions (21) holds. Then
we define a functional (z, Du) : D(Q2) — IR as

((z, Du), @) := —/ngodiv(z) dx — /Quz -Vepdz.

Theorem 16 For all open set U C 2 and for all function ¢ € D(U), one
has

[{(z, Du), )| < lllloo 12| oo /U [ Dull, (22)

hence (z, Du) is a Radon measure in §Q.

Proof. Take a sequence u,, € C*°(f2) converging to u as in Theorem 3. Take
v € D(U) and consider an open set V' such that supp(¢) C V CC U. Then

(2 D), @) < llpllo 2leie) [ D]l for all me .

From here, taking limit as n — oo, the result follows. O

We shall denote by |(z, Du)| the measure total variation of (z, Du) and
by / |(z, Du)|, /(Z,Du) the values of these measures on every Borel set
B B
B C Q.

As a consequence of the above theorem, the following result holds.

16



Corollary 1 The measures (z, Du), |(z, Du)| are absolutely continuous with
respect to the measure ||Dul|| and

[ :Dw)| < [ Dl < [zl [, 1Dl
B B B

for all Borel sets B and for all open sets U such that B C U C ). Moreover,
by the Radon-Nikodym Theorem, there exists a || Dul|-measurable function

0(z,Du,-) : Q2 — R
such that

/ (z, Du) = / 0(z, Du, x) || Dul| for all Borel sets B C
B B

and
10(2, Du, -)|| Lo Dull) < [|2]]o0-

Assume u, z satisfy one of the conditions (21). By writing
z- D*u:= (z,Du) — (z - Vu) dC",

we have that z - D®u is a bounded measure. Furthermore, with an approxi-
mation argument to the one used in the proof of Theorem 16, we have that
z - D%u is absolutely continuous with respect to ||D*u|| (and, thus, it is a
singular measure respect to £V), and

|2 Dl < [|z]lo[ D*ul. (23)

Lemma 2 Assume u, z satisfy one of the conditions (21). Letu, € C*(Q)N
BV(Q) converging to u as in Theorem 2. Then we have

/z~Vundx—>/(z,Du).
0 0

Proof. For a given ¢ > 0, we take an open set U CC €2 such that

/ |Du| < e.
Q\U

Let ¢ € D(Q2) be such that p(z) =1in U and 0 < ¢ <1 in Q. Then

/Q(z,Dun) —/Q(Z,Du)

(2 Dun). ) = (. Du), )] + [ |z Dun)l(L = 9)+ [ 1(z, Dwl(1 = ).

<

17



Since
lim ((z, Duy,), ) = ((z, Du), ¢),

n—oo

timsup [ |(z, Dun)|(1 = ) < |12l limsup [ | Dug] < €]z
n—oo JQ n—oo JO\U

L1 Dl =) < €l

and e is arbitrary, the lemma follows. O

We give now the expected Green’s formula relating the function [z, v| and
the measure (z, Du).

Theorem 17 Let Q be a bounded open set in IR™ with Lipschitz boundary
and let z, u be such that one of the conditions (21) holds, then we have

/Qudiv(z) dx—i—/Q(Z,Du) = /m[z,y]udHN_l. (24)

Proof. We assume that (21) (a) holds, in the general case an extension of
Proposition 3 is nedeeded. Take a sequence of functions u,, € C*(Q2)NBV ()
converging to uw as in Theorem 2. Then, by Lemma 2 and Proposition 3, we
have

/Qudiv(z) dx+/g(z,Du) = lim </Q u, div(z) da:+/Qz-Vun da:)

n—oo

= lim [ [z,V]u, dH" ' = | [z, vjudHN
n—o0 /o0 o0

O]

Remark 1 Observe that with a similar proof to the one the above theorem,
in the case Q = IRY, the following integration by parts formula, for z and w
satisfying one of the conditions (21), holds:

_ div(z) dx + /]RN(Z7 Dw) = 0. (25)

In particular, if 2 is bounded and has finite perimeter in RY, from (25) it
follows

/Qdiv(z) dx:/lRN(z,—DXQ) :A*QQ(Z,—DXQ,x) dHYL(26)

Notice also that as a consequence of Corollary 1, if z1, 22 € X (IRY), and
21 = z9 almost everywhere on (2, then 0(zy, —DXq,x) = 0(z2, —DXgq, z) for
HN~1-almost every x € 9*Q.
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If Q is a bounded open set with Lipschitz boundary, then (26) has a
meaning also if z is defined only on © and not on the whole of IRY, precisely
when z € L®(Q; RY) with div(z) € LY(Q). In this case we mean that
0(z,—DXgq, -) coincides with [z, v].

Remark 2 Let Q C IR? be a bounded open set with Lipschitz boundary,
and let 2, € L®(Q; R?) with div(zi,) € LE(Q), and 2oy € L®(IR*\Q; R?)

with div(zow) € LE (IR? \ ). Assume that

loc

0(2inn, —DXa, ¥) = —0(zout, —DX o\, ) for H* — a.e z € ON).

Then if we define z := z,, on Q and 2z = 2,y on IR? \ﬁ, we have z €
L>®(IR?; IR?) and div(z) € L2 (IR?).

loc

3.3 Representation of the Radon-Nikodym Derivative
0(z, Du, )

This section is devoted to the problem of whether or not one can write

Du
0(z, Du,x) = z(x) - (x) (27)
[ Dul
where ”g—z” is the density function of the measure Du with respect to the

measure || Du||.

For the sake of simplicity, we shall assume throughout this section that
z € X(Q)y and v € BV(Q), but it is clear that analogous results can be
obtained for pairs (z,u) satisfying any of the conditions (21). First we have
the following continuity result.

Proposition 4 Assume that
Zn — 2 in— L>(U) — weak” (28)

div(z,) = div(z)  in LY(U) — weak (29)
for all open set U CC Q. Then, for all u € BV (), we have

(2n, Du) — (2, Du) as measures in ) (30)
and

0(zn, Du,-) — 0(z,Du,-) in L*(U) — weak” for all U CcC Q.  (31)
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Proof. By (28), for all U CC Q
sup ||z, ooy = ¢(U) < +00.
nelN

Moreover,

[ 1G DU < Nzl [ 1Dl
U U

Hence, it is sufficient to check the weak convergence (30) on D(£2) functions.
Now, if ¢ € D(Q2), we have

((zn, Du), ) = —/ up div(z,) dx — / uzy, - Vodr — ((z, Du), ¢)
0 Q
and (30) is proved.
By Corollary 1, we have
1020, Du, )| Lo @, pupy < [|2nllze@y < e(U).

Hence the convergence (31) has to be checked only on C.(€2) functions, now
this is a consequence of (30). O

Using mollifiers it is easy to get the following result.

Lemma 3 For every function z € X(Q)y, there exists a sequence of func-

tions z, € C>(Q, RN) N L>(Q, RN) such that
12nlloo < [|2]|oo for all n € IN,

Zp =z in L¥(Q,RY) — weak* and in L[ (Q, R") for 1<p< o0,
zn(x) — z(x)  at every Lebesgue point x of z,and uniformly in sets
of uniformly continuity for z,

div(z,) — div(z) in LY (Q).

Now we give the representation result for 6(z, Du, ).

Theorem 18 Assume that z € X (Q)y and u € BV (). Then, we have

Du
0(z, Du,x) = z(x) - (x), | D%l —a.e. in €. (32)
|| Dull
Moreover, if z € C(Q, RY), we have
Du
0(z, Du,x) = z(x) - (x), |Dul| —a.e. in €, (33)
[ Dull
and consequently,
z - D*u = (z - D°u) | D?ul. (34)
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Proof. Suppose first that 2 € C(Q2, RY). (33) is equivalent to
(= D)) = [ 0zDu VD) (3)
Now, (35) is true by definition if 2z € C*(Q, RY). If z € C(Q, RY), we take

a sequence z, as in Lemma 3, and by Proposition 4, for any ¢ € D(Q2), we
have

n—oo n—oo

((z, Du), @) = lim ((z,, Du), ) = lim / VzZn Du:/cpzDu,
Q Q

where, in the last step, we have used the fact that z, converges uniformly to
z on supp(p).

Let us see now (32). This equality is equivalent to
/ 0(z, Du,z)|Vu(z)| de = / 2(z) - Vu(z) dx (36)
B B

for all Borel set B C (). Let E* and E® be two disjoint Borel sets such that

ECUE* =0 and
[ Dl = [ 1ol =o.
Bs Ea
Let € > 0 fixed. Then, there exists a compact set K C E* such that
Diul| < e. 37
Lo 1Pl < (37)

Given a compact set By C E® we can find an open set U with regular
boundary, such that

ByCUcCQ\K, / |Dul| < e
U\Bo
and by (37) it follows that

/ D] < .
U

Take now a sequence u,, € C*(U) N BV (U) approximating u as in Theorem
2. Then, by Lemma 2, it follows that

’/U 0(z, Du,x) Du — /Uz(x) - Vu(z) dx’

= lim

n—oo

/U z(z) - Vup(z) de — / z(z) - Vu(z) dx

U
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< el Jim | [Vun(2) = Vu(e) de < Jzllo [ D] < el

On the other hand, we have

/Uz(x) -Vu(z) dz —/ z(z) - Vu(x) dz

By

<lelloe [ IDull < ellzll
U\Bo
and by Corollary 1, we also have
[ 0z Duw)1Dull = [ 0 Dua) [1Dull| < izl [ 1Dul < el
U By U\Bo
Therefore, we obtain that

‘/ 0(z, Du,z) || Dul| —/ z(z) - Vu(z) dz| < 3€||2]| -
Bo Bg

Hence (36) is proved for all compact sets By C E®. From where it follows,
having in mind the regularity of the Radon measures, that (36) holds for all
Borel subset of €. O

For later use we recall that by the coarea formula (Theorem 9), if u €
BV (Q) and E,; := {z € Q: u(x) > t}, we have that

Du DXE“J

Toar(e) = T B
[Dull™ DX

|(55)7 |DXg,,|| —a.e. in

for L' ae. t € R.

In the next result we link the measure (2, Du) with the measure (2, DXg, ,).

Theorem 19 If z € X(Q)y and u € BV (Q), then we have:

(i) for all function ¢ € C.(Q), the function t — ((z,DXg,,),p) is L'-
measurable and

+oo

(2 Du),0) = [ (2, DX, ), ) d,

—00

(ii) for all Borel set B C §, the functiont — / (2, DXg,,) is L'-measurable
5 :

and
/B(z,DU) = /;Oo (/B(z, DXEu,t)) dt,

(ii) 0(z, Du,x) = 0(z,DXg,,,x) |DXg,, |-ae in Q for L'-almost all
te R.
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Proof. (i) Take a sequence z, € C®(Q, RY) N L>(Q, RY) converging to z
as in Lemma 3. By the coarea formula we have

Du
((zn, Du), ¢) =/an(x)- HDUH(@@D(?[J) | Dl

[T ([ @ v ) e 68)

. || DXEu,t

+oo
= [ 4 DX ) )

—00

Since
[((zn, DX, ,), )| < ||Z||<>o||90||oo/Q IDXg, |, VnelN,

having in mind Proposition 4, by the Dominated Convergence Theorem,
taking limit in (38) we get (i).

We shall prove (ii) after (iii). Let us prove (iii). For a,b € IR, a < b, let
v ="T,,(u) be. Then,

DXg DXg )
'DXEut = DXEvt and wt vt , lf a S t < b
| ’ 10X g, | IPXE,,|

and
DXg,, =0 it t>b or t<a,

from where it follows that

Du o) = DBy = DXy DV
— (7)) = = (2) = = (2) = —— (),
1Dl = 10X, 1~ 10w, 1) T D0l

| DX, ,||-a.e in Q for £'-almost all ¢ € IR. Hence,

Du Dv
() = ——(x), |Dv|| —a.e in €.
[ Dul [ D]l

From here, taking again the sequence z, of the first part, we get

Du
| Dull

0(zp, Du,z) = z,(x) (x) = 0(z,Dv,x), |[Dv||—ae. in , Vne IN.

Then taking limit as n — oo, by the uniqueness of the limit in the L>°(€2, || Dv||)-
weak™® topology, we get

0(z, Du,x) = 0(z, Dv, z), |Dv|| —a.e. in . (39)
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Now, using statement (i) for v, we have, for a fixed ¢ € D(Q),

—+00

(2 D0), ) = [ (DX, ) ) .

—00

From here, using (39) and the coarea formula, we obtain that

/ab (/Q 0(z, Du, z)¢() || DX, , H) dt

b
= ["( [ 6z, DX, s )pl@) [ D )

and this implies that

| 96 Du, ) (@) DX || = [ 0, DX o 2)o(w) [ DX |

for £'-almost all ¢ € IR. Then by a density argument, we finish the proof of
(ii).

Finally, (ii) is a consequence of (iii) since

/b(z,du) = /Bé’(z,Du,x) | Du|| = /_;OO </B 0(z, Du,x) ||DXEW||> dt

_ /_:’ (/B 6(z, DX, . 7) ||DXEM||> dt:/_+: (/B(Z,DXEW)) dt.

O]

Corollary 2 Assume that z € X(Q)n andu € BV(Q). If f:IR— IR isa
Lipschitz continuous increasing function, then

0(z,D(f ou),x) = 0(z, Du, x), |Dul| —a.e. in Q (40)
Proof. Observe first that
Bu={z€Q : u(@) >t} = {reQ : (fou)w) > f()} = Epouro.
Hence, for almost all t € IR, we have
DXg,, = DX\, -
Therefore,
0(z, Du,z) = 0(z, DXg,,, ) = 0(z, DXg,,, ;,,» ) = 0(2, D(f o u),z),

|DXg, ,|l-a.e. in Q for £L'-almost all ¢ € IR, and consequently (40) follows. O
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4 Gradient Flows

One of the more important examples of maximal monotone operator in
Hilbert spaces comes from the optimization theory, they are the subdifferen-
tials of convex functions which we introduce next.

Hereafter H will denote a real Hilbert space, with inner product (/) and
norm || |.

4.1 Convex functions in Hilbert spaces
A function ¢ : H —] — 00, +00] is convex provided
plau+ (1 —a)v) < ap(u) + (1 - a)p(v)
for all @ € [0,1] and u,v € H.
We denote

D(p) ={ue H : ¢(u) # +oo} (effective domain).

We say that ¢ is proper if D(p) # 0.

We say ¢ is lower semi-continuous (1.s.c) if u, — w in H implies p(u) <
liminf, . ©(uy,).

Some of the properties of ¢ are reflected in its epigraph:
epi(p) == {(u,7) € H X IR : 7> p(u)}.

For instance, it is easy to see that ¢ is convex if and only if epi(¢p) is a convex
subset of H; and ¢ is lower semi-continuous if and only if epi(¢p) is closed.

The subdifferential Op of ¢ is the operator defined by
w e dp(z) <= p(u) > p(z)+ (w/u—=2) VYueH.

We say u € D(9yp), the domain of d¢, provided dp(u) # 0.
Observe that 0 € dp(2) <= p(u) > ¢(z) Yu e H <=

z) = min (u).

p(z) = min o(u)

Therefore, we have that 0 € dp(z) is the Fuler equation of the variational
problem

Z) = min u).
¢(2) ueD(@“"( )
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If (z,w), (2,0) € Op, then p(z) = ¢(2) + (0/z — 2) and p(2) > @(2) +
(w/z — z). Adding this inequalities we get

(w—w/z—2)>0.
Thus, dy is a monotone operator.

Next we will discuss the relation between subdifferentials, directional
derivatives and the Gateaux derivative. Let ¢ : H —] — 0o, +00]. The
directional derivative Dyp(u) of ¢ at the point u € D(p) in the direction
v € H is defined by

_ g Plut Av) — o)
gl =l S5

whenever the limit exists. If there exists w € H such that D,p(u) = (v/w)
for all v € H, then ¢ is called Gateaur differentiable at u, and w is called the
Gateauz derivative of ¢ at u, which will be denoted by ¢'(u).

Proposition 5 Let ¢ : H —] — oo, +00| be convexr and proper. If ¢ is
Gateaux differentiable at u, then

Op(u) = {¢'(u)}.
Proof. Given w € H, since ¢ is convex, we have
/ . U+ )\ w—Uu —_ U
(' (w)/w = ) = Dymuip(u) = lim ol Mo —u)) = ol

o 2O (1= 0w — o)
Alo A
Hence, ¢'(u) € dp(u).

< p(w) = p(u).

On the other hand, if v € dp(u), given w € H and A > 0, we have

p(u+ Aw) — p(u)
A

from where it follows that

Dyp(u) > (v/w) Yw e H.

1
> X(v/u+ 2w —u) = (v/w),

Moreover, taking w = —w, we have
—D_up(u) < (v/w) < Dyp(u).

Therefore, since ¢ is Gateaux differentiable at u, we get

(@' (w)/w) = =(¢'(u)/ —w) < (v/w) < (¢'(u)/w) YweH,

and consequently, v = ¢'(u). O
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Remark 3 In the case ¢ is continuous at u, also the reciprocal is true (see
[12]). That is, in this case we have

v is Gateaux differentiable at u < Jp(u) = {v},
and in this case v = ¢(u).
Example 1 It is easy to see that if ¢ : RN — IR is defined by ¢(z) =

lz|| = /22 + - -+ 22, 2= (z1,...,2,) € RN, then

= if x#£0

lll

Op(z) =

Example 2 Let Q C IRY an open bounded set with smooth boundary.
Consider the function ¢ : L*(Q) —] — 0o, +00] defined by

1 2 . 1,2

- Q/vam it uwe WhQ)
p(u) =
+00 ue LX)\ Wy (Q).

Then, it is well known (see for instance [8]) that
D(9p) = Wy™(Q) N W22(9)

and
v € dp(u) & v=—Au.

Hence, the following are equivalent:

(i) u is a solution of the variational problem

p(u) = min @(w).

(ii) u is a weak solution of the Dirichlet problem
—Au=0 in Q
u=20 on 0N

Theorem 20 Let p : H —] — 0o, +00] be convex, proper and lower semi-
continuous. Then, for each w € H and A > 0, the problem

u+ A0p(u) 5w

has a unique solution u € D(Dyp).
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Proof. Given w € H and X\ > 0, consider the functional J : H —] — 0o, +o0]
defined by

J(u) = ;HMH2 +Ap(u) = (u/w). (41)

We intend to show that J attains its minimum over H. Let us first claim
that J is weakly lower semi-continuous, that is,

u, = u weakly in H = J(u) <liminf J(u,). (42)

n—oo

Obviously, it is enough to show (42) for ¢. Let w,, such that

[ = liminf p(u,) = klim O (U, ).

n—oo

For each € > 0 the set K. :={w € H : ¢(w) <[+ €} is closed and convex,
and consequently is weakly closed. Since all but finitely many points {u,, }
lie in K., u € K., and consequently

p(u) <1+ e=liminfo(u,) + e
Since the above inequality is true for all € > 0, (42) follows.
Next we assert that
o(u) > —=C — Clul| Vue H (43)

for some constant C' > 0. To verify this claim we suppose to the contrary
that for each n € IN there exists u,, € H such that

o(uy) < —n —nllu,| Vn € IN. (44)

If the sequence {u,} is bounded in H, there exists a weakly convergent
subsequence u,, — wu. But then, (42) and (44) imply the contradiction
p(u) = —oo. Thus we may assume, passing if necessary to a subsequence,
that [Ju,| — oo. Select ug € H so that ¢(ug) < co. Set

U, ( 1 >
Up 1= + 11— —] up.
| [[ttn]|

Then, by the convexity of ¢, we have

1 1
o) < ot + (1= ) ot
< (= = i)+ ()] < =+ ()
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As {v,} is bounded, we can extract a weakly convergent subsequence v, —
v, and again derive the contradiction ¢(v) = —oo. Therefore, we establish
the claim (43).

Choose a minimizing sequence {u,} so that

lim J(u,) = inf J(v) = m.

n—oo veH

By (43), it is not difficult to see that m € IR. Then, having in mind (43),
there exists M > 0, such that

1
M > J(un) Z Sllunl* = (AC + [wll[unll = AC

1
2
Thus, we have {u,} is bounded. We may then extract a weakly convergent

subsequence u,, — wu. Then, by (42) J has a minimum at u. Therefore,
0 € 0J. Now, it is easy to see that 0.J(u) = u — w + Adp(u), and so

(| = (AC + el = AC = SAC + [l

u+ Ap(u) 5 w.
Finally, to see the uniqueness, suppose as well
U+ A0p(u) 3 w.

Then, u+ A = w, T+ Xv = w for v € dp(u), T € Op(u). Hence, by the
monotony of dp, we have

Since A > 0, u = u. O

Definition 6 Let ¢ : H —| — 00, +00] be convex, proper and lower semi-
continuous. For each A > 0 define the resolvent J{ of Oy as the operator
JY : H — D(0yp) defined by J{ (w) := u, where u is the unique solution of

u+ Adp(u) > w.

The Yosida approzimation is the operator A : H — H defined by

AL (w) = (w— T ()
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In the next result we collect some of the properties of the resolvent oper-
ator and the Yosida approximation.

Theorem 21 Let ¢ : H —| — 00,4+00] be convex, proper and lower semi-
continuous. For A >0, let Jy = J{ and Ay = AY. The following statements
hold

(i) |x(w) = Hh@)|| < lw —w[  for all w,w € H.

(it) | Ax(w) — A(w)|| < 3llw —w]| for all w,w € H.
(iii) 0 < (w —w/Ay(w) — Ay), i.e., Ay is a monotone operator.
(iv) Ax(w) € dp(Jy(w)) for allw € H.

(v) If w € D(Dy), then

sup || Ax(w)|| < [(9)°(w)| == min{fJu]| : u € dp(w)}.

A>0

(vi) For each w € D(0yp),

1){{51 Jr(w) = w.

Proof. (i) Let u = Jy(w), @ = Jy\(@). Then u+ A = w, @+ A\v = w for
some v € Op(u), T € dp(u). Therefore
lw —)* = [lu =7 + Mv — )|

= |lu—a|]* + 2A\(u — @/v — 0) + X*|lv — 9||* > ||u — @

This prove assertion (i). Assertion (ii) follows from (i) and the definition of
Yosida approximation.

(iii) We have

(10— T/ Ax(w) — Ax) = 5 (w — T/ 0 — (Ja(w) — J(®@))

according to (i).
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(iv) Note that v = J,(w) if and only if u + Av = w for some v € dp(u) =
Jo(Jx(w)). But

1 1
v = X(w —u) = X(w — Lh(w)) = Ay(w).

(v) Assume w € D(0p), u € Op(w). Let z = Jy(w), so that z + v = w,
where v € dp(z). The, by monotonicity, we have

0= (w—2/u=v) = (1w = Jy(w)/u — 5w = Jn®))) = (Mdx(w)/u-Ar(w)).
Consequently
Al AN @) < (AAx(w) /) < Al Ax() | Jull
and so
J AN < [l

Since this estimate is valid for all A > 0 and u € dp(w), assertion (v) follows.

(vi) If w € D(0yp), by (v), we have
173 (w) — w]| = M Ax(w)]| < Al(@9)°(w)],

and hence

1)%1 Jy(w) = w.

Let w € D(Jyp). Given € > 0 there exists W € D(9y) such that ||w—w| < §.
Now, since W € D(Jyp), there exists Ay > such that ||.J)(w) —@| < §. Then,

[ I3 (w) = wl| < [|Ix(w) = JA@)|| + [|/z(w) = @] + [lw —

< 2flw —w| + [[(w) —w] < 5 +

N |
NN e

4.2 Gradient Flows in Hilbert spaces

Many problems in Physic and Mechanics can be written as a gradient system,
that is a system of ordinary differential equation of the form

W) = —VV(ut)) O0<t<T
{ U(O) =Ug € ]RN,
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where V : RN — IR is a potential. In this section we are going to consider
the generalization infinite dimensional (in the context of Hilbert spaces) of
the gradient system. We propose now to study differential equation of the
form

u'(t) + 0p(u(t)) 30 t>0

(45)

’LL(O) =wuy € H,
where ¢ : H —| — 00,400] is a convex, proper and lower semi-continuous
function. A problem of the form (78) is called a gradient flow. Many partial
differential equation can be rewritten as a gradient flow in an appropriate
Hilbert space of functions. For example, as we see in the Example 2, if
Q) C IRV is an open bounded set with smooth boundary, and we consider the
function ¢ : L?(Q) —] — 0o, +0oo| defined by

1 2 . 1,2

- 2/Q|Vu| it uwe WhQ)
p(u) =
+00 u € L2(Q)\ Wy ().

Then,
D(dg) = Wy*(Q) nW?2(Q)

and
v € dp(u) & v=—Au.

Therefore, the initial valued problem for the heat equation
u=Au in (0,00) x
u=20 on (0,00) x 00
u(0,z) = up(x) xr €

can be rewritten as a gradient flow in L%(Q).

We have the following existence and uniqueness result for solutions of the
gradient flows.

Theorem 22 Let ¢ : H —| — 00,400 be convex, proper and lower semi-
continuous. For eachuy € D(0p) there exists a unique functionu € C([0, 00, H),
with u' € L>(0,00; H) such that u(0) = ug, u(t) € D(0y) for each t > 0 and

u'(t) + Op(u(t)) 20, for ae. ¢>0.
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Proof. For A > 0, let J, = J{ the resolvent of dp and A, = A} its
Yosida approximation. By Theorem 21, A, : H — H is Lipschitz continuous
mapping, and thus, by the classical Picard-Lindelof Theorem there exists a
unique solution uy € C*([0, co[; H) of the problem

{ U’)\(t) + A)\(U)\<t)) =0 t Z 0
(46)
ux(0) = up.

Our plan is to show that as A — 0% the functions wu, converge to a
solutions of our problem. We divide the proof in several steps.

Step 1. Given v € H, let vy the solution of the problem

{ vi(t) + Ax(ua(t)) =0  t>0
(47)
v (0) = v.

Then, by the monotony of A,, we have

= (ua () =oa () /ua(t) = va) (1) = (=Ax(ua(®)) + Ax(oa (1)) /ua(t) —va(t)) < 0.

Hence, integrating we get
[ux(t) = oa@)| < [lug —o]|  VE=0. (48)

In particular, if h > 0 and v = wuy(h), then by uniqueness vy (t) = u(t + h).
Consequently, (48) implies

[ua(t + ) = ux(@)]| < [lux(h) = uoll-

Dividing by h, letting h — 0, and having in mind Theorem 21 (v), we obtain
that
[ @) < Nz (0)]] = [[Ax(wo) | < [(8)" (o). (49)

Step 2. We next take A\, u > 0 and compute
3 ailla() — w12 = (WA () — ), () /ur(t) — u,(t))

= (=Ax(ua(t)) + Au(uu(t))/ur(t) = upu(t))-

(50)

Now
un(t)—wu(t) = (ua(t) = JIa(un(?)))+(Ia(ur(t)) = Ju(wu () + (T (uu(t)) —uu(t))
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— M (ua(8)) + Ja(ua () = Tl (6)) — jd, ().
Consequently

(Ax(ua(®)) = Ap(u (1)) fur(t) — u,(t))
= (Ax(ur()) = Ap(un(8))/ Ix(ur(t)) = Ju(u,(t))) (51)

H(AN(ur () = Ap(uu () /AAN(uA())) = pAL(uu(t)))-

Since Ay (ux(t)) € Op(Ja(ur(t))) and A, (u,(t)) € Op(J,(u,(t))), the mono-
tonicity of dp implies that the first term of the right hand side of (51) is
nonnegative. Thus

(Ax(ua(t)) = Apluu(t)) fux(t) — uu(t)) =

M Ax(ua) P + pll A ()1 = N+ i) [ AN (ux ()] 1A (up(8)]]-
Since
(A + ) [ AN (@) [ Ap(wu ()] <

A (1A @)IP + 714 Cen)I?) + 5 (IAu DI + 143 r0)]P)
we deduce
(A (0) = A () /n(8) = ,(0)) 2 =1 Au DI = B Arr )P
Then, by (49), we get

(AN(ua (1)) — Aua(0)fun(t) = 0(0)) = =210 (o).

Therefore, by (50) and (51), we obtain the inequality

Clr(t) — I < 2 1@) o)
and hence
Jus(®) — uu DI < 2@ (o)) Ve 20 (52)

In view of the estimate (52) there exists a function u € C([0, 00, H) such
that
uy — u uniformly in C([0,7T], H)
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as A | 0, for each time T' > 0. Furthermore estimate (49) implies
uy, — ' weakly in L*(0,T; H) (53)
for each T' > 0, and

I @1 < 1(09) (o) ace. t. (54)

Step 3. We must show u(t) € D(dy) for each ¢ > 0 and
u'(t) + 0p(u(t)) 20, forae. t>0.
Now, by (49)
[ (ua(t)) — ua(®)]] = MAxua ()] = Alui ()] < Al(99)" (uo)-

Hence
Ja(uy) — v uniformly in C([0,7], H) (55)

for each T > 0.
On the other hand, for each ¢ > 0,
—uy(t) = Ax(ua(t)) € Op(Jx(ua(t)))-
Thus, given w € H, we have
p(w) 2 @(a(ur(t))) — (uy () /w = Ja(ua(t))).

Consequently if 0 < s <,

(t =)o) 2 [ o) dr — [ (Whr)fw = r(un(r) dr

In view of (55), the lower semi-continuity of ¢, and Fatou’s Lemma, we
conclude upon sending A | 0 that

(t = 9)p(w) 2 [ plu(r)dr — [ (@(7)/w = ulr) dr

s

Therefore
p(w) > p(u(t) — (u'(t)/w — u(t))

if t is a Lebesgue point of u’, p(u). Hence, for almost all ¢ > 0

p(w) 2 (u(t)) = (W'(t)/w —u(t))
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for all w € H. Thus u(t) € D(d¢), with
u'(t) + 0p(u(t)) 20, forae. t>0.

Finally, we prove that u(t) € D(0p) for each t > 0. To see this, fix t > 0
and choose t,, — t such that u(t,) € D(0yp), —u/(t,) € Op(u(t,)). In view of
(54) we may assume , upon passing to a subsequence, that

u'(t,) v  weakly in H.
Fix w € H. Then

p(w) 2 o(u(tn)) — (' (tn) /w — u(tn)).

Let t,, — ¢ and recall that u € C([0,00[, H) and ¢ is lower semi-continuous.
We obtain that

p(w) = p(u(t) — (v/w = u(t)).
Hence u(t) € D(0p) and —v € dp(u(t)).

Step 4. To prove uniqueness assume @ is another solution and compute

;(Zﬂu(t) —a(t)|]? = (W' (t) — @' (t)/ut) —u(t)) <0 for a.e. t >0,

since —u'(t) € Op(u(t)) and —u'(t) € Op(u(t)). Then, integrating we obtain
that
lut) —a®)|* < [lu(0) —a(0)]I*.
Ul

Under the assumptions of the above theorem if for each uy € D(9p) we
define
S(t)ug :==u(t) V>0,

u(t) being the unique solution of problem
u'(t) + 0p(u(t)) 20, forae t>0
{ u(0) = uo,
we have the family of operator (S(t)):>o satisfying
(i) S(0) =1,
(ii) S(t+s) = S(t)S(s) for all s,t > 0,
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(iii) the mapping t — S(t)ug is continuous from [0, oco[ into H.

A family of operators (S(t)):>0 satisfying the conditions (i)-(iii) is called
a nonlinear semigroup of operators.

Observe that as a consequence of the above theorem we have
1S()ug — S| < [luo — W, ¥t >0, and ug,ug € D(0p).  (57)

Using this inequality the semigroup of nonlinear operators (S(t)):;>o can be

extended to D(0yp). In the case D(0y) is dense in H, which happens in many
applications, we have (S(t)):>0 is a nonlinear semigroup in H.

Theorem 22 is a particular case of the following general situation. Let
A C H x H an operator (possible multivaluate) in the real Hilbert space H.
We say that A is monotone if

(u—u/v—1)>0 V(uy,u),(v,v)eA.

Recall we have showed that dy is a monotone operator. Now, if ¢ is con-
vex, lower semi-continuous and proper, it can be proved that dy is maximal
monotone (see, [10], [8]), i.e., every monotone extension of ¢ coincides with
J¢. The following theorem is a classical result due to G. Minty [20].

Theorem 23 (Minty Theorem) Let A a monotone operator in the real
Hilbert space H. Then, A is mazimal monotone if and only if Ran(I+\A) =
H for all X > 0.

Given an operator A C H x H, consider the abstract Cauchy problem

W (t)+ A(u(t)) 20, forae. te(0,7T)
(58)
u(0) = up.

We say that a function v € C([0,T]; H) is a strong solution of problem
(58) if u(0) = wo, w is derivable a.e. t € (0,T), u(t) € D(A) and satisfies (58)
for almost all ¢t € (0,7).

Theorem 22 states that for every ug € D(0y), u(t) = S(t)up is a strong
solution of the abstract Cauchy problem associated with dp. Now, this result
is also true in the general case in which A is a maximal monotone operator
(see [10], [8]). Moreover, in the case A = dp, with ¢ : H —] — 00, +00] a
convex, proper and lower semi-continuous, we also have (see [10]) that for all

up € D(0p), u(t) = S(t)uyp is a strong solution.
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5 The Neumann Problem for the Total Vari-
ation Flow

This section is devoted to prove existence and uniqueness of solutions for
the Minimizing Total Variation Flow with Neumann boundary conditions,

namely
ou . ( Du :
(,%—dlv<w> in @ = (0,00) x Q
2;;:0 on S = (0,00) x 002 (59)
u(0,z) = ug(x) inz e,

where € is a bounded set in IR with Lipschitz continuous boundary 052
and ug € L'(Q). As we saw in the previous section, this partial differential
equation appears when one uses the steepest descent method to minimize the
Total Variation, a method introduced by L. Rudin, S. Osher and E. Fatemi
([23]) in the context of image denoising and reconstruction. Then solving (59)
amounts to regularize or, in other words, to filter the initial datum wug. This
filtering process has less destructive effect on the edges than filtering with a
Gaussian, i.e., than solving the heat equation with initial condition uy. In
this context the given image uy is a function defined on a bounded, smooth or
piecewise smooth open subset Q of IRV, typically, 2 will be a rectangle in IR?.
As argued in [1], the choice of Neumann boundary conditions is a natural
choice in image processing. It corresponds to the reflection of the picture
across the boundary and has the advantage of not imposing any value on the
boundary and not creating edges on it. When dealing with the deconvolution
or reconstruction problem one minimizes the Total Variation Functional, i.e.,

the functional
/ | Dl (60)
Q

under some constraints which model the process of image acquisition, includ-
ing blur and noise.

5.1 Strong Solutions in L*(Q)
Consider the energy functional ® : L*(Q) — (—o0, +00] defined by

) AﬂDM|ﬁu€BV(DﬂH@D o

u

+oo it ue L3(Q)\ BV(Q).
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Since the functional ® is convex, lower semi-continuous and proper, then 0®
is a maximal monotone operator with dense domain, generating a contraction
semigroup in L?(2) (see subsection 4.2 or [10]). Therefore, we have the
following result.

Theorem 24 Let ug € L*(Q). Then there exists a unique strong solu-
tion in the semigroup sense u of (59) in [0,T] for every T > 0, i.e., u €
C([0,T]; L2(IRN)) N WL2(0,T; L*(Q)), u(t) € D(O®) a.e. int € [0,T] and

—u/(t) € 0P(u(t)) a.e. inte[0,T]. (62)

Moreover, if w and v are the strong solutions of (59) corresponding to the
initial conditions ug, vy € L*(Q), then

[u(t) — v(t)ll2 < [lup — woll2  for any ¢ > 0. (63)

Our task will be to give a sense to (62) as a partial differential equation,
describing the subdifferential of ® in a distributional sense. To be precise we
should not say distributional sense since the test functions will be functions
in BV (€2). To do that we need to recall first some results inspired in the
duality theory of the Convex Analysis.

Let H be a real Hilbert space, with inner product ( /). Let ¥ : H —
[0, 00] be any function. Let us define ¥ : H — [0, oo] by

@(I):sup{(&f(/s)) ; yEH} (64)

with the convention that § = 0, 2 = 0. Note that U(z) > 0, for any
x € H. Note also that the supremum is attained on the set of y € H such
that (z/y) > 0. Note also that we have the following Cauchy-Schwartz
inequality )

(x/y) < V(z)¥(y) if Y(y) > 0.

The following Lemma is a simple consequence of the above definition.
Lemma 4 Let Uy, Uy : H — [0,00]. If Uy < Uy, then ¥y < ;.

Proposition 6 If ¥ is conver, lower semi-continuous and positive homoge-
neous of degree 1, then ¥ = .
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Proof. Since %’(;)) < U(y) for any =,y € H, we also have that % < U(x)

for any x,y € H. This implies that \i/(x)ﬁ U(x) for any x € H. Assume that
there is some x € H and € > 0 such that U(z)+e < U(z), hence, in particular,
W(z) > 0 and ¥(z) < oo. Using Hahn-Banach’s Theorem there is y € H

separating 2 from the closed convex set C' := {z € H : U(z) < U(z) + €}.
Since 0 € C' we may even assume that (y/r) =1 and (y/2) < a <1 for any

z € C. Note that, from the definition of ¥, we have

= 1
U(r) > =—0. (65)
Y(y)
Let us prove that \i/(y) < Gy 1)+ . For that it will be sufficient to prove
that .

U(z) ~ U(z) + €
for any z € H such that (y/z) > 0. Let z € H, (y/z) > 0. If ¥(2) = oo, then
(66) holds. If U(z) = 0, then also W(tz) = 0 for any ¢ > 0. Hence tz € C' for
all t > 0, and we have that 0 < (y/tz) < 1 for all ¢ > 0. Thus (y/z) = 0,
and, therefore, (66) holds. Finally, assume that 0 < ¥(z) < co. Let ¢ > 0 be

such that U(tz) = i/(x) + €. Using that tz € C, we have

/=) _ (y/tz) . 1

U(z)  W(t2) T Ja) 4 e

Both (65) and (66) give a contradiction. We conclude that \i/(x) = U(x) for
any v € H. O

Lemma 5 Assume that V is convez, lower semi-continuous and positive ho-
mogeneous of degree 1. If u € D(0V) and v € OV (u), then (v/u) = ¥(u).

Proof. Indeed, if v € 0¥ (u), then
(v/w—u) < ¥(w) —V(u), foral we H.
To obtain the result it suffices to take w = 0 and w = 2u in the above

inequality. O

Theorem 25 Assume that V is conver, lower semi-continuous and positive
homogeneous of degree 1. Then v € 0W(u) if and only if ¥(v) < 1 and
(v/u) = V(u) (hence, ¥(v) =1 if ¥(u) >0).

Proof. When (v/u) = ¥(u), condition v € ¥ (u) may be written as (v/xz)
1

<
U(z) for all z € H, which is equivalent to ¥(v) < 1. O
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Let Q be a bounded domain in IRY with Lipschitz boundary. Let us
consider the space (see Section 3)

X(Q)2 = {z € L®(Q,R") : div(z) € L*(Q)}.
Let us define for v € L*()
V() =inf{]] z || : 2 € X(Q)2, v = —div(z)in D'(Q), [z,v] =0}, (67)

where v denotes the outward unit normal to d and |z, v] is the trace of the
normal component of z (see Section 3). We define ¥(v) = +oo if does not
exists z € X (), satisfying v = —div(z) in D'(Q), [z,v] = 0.

Observe that ¥ is convex, lower semi-continuous and positive homoge-
neous of degree 1. Moreover, it is easy to see that, if ¥(v) < oo, the infimum
in (67) is attained, i.e., there is some z € X (), such that v = —div(z) in
D'(Q), [z,v] =0 and ¥ (v) = ||2]|0o-

Proposition 7 We have that U = ®.

Proof. Let v € L(Q). If U(v) = oo, then we have ®(v) < ¥(v). Thus, we
may assume that W(v) < co. Let z € X (), be such that v = —div(z) and
[z,v] = 0. Then

/Qvu dr = /Q(Z,Du) < 2 |loo ®(u) for all u € BV(Q) N L*(Q).

Taking supremums in u we obtain ®(v) <|| 2 ||oo. Now, taking infimums in
z, we obtain ®(v) < U(v).

To prove the opposite inequality, let us denote

D ={div(z) : € C(Q,RY)}.

Then
/uvdx /uvdx /uvdm
sup L > supf > sup L
ueL% U(v) o veg ¥ (v) _veD,\I/(E;))<oo U(v)
—/ udiv(z) dz
2 sup £ :CI)(U)
2€05°(Q,RN) || Z ||oo

Thus, ® §~\I/. This implies that \i/ < @, and, using Proposition 6, we obtain
that ¥ < ®. 0



We have the following characterization of the subdifferential 0®.

Theorem 26 The following assertions are equivalent:

(a) veE IDP(u);

(b)
u € L*(Q) N BV(Q), ve L), (68)
dz € X(Q)a, [|2]l <1, such that v = —div(z) in D'(2), (69)
and
|z 0wy = [ 1Dl (70)
[z,v] =0 on 0 (71)

(c) (68) and (69) hold, and

[w=wpdr< [ z-Vwde— [ |Dul,  Vue W“mmL?((&?z;;)

(d) (68) and (69) hold, and

/Q(w—u)vdx < /Q(z, Dw)—/QHDuH Yw € L*(Q)NBV(Q); (73)

(e) (68) and (69) hold, and (73) holds with the equality instead of the

mequality.

Proof. By Theorem 25, we have that v € 9®(u) if and only if ®(v) < 1 and
Jqvudr = ®(u). Since ® = ¥, from the definition of ¥ and the observation
following it, it follows that there is some z € X (€2)y such that v = —div(z)
in D'(Q), [z,v] = 0 and ®(v) = ||z]|ec. Hence, we have v € d®(u) if and
only if there is some z € X ()2, with ||z]| < 1, such that v = —div(z) in
D'(Q), [z,v] =0 and [, vudr = ®(u). Then, applying Green’s formula (24)
the equivalence of (a) and (b) follows.

To obtain (e) from (b) it suffices to multiply both terms of the equation
v = —div(z) by w — u, for w € L*(Q) N BV (Q) and to integrate by parts
using Green’s formula (24). It is clear that (e) implies (d), and (d) implies
(c). To prove that (b) follows from (d) we choose w = w in (73) and we
obtain that

D</,D< OO/D </D.
[ 106l < [ z.0w) <12l [ [1Dul < [ 1Dul
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To obtain (71) we choose w = u & ¢ in (73) with ¢ € C*°(Q) and we obtain

j:/ vodr < j:/ z-Dp=— j:/ div(z) ¢ dx + i/ [z, V] o dHN 7,

0 Q Q o0

which implies (71). In order to prove that (c¢) implies (d), let w € BV (Q) N
L*(€2). Using Theorem 2 we know that there exists a sequence w,, € C*°(Q)N
BV () N L?(£2) such that

w, — w in L*(Q) and /|an]d:c—>/ | Dwl|.
Q Q

Then
/z-andx = —/ div(2) w, dz + | [z, v]w, dHN
Q Q o0
— —/ div(z)wd:v—l—/ [z, v]w dHN :/(z,Dw).
Q o0 Q
Now, we use w,, as test function in (72) and let n — oo to obtain (73). O

Definition 7 We say that u € C([0,T]; L*(2)) is a strong solution of (59)

if
u € W (0,73 L*(€2)) N L, (0, T[; BV/(%)),

u(0) = ug, and there exists z € L™ (]O,T[XQ; ZRN) such that ||z]|e < 1,
[2(t),v] =0 in 09, a.e. t € [0,T]

satisfying
up = div(z) in D' (]0, T[xQ)

and
(u(t) — whu(t) de = | (2(t), Dw) — | [|Du(t)]|
I o0~ | "
Yw € L*(Q) N BV (), ae. t €[0,T).

Obviously, using Theorem 26, a strong solution of (59) is a strong solution
in the sense of semigroups. The converse implication follows along the same
lines, except for the measurability of z(¢, ). To ensure the joint measurability
of z one takes into account that, by Theorem 22, semigroup solutions can be
approximated by implicit in time discretizations of (62), and one constructs
a function z(t,z) € L*>((0,T") x §2) satisfying the requirements contained in
Definition 7. We do not give the details of this proof here. We have obtained
the following result.
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Theorem 27 Let ug € L*(2). Then there exists a unique strong solution u
of (59) in [0,T] x Q for every T > 0. Moreover, if u and v are the strong
solutions of (59) corresponding to the initial conditions ug, vy € L*(Q), then

llu(t) —v(t)]|2 < ||up — voll2  for any ¢ > 0. (75)

Remark 4 It is possible to obtain existence and uniqueness of solutions for
any initial datum in L'(Q2). In this case we need to use truncation functions
of type Ty: Ti(r) = [k — (k — |r|)t]signy(r), & > 0, r € IR, and the concept
of solution is the following

Definition 8 A measurable function u : (0,7) x Q — IR is a weak solution
of (59) in (0,7) x Q if uw € C([0,T],L"(Q)) N WE'(0,T; LY(Q)), Ti(u) €
LL(0,7; BV(Q)) for all k > 0 and there exists z € L®((0,T) x Q) with
|2lle <1, up =div(z) in D'((0,T) x ) such that

| @u®) —wut)yde < | 2(0)-Vwdz— [ |DTu@)]  (76)
for every w € Wh1(Q) N L>°(Q)) and a.e. on [0,T].

In [3] (see also [5]) we prove the following existence and uniqueness result.

Theorem 28 Let ug € LY(Q2). Then there exists a unique weak solution of
(59) in (0,T)xQ for every T' > 0 such that u(0) = ug. Moreover, if u(t), 0 (t)
are weak solutions corresponding to initial data wg, U, respectively, then

[(u(t) —a(t) [l < [[(uo—1d0) "l and [Ju(t) —a(t)|ly < [|uo = tollr, (77)
for allt > 0.

To prove Theorem 28 we shall use the techniques of completely accretive
operators and the Crandall-Liggett’s semigroup generation Theorem. For
that, we shall associate a completely accretive operator A to the formal dif-
ferential expression —div(lg—z‘) together with Neumann boundary conditions.
Then, using Crandall-Liggett’s semigroup generation Theorem we conclude

that the abstract Cauchy problem in L'(Q)

(flu + Au > 0,
' (78)
u(0) = wug

has a unique strong solution v € C([0, T], L'(Q))NW,21(0, T; L'(Q)) (VT > 0)
with initial datum «(0) = ug, and we shall prove that strong solutions of (78)
coincide with weak solutions of (59).
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5.2 Asymptotic Behaviour of Solutions

To see that our concept of solution is useful we are going to compute explicitly
the evolution of the characteristic function of a ball.

Theorem 29 Let Q = B(0, R) be the ball in RN centered at 0 with radius
R, and ug(x) = kXp(,), where 0 < r < R and k > 0. Then, the strong
solution of (59) for the initial datum uq is given by

(k - ¥t) XB(o,r) + %WB(O,R)\B(W) if0<t<T
ult) = (79)
(k = YT)Xp.p) = pv—wTXpor) if t>T,

where T" 1s given by

N V-1

Proof. We look for a solution of (59) of the form w(t) = a(t)Xp@.) +
B(t)XBo,r)\B(0,y) On some time interval (0,7) defined by the inequalities
a(t) > B(t) for all t € (0,7), and «(0) = k, 5(0) = 0. Then, we shall
look for some z € L*>((0,7") x B(0, R)) with ||z||cc < 1, such that

o (t) = div(z(t)) in (0,7) x B(0,r)

. (81)
2(t,x) = T on (0,7) x 0B(0,r),
G'(t) = div(z(t)) in (0,7) x (B(0,R) \ B(0,r))
o(t,z) = —;’ on (0,T) x dB(0,7) (82)
2(t)-n=0 on (0,7) x 9B(0, R)
and
/B o 70 Dult) = /B o 120 forall t € (0,T). (83)

Integrating equation (81) in B(0,r) we obtain

div(z(t))dz = /8 oy 20 == @B(0,).

o (O1BO7)] = [

B(0,r)
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Thus

N
/
t) = ——.
o(1) =~
and, therefore,
N
a(t) =k — —t.
r
In this case we take z = —% and (81) holds. Similarly, we deduce that
/ FN-1
g't)=p:=N RN _ /N
hence,
FN-1
Our first observation is that 7" is given by
N riV-1
T(—+N——| =k 4
(r * RN — N ) (84)

To construct z in (0,7") x (B(0, R) \ B(0,r)) we shall look for z of the form
z(t,x) = p(\x|)% such that div(z(t)) = f'(t), p(r) = —1, p(R) = 0. Since

. x ., T N -1
div(z(t)) = Vp(lz]) - — + p(lz))div(—) = p'(Jz]) + p(|]) ,
] ] ]
we must have
N -1 rN-1
P(s) +pls) T = N se(R). (%)
The solution of (104) such that p(R) = 0 is
(5) = o
A P
which also satisfies p(r) = —1. Thus, in B(0, R) \ B(0,r),
_pr pRMz
z(t,x) = N N
It is easy to check that (83) holds. Thus

N NpN-1
u(t) = (k — Tt)XB(O,r) + WtXB(O,R)\B(O,r)-

in (0,7) x B(0, R) where T is given by (84). On the other hand, we take

N NprN-1
u(t) = (k — 7T)XB(0,R) = WTXB(O,Rﬁ

and z(t,z) = 0 in (7,00) x B(0,R). It is easy to check that u(t) is the
solution of (59) in (0,00) x B(0, R) with initial datum wug(z). O
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Remark 5 The above result show that there is no spatial smoothing effect,
for ¢ > 0, similar to the linear heat equation and many other quasi-linear
parabolic equations. In our case, the solution is discontinuous and has the
minimal required spatial regularity: u(t) € BV (Q) \ Wh1(Q).

Respect to the asymptotic behaviour of solutions obtained in Theorem
28, using Lyapunov functionals methods we have proved in [3] (see also [5])
the following result.

Theorem 30 Let uy € L*(Q) and u(t) the unique weak solution of (59) such
that w(0) = ug. Then

[u(t) = (uo)allh = 0 as & — oo,

where
1

(wo)o = EN(Q)/QUO(Q:) dx.

Moreover, if ug € L®(Q2) there ezists a constant C, independent of ug, such
that

Clluoll3

lu(t) — (uo)all, < forall t>0, and 1<p<

N-—-1

Now, we are going to prove, by energy methods that in the two dimen-
sional case, in fact, this asymptotic state is reached in finite time.

Theorem 31 Suppose N = 2. Let ug € L*(Q) and u(t, z) the unique strong
solution of problem (59). Then there exists a finite time Ty such that

u(t) = (uo)o = LNl(m/Quo(:r) de Yi>T

Proof: Since u is a strong solution of problem (59), there exists z € L>(Q)
with ||z]|ec < 1, uy = div(z) in D'(Q) such that

| @®) = wyu(t)de = [ (), Dw) = [ [|Du(t)] (86)

for all w € BV(Q) N L>(§2). Hence, taking w = (ug)q as test function in
(86), it yields

| ) = (o)o)ua(t) da = = [ 1Du(@)]].
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Now, by Sobolev-Poincaré inequality for BV functions (14) and having in
mind that we have conservation of mass, we obtain

[u(t) = (uo)all2 < C/Q [ Du(t)]]
Thus, we get

1d ) 1
2t Jo (0) — (w)e)” dz + S lu(t) = (wo)all: < 0. (87)

Therefore, the function

u(t) = [ () =~ (uo)o)* do
satisfies the inequality
y' () + My(t)"? <0,
from where it follows that there exists Ty > 0 such that y(¢) = 0 for all
t> T [

By Theorem 31, given ug € L*(Q), if u(t, z) is the unique strong solution
of problem (59), then

T*(up) :==1inf{t >0 : u(t) = (up)a} < 0.

In [4] (see also [5]) we study of the behaviour of u(t) near T*(ug) estab-
lishing the following result.

Theorem 32 Suppose N = 2. Let ug € L*(Q) and let u(t,x) be the unique
strong solution of problem (59). Let

u(t, x) — (up)a
T*<UO> —1

it 0<t< T (up),
w(t,x) =

0 it > T (ug).

Then, there exists an increasing sequence t, — T*(up), and a solution v* # 0
of the stationary problem

D
—div<|DZ|>:v in

211;:0 on Of2

(Sn)

such that
lim w(t,) =v* in LP(Q)

n—oo

foralll <p< 0.
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6 The Cauchy Problem for the Total Varia-
tion Flow

6.1 Initial Conditions in L?*(RY)

The purpose of this Subsection is to prove existence and uniqueness of the
Minimizing Total Variation Flow in IRY

ou .. ([ Du . N
i div <|Du\> in |0, co[x R™, (88)

coupled with the initial condition
u(0,x) = ug(x) r € RY, (89)
when ug € L*(RY).

Definition 9 A function u € C([0,T]; L>(IRY)) is called a strong solution of
(88) if
w € Wil (0, T5 L2(IRY)) N L, (0, BV (IRY))

and there exists z € L™ (]O,T[XRN; RN) with ||2]|s < 1 such that
u; = div(z)  in D'(J0, T[x RY)

and

| ) —wputyde = [ (0).00) = [ Du)]  (90)
for all w € L>(IRN) N BV (IRY), a.e. t € [0,T).

The main result of this subsection is the following existence and uniqueness
theorem.

Theorem 33 Let ug € L*(IRY). Then there exists a unique strong solution
u of (88), (89) in [0,T] x RN for every T > 0. Moreover, if u and v are
the strong solutions of (88) corresponding to the initial conditions ug, vy €

L2(IRN), then

lu(t) = v(®) > < [luo — woll> for any ¢ > 0. (91)

Proof. Let us introduce the following multivalued operator B in L?(IRY): a
pair of functions (u,v) belongs to the graph of B if and only if

u € L*(RY)N BV (IRY), v € L*(IRY), (92)
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there exists z € X (IR")y with ||z]|o < 1, such that v = —div(z)  (93)

and

/ (w—u)vdmﬁ/ Z-dex—/ |Dul|, Yw e L*(RN)n W (RY).
RN RN RN
Let also ¥ : L2(IRY) — ] — oo, +00] be the functional defined by

/BN |Du|| it we L2(RN)N BV(RN)
W(u) = (94)
+00 if we L*(IRYN)\ BV(IRN).

Since ¥ is convex and lower semi-continuous in L?(IRY), its subdifferential
OV is a maximal monotone operator in L*(IR").

We divide the proof of the theorem into two steps.

Step 1. The following assertions are equivalent:

(a) (u,v) € B;
(b) (92) and (93) hold,

and

Jpe 0 =z < [ (s, D)~ [ Dul (95)
for all w € L2(IRY) N BV (IRY);

(c) (92) and (93) hold, and (95) holds with the equality instead of the
inequality;

(d) (92) and (93) hold, and
| pw= [ |iDu]. (96)

It is clear that (c) implies (b), and (b) implies (a), while (d) follows from
(b) taking w = w in (95) and using (22). In order to prove that (a) implies
(b) it is enough to use Theorem 2 and Lemma 2 as in the proof of Theorem
26. To obtain (c) from (d) it suffices to multiply both terms of the equation
v = —div(z) by w —u, for w € L2(IRN)N BV (IR"Y), and to integrate by parts
using (25).

Step 2. We also have B = 0W. The proof is similar to the one given in
Section 5.1 for the Neumann problem and we omit the details.
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As a consequence, the semigroup generated by B coincides with the semi-
group generated by O¥ and therefore u(t, z) = e Bug(z) is a strong solution

of

uy + Bu 3 0,
ie, u e W20, T[; L*(IRY)) and —u,(t) € Bu(t) for almost all t € 10, T7.
Then, according to the equivalence proved in Step 1, we have that

|t —wputyde = [ (:0).00) = [ Du)]  (o7)

RN
for all w € L>(IRY) N BV (IRY) and for almost all t € ]0,T[. Now, choosing
w=u—¢, pe CP(RY), we see that u(t) = div(z(t)) in D'(IRY) for almost
every t € ]0,T[. We deduce that u; = div(z) in D'(]0, T[x RY). We have
proved that u is a strong solution of (88) in the sense of Definition 9.

The contractivity estimate (91) of Theorem 33 follows as in Theorem 28.
This concludes the proof of the theorem. O

Given a function g € L*(IRY) N LY (IRY), we define

lgll. := sup {‘/JRN g(@)u(z) dz| - w € L2(RY) N BV(RY), /]RN |Dul < 1} .

Part (b) of the next Lemma gives a characterization of B(0). This was proved
by Y. Meyer in [19] in the context of the analysis of the Rudin-Osher-Fatemi
model for image denoising.

Lemma 6 Let f € L*(IRY) N LY(IRY) and A > 0. The following assertions
hold.

(a) The function wu is the solution of

1

i D D(w) := / D 2
weL?(RIf%%IBV(RM (w), (w) RN | w\|+2)\ JRN(“) f)" dx
(98)

if and only if there exists z € X (IR )y satisfying (96) with ||z|l < 1
and —Adiv(z) = f — u.

(b) The function u =0 is the solution of (98) if and only if || f]l. < A.
(c) If N =2,B(0)={feL*(R):|fl. <1}

Proof. (a). Thanks to the strict convexity of D, u is the solution of (98)
if and only if 0 € dD(u) = 0¥ (u) + ;(u — f) = B(u) + 3(u — f), where
U is defined in (94) and the last equality follows from Step 2 in the proof
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of Theorem 33. This means, recalling the definition of B in the proof of
Theorem 33, that there exists z € X(IR"), satisfying (96) with ||z]/ < 1
and —Adiv(z) = f — u.

(b). The function u = 0 is the solution of (98) if and only if

1
> 2/ N Ny
/]RN Dol +55 | (0= ) da / fPdz Yo e LX(RV)NBV(RY)

(99)
Replacing v by ev (where € > 0), expanding the L*-norm, dividing by € > 0,
and letting ¢ — 04 we have

’ / x)dz
RN

Since (100) implies (99), we have that (99) and (100) are equivalent. The
assertion follows by observing that (100) is equivalent to || f|l. < A.

(c) Let N =2. We have

<)\/ IDv| Vo€ LA(RN)nBV(RY).  (100)

B(0) = {f € L*(IR?) : 3z € X(IR),, ||2]leo <1, —div(2) = f} .

On the other hand, from (a) and (b) it follows that ||f]|. < 1 if and only if
there exists z € X (IR?); with [|z|| < 1 and such that f = —div(z). Then
the assertion follows. O

Let us give a heuristic explanation of what the vector field z represents.
Condition (96) essentially means that z has unit norm and is orthogonal to
the level sets of u. In some sense, z is invariant under local contrast changes.
To be more precise, we observe that if u = >F | ¢;Xp, where B; are sets of
finite perimeter such that HY~1((B; U 9*B;) N (B; Ud*B;)) = 0 for i # j,
¢; € IR, and

) Du 9/ N
div <|Du|> = fe L*(R"), (101)
then also —div (‘D |) = fforany v =Y, d;Xp, where d; € IR and sign(d;) =
sign(c;). Indeed, there is a vector field z € L>®(IRY; IRY) such that ||z|/o < 1,
—div(z) = f and (96) holds. Then one can check that

IDX g, || = sign(ci)(z, DX,)

as measures in RY and, as a consequence, (z, Dv) = ||Dv|| as measures in
RN,

Let us also observe that the solutions of (101) are not unique. Indeed, if
u € L?(IRN) N BV (IRY) is a solution of (101) and g € C*(IR) with ¢'(r) > 0
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for all » € IR, then w = g(u) is also a solution of (101). In other words, a
global contrast change of u produces a new solution of (101). In an informal
way, the previous remark can be rephrased by saying that also local contrast
changes of a given solution of (101) produce new solutions of it. To express
this non-uniqueness in a more general way we suppose that (u1,v), (ug,v) €
B, i.e., there are vector fields z; € X (IRY ), with [|z;]|ec < 1, such that

—div(z;) = v, /]RN(Z“ Du;) = /IRN | Dus |, i=1,2.
Then
0 = —/ (div(z1) — div(z2))(u; — ug) dx = / (z1 — 22, Duy — Duy)
RN RN
= / || Dus|| — (22, Duy) +/ || Dusl|| — (21, Dus).
RN RN
Hence

/ ]|Du1||:/ (20, Duy) and / \|Du2]|:/ (21, Dus).
RN RN RN RN

In other words, z; is in some sense a unit vector field of normals to the level
sets of us and a similar thing can be said of z, with respect to u;. Any two
solutions of (101) should be related in this way.

6.2 Explicit Solutions

We are going to compute explicitly the evolution of the characteristic function
of a ball and an annulus.

Lemma 7 Let ug = kXp, (). Then the unique solution u(t,x) of problem
(88) with initial datum ug is given by

u(t,x) = sign(k:)];f (!klr

Observe that we may write

ulta) = sign(h) (11 = " EEEV o 0).

Proof. Suppose that £ > 0, the solution for k£ < 0 being constructed in a
similar way. We look for a solution of (88) of the form u(t,z) = a(t)Xp, o) ()
on some time interval (0,7"). Then, we shall look for some z(t) € X (IRY),
with ||z]|ec < 1, such that
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u'(t) = div(z(t)) in D'(IRY), (102)

|0, pu) = [ D)l (103)
R R
If we take z(t)(z) = T for z € 0B,(0), integrating equation (102) in B,(0)
r
we obtain
o/(t) LY (B,(0))
= [ aiv@)de= [ x(t) vdHY T = <KV HOB,(0)).
[ = [ s (95,(0)
Thus N
/
t) = ——
oty =,
and, therefore,
N
t)=k— —t.
oft) =k -2
) kr
In that case, T" must be given by T = N

To construct zin (0,T) x (RN \ B,(0)) we shall look for z of the form

z= p(H:UH)W such that div(z(t)) =0, p(r) = —1. Since

div(z(t)) = Vp(||z|) - ]

+pWﬂﬂw(“7)—pumm+pwﬂDH‘

[lz]] ]

we must have
N -1

p'(s) + p(s) =0 for s>r. (104)

The solution of (104) such that p(r) = —1 is

p(s) = —rNtst =N,
Thus, in RY \ B,(0),
T
2(t) = —rV ! )
]|

Consequently, the candidate for z(t) is the vector field

_Z ifx € B.(0) and 0 <t<T
”
2(t,z) =4 _pN1 ng‘N if 2 € RN\ B,(0), and 0<t<T
0 ifx € RN and t>T,
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and the corresponding function u(t¢, x) is
N
ult,2) = (I = ~t) X, (2o (1),

k
where T = Nr Let us check that u(t, z) satisfies (102), (103). If ¢ € D(IRY)
and 0 <t < T, we have

0z(t) 1 T; T
Codo—— [ odot T g
/RN ox; v r BT(O)(’D ’ 8B,.(0) T r ¥

o (rNlx, N _

B RN\B,.(0) Ox; B.(0)y rV T r

Hence
N

/]RN div(z(t))p de = —— @ dx,

r JB.(0)

and consequently, (102) holds. Finally, if 0 < ¢ < T, by Green’s formula , we

have
/RN (2(t), Du(t)) = — /BN div(z())u(t) do =

N N\ N
- <k: - t) div(z(t)) dz = / (k: - t> -
B;(0) r B-(0) T r

(k= =0) 220 = (k=) 1 @B, 0) = [ 1Du(o)]

Therefore (103) holds, and consequently wu(t,z) is the solution of (88) with
initial datum wy = kXp, (). O]

Lemma 8 Let 2 = Bg(0) \ B.(0), 0 < r < R and uy = kXq. Then the
unique solution u(t,x) of problem (88) with initial datum ug is

u(t, z) = sign(k) <|k| - ]var((g)) t) Xa(z) + m

t € [0,Ty], z € RN, where Ty is such that

T (Per(Q) Per(Br(O))> 1k

tXp,)(r)  (105)

£¥Q) T LN(B(0))

and u(t,z) evolves as the solution given in Lemma 7 until its extinction.

95



Proof. Let £ : IRY — IRY be the vector field defined as

T forz € B(0),
r
Nalttr N-1_  N-1 x
5(1’) = (RT) HxHN - (R +r ) va < BR(O) \ BT(O)v
RN—l N

Then [|¢] < 1, div(¢) = ¥ = ZZE=8 on B,(0), div(¢) = —Z¥g) on
Br(0) \ B,.(0), div(¢) = 0 on RN \ Bg(0), and & - v%©) = 1 on 0B,(0),
¢-vPr(O) = —1 on 9BR(0). Therefore, one can check that the solution u of

(88) with initial condition ug = Xgq in [0,7}] is given by (105). At t = T7,
the two evolving sets reach the same height and u(73, x) = aXp, o) for some
a > 0. Fort > T} the solution u is equal to the solution starting from aX g, (o)
(at time 7T7) as it is described in Lemma 7. O

Remark 6 The above results show that there is no spatial smoothing effect,
for ¢ > 0, similar to the case of the linear heat equation and many other
quasilinear parabolic equations. In our case, the solution is discontinuous and
has the minimal required spatial regularity: u(t,.) € BV (IRN)\ WL(RY).
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