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Preface

These notes contain the lectures of a 20/25 hours course entitled “Homogenization Tech-
niques and Applications to Biological Tissues”, held in 2009/2010 for “Dottorato di Mo-
delli e Metodi Matematici per la Tecnologia e la Societa” at Dipartimento Me.Mo.Mat.,
Facolta di Ingegneria, “Sapienza Universita di Roma”.

The aim of the authors is to present an introduction to homogenization techniques based
on the asymptotic expansions introduced by Bensoussan-Lions-Papanicolau, jointly with
an application to a particular physical problem.

The basic ideas of homogenization techniques are here presented with the purpose of giv-
ing to the students a solid knowledge in this field in order to make them able to apply
these techniques also in different contexts. To this aim, first we describe the usual homog-
enization procedure of the Dirichlet problem for a standard elliptic equation with periodic
coefficients; afterwards we apply these ideas to study a physical problem, relevant both
from the mathematical point of view as well as for the applications. More precisely, we
present an application of homogenization techniques to study the behavior of a biologi-
cal tissue subjected to an electrical current flux. Indeed, it is well known that electrical
potentials are crucial for imaging techniques in medical diagnosis, in order to investigate
the physical properties of biological tissues.

The model which we present here is described by means of a system of elliptic equations
whose solutions are coupled because of the interface conditions, since they have to satisfy
the property of flux-continuity and a transmission condition of dynamic type. From the
mathematical point of view, the presence of these interface conditions is a non standard
problem both for the study of the well-posedness as well as for the homogenization.

These notes are divided into four chapters: in Chapter 1 some preliminary notions of
Functional Analysis are very briefly recalled (metric, normed and Hilbert spaces, Sobolev
spaces and embedding theorems, space of bounded variation functions); these notions are
necessary for a complete understanding of the course itself; in Chapter 2 we study the
connections between existence of solutions to minimum problems for integral functionals
and well-posedness for the Dirichlet problem for elliptic PDEs in divergence form. To this
purpose we introduce the basic ideas of Convex Analysis (preliminary definitions, basic
properties of lower semicontinuous and convex functions, Gateaux and Fréchet deriva-
tives) and we mention preliminary notions of Direct Methods of Calculus of Variations
(coercivity, existence theorem for minimizers, applications to integral functionals). We
mention also Lax-Milgram Lemma and some of its applications to linear variational PDEs.
In Chapter 3 we consider the homogenization of a standard elliptic equation, introducing
the technique of asymptotic expansions due to Bensoussan-Lions-Papanicolau and the
energy convergence method of Tartar. Finally, in Chapter 4 we apply the previously
introduced homogenization techniques to the study of a physical model governing the
electrical conduction in biological tissues (Electric Impedance Tomography).

October 2012

Micol Amar
Fabiola Didone
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1. Preliminaries of functional analysis

1.1. Metric, normed and Hilbert spaces.

Definition 1.1. Let X be a non-empty set. We define a distance on X x X, i.e. a functional
d: X x X — R such that:

(i) d(z,y) > 0 Va,y € X;

(i) (Identity of indiscernibles ) d(x,y) =0 <= 1z =y;

(iii) (Simmetry) d(z,y) = d(y,z) Vz,y € X;

(iv) (Triangular inequality) d(x,y) < d(z,z) +d(z,y) Vz,y,z € X.

The pair (X, d) is called metric space.

Let zp € X and r > 0 be given. We call open ball of radius r and center x the set
Bi(xg) ={x € X : d(x,xg) <7} .

Definition 1.2. Let (X, d) be a metric space and {z,} C X be a sequence of points in X.
Let zy € X; we say that the sequence {z,} converges to xo for n — 400 (and we write
x, — x9) if d(x,, x9) — 0 for n — +oo.

Definition 1.3. Let (X,d) be a metric space. We say that the function f : X — R is
continuous on X if for every x € X and for each sequence {z,,} C X, such that z,, — =,
we have

lim f(z,) = f(x) .

n—-+o0o

Definition 1.4. Let (X, d) be a metric space. We say that a set C' C X is closed if for each
sequence {x,} C C converging to a point € X, we have that z € C'. We say that a set
A C X is open if its complement A€ is closed.

Definition 1.5. We say that a set K C X is compact if for each sequence {z,} C K it is
possible to extract a subsequence converging to a point x € K.

Definition 1.6. Let X be a vector space. We define on X a norm, i.e. a functional
| - |lx : X — R such that

(1) (Identity of indiscernibles ) ||z||x > 0 Ve € X and ||z]|x =0 <= x=0;

(i) (Positive homogeneity ) || Az|x = |\ ||z||x Yz € X and VA € R;

(ili) (Triangular inequality) ||z + yl|x < ||lz||x + ||yl x for every z,y € X.

The pair (X, || - [[x) (or simply X, if || - || x is assigned) is called normed space.

A normed space is a metric space with respect to the distance induced by the norm, i.e.
d(z,y) = [lz —yllx.

Remark 1.7. We observe that in a normed space, as well as in a metric space, the union of
any family of open sets and the intersection of a finite family of open sets is still an open
set; consequently, the intersection of any family of closed sets and the union of a finite
family of closed sets is a closed set.

Definition 1.8. Let X be a normed space and {z,} C X be a given sequence. Let zy € X;
we say that {z, } converges to x( for n — +oo (and we write z,, — xy), if ||z, —zo||x — 0,
for n — 4o00. This is the so-called strong convergence.

We say that {x,} is a Cauchy sequence if

Ve>0 3dngeN st ||z, —znlx <e  Vn,m>ng.
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We observe that every convergent sequence is a Cauchy sequence, while, in general, the
converse is not true.

Definition 1.9. We say that X is a complete normed space if every Cauchy sequence is
convergent in X. In this case X is called Banach space.

Given a Banach space X (with finite or infinite dimension), we denote by X* its dual
space; i.e., the vector space of all the linear and continuous functionals on X, and by (-, -)
the canonical duality between X and X*. For every functional x* € X*, ||2*||x+ denotes
the dual norm in the space X*; i.e.,

[2*]|x+ = sup [(z",z)| .
reX
llzll x <1
Finally, we denote by X** the bidual space of X (i.e. the dual space of X*). It is well
known that X can be identified with a subspace of X**. We will say that X is a reflexive
space if X coincide with its bidual space X**.

Obviously, using the norm defined on X*, we can introduce on this space, as already
done for X, a notion of strong convergence. Indeed, we say that the sequence {z*} C X*
strongly converges to z* € X* for n — +o00 (and we write = — z*), if ||z} — 2*||x- — 0,
for n — 4o00. The space X* endowed with this norm is a Banach space.

Definition 1.10. Let {z,,} € X be a given sequence. Let z € X; we say that {x,} weakly
converges to x for n — 400 (and we write z,, — z), if (z*,z,) — (z*,x), for n — +o0
and for every z* € X*.

Let {2} C X* be a given sequence. We say that x converges to x* € X* x-weakly for

n — +oo (and we write 2% = 2*), if (2%, 2) — (2*, z), for n — 400 and Vz € X.

We remark that in infinite dimensional normed spaces the weak convergence is, in general,
strictly weaker than the strong convergence. In particular, if X is a reflexive Banach
space of infinite dimension, it is possible to find weakly convergent sequences which do
not strongly converge (see Theorem 1.27 and subsequent considerations). For example,
the boundary 0B; of the unit sphere is closed in the sense of the Definition 1.4, but we can
find sequences {x,} C 9B (i.e. ||z,|| = 1) such that x, — = with ||z| < 1 (see [17, Chp.
ITI, Remark 4]). On the other hand, there are examples, although rare, of ”pathological”
infinite-dimensional spaces (for example the space [1), where all the weakly converging
sequences are also strongly converging. On the contrary, these two notions of convergence
always coincide in finite dimensional spaces.

We also note that, in general, the weak convergence is not metrizable; however, this is
possible on the unit sphere (or on bounded sets), if X* is separable. Similarly, if X is
separable, the same property applies to the x-weak convergence in X™*.

The following result is a direct consequence of the well-known Banach-Steinhaus Theorem.

Theorem 1.11. Let X be a Banach space. Let {x,} C X be a given sequence and assume
that there exists x € X such that x,, — x. Then there exists a real number ¢ > 0 such
that ||x,|| < ¢, for every n € N.

Let {z:} C X* be a given sequence and assume that there exists x* € X* such that

x5 a*. Then there exists a real number ¢ > 0 such that ||z | x- < ¢, for every € N.

Now we will state some relations the strong and the weak or x-weak convergence.

Theorem 1.12. Let X be a Banach space. Let {x,} C X, {«} C X*, x € X and
x* € X* be given.
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(i) If x, — x (strongly), then x, — x (weakly).
(i3) If ¥ — x* (strongly), then x* = x* (x-weakly).
(1ii) If x, — x, then ||z||x < liminf || x -

(i) If x, z*, then |2*||x+ < liminf || || -
n—-+oo

Theorem 1.13. Let X be a Banach space. Assume that {x,} C X is a weakly converging
sequence to v € X and {z} C X* is a strongly converging sequence to x* € X*. Then
(xf,x,) — (", x).

Similarly, assume that {x,} C X is a strongly converging sequence to x € X and that
{2} C X* is a x-weakly converging sequence to x* € X*. Then (z}, x,) — (x*, z).

We recall some results concerning compactness. It is well known that in an infinite-
dimensional space, the unit sphere is never compact with respect to the strong conver-
gence; indeed, this is a special property of the finite-dimensional spaces (see [17, Theorem
VL5]). However, as follows by next theorems, the compactness of the unit sphere holds
with respect to the weak convergence.

Theorem 1.14. Let X be a separable Banach space. Then the unit sphere B1(0) of X*
is compact with respect to the x-weak convergence; i.e., if {xX} C X* and there exists a
real number ¢ > 0 such that ||| x+ < ¢, for every n € N, then there exists a subsequence

{ZL‘;]} from {{L‘;} and a pOint z* € X* such that :L‘;:j N ZL‘*, fOTj — 400.
A similar result holds in the space X, as stated in the next theorem.

Theorem 1.15. Let X be a reflerive Banach space. Let {x,} C X and assume that there
exists a real number ¢ > 0 such that ||z,||x < ¢, for every n € N. Then there exists a
subsequence {x,,} from {x,} and a vector x € X such that x,, — x, for j — 4o0.

We conclude this first section analyzing the relationship between weak and strong con-
vergence on convex sets.

Definition 1.16. Let X be a vector space. A subset C' C X is called conver if for every
z,y € X and every o € [0, 1] we have ax + (1 — a)y € X.

Theorem 1.17. (Mazur Lemma) Let X be a Banach space. Let {x,} C X and assume
that there exists x € X such that x, — x. Then there exists a conver combination of
elements of the sequence {x,} strongly converging to x, i.e. for every e > 0 there exist
n €N and o; € [0,1], i =1,...,n, such that

n n
Zaizl e HZ(xixi—xHx<e.
i=1 i=1

As a consequence of the previous result, we obtain the following corollary.

Corollary 1.18. Let X be a Banach space. Let C' C X be a convex set. Then C' is closed
(with respect to the strong convergence) if and only if for any sequence {x,} C C' weakly
converging to a point v € X, we have that v € C.

Let us conclude this section by recalling the definition of Hilbert space.

Definition 1.19. Let X be a vector space. We define on X x X a scalar product, i.e. a
bilinear form (-,-) : X x X — R such that
(i) (Null property) (z,z) > 0Vx € X and (z,2) =0 <= =z =0;
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(i) (Symmetry) (z,y) = (y,x) Yo,y € X;
(iii) (Linearity) (Ax + py, z) = Mz, z) + u(y, z) for every z,y,z € X and every A\, u € R.

A space with a scalar product is, in particular, a normed space with respect to the norm
defined by ||z|]|x = +/(x,z). On the contrary, a normed space is not in general a space
with scalar product, unless the norm satisfies the parallelogram identity; i.e.

lz +yllx + llz = yllx = 2(l2lx +lyl%)  Vo,yeX.

If X is also complete with respect to the norm induced by the scalar product, it is called
a Hilbert space. In a Hilbert space it is possible to introduce the notion of orthogonality;
i.e., two vectors x,y € X are orthogonal if (z,y) = 0. Moreover, the well-known Cauchy-
Schwartz inequality holds

(@)l < [lelixllyllx  Vo,yeX.

Finally, we recall that every Hilbert space is always reflexive.

1.2. Lebesgue summable functions and Sobolev spaces. Let 2 C RY be an open
set, 1 < p < +ooand f: 2 — RM be a measurable function. We say that f is a Lebesgue
p-summable function (and we write f € LP(£2;RM)) if

1/p

1l = / F@Pde| <00
(%

Similarly, we say that f is essentially bounded (and we write f € L>(£2;RM)) if
| flloo :=1inf{a : |f(z)| < a q.0.in 2} < 400 .

In particular, we say that f € L} (2;RM), 1 <p < 4o, if f € LP(A;RM), for any open
set A CC (2.

The LP-spaces endowed with the norms defined above are Banach spaces and, for 1 < p <
+00, they are also separable. In particular, for p = 2, L?(£2;RM) is a Hilbert space with
the scalar product given by

(f.9) = / f@)g(e)dr  Vfge LX(2:RY).

Obviously, a sequence {f,} C LP(2,RM) strongly converges to f € LP(§2;RM), ie. f, —
fiif || fa — fll, = 0, for n — +o0.

Let 1 < p < +o0 be given; we denote by p’ the conjugate exponent of p,i.e. 1/p+1/p' =1
ifl<p<+oo,p=4cifp=1land p=1if p=+4oo. If 1 <p < 400, it is possible
to prove that L* is the dual space of L?, while L' is strictly contained in the dual of L.
Moreover, if 1 < p < +00, the space LP is also reflexive.

Let us now specialize in this context the notions of weak and x-weak convergence. For
the sake of simplicity, we assume M = 1 (and then write LP({2) instead of LP({2;R)). The
general case can be obtained reasoning by components.

Let, firstly, 1 < p < 4o00; then f, — f in LP(§2) if

/ fa(@)g(a) dz — / f@)g(x) e Vg e LP(Q2) .
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Analogously, we have f, = f in L>®(£2) i

/fn(x) da:ﬁ/f dr  Yge L'(RQ).
9}

Theorem 1.20. Let {f,} be a sequence of functions in LP({2) strongly converging to
ferr(2),1<p<+oo. Then

(i) fo— fin LP(£2) if 1 < p < +o0 and f, = f in L>®(02);

(i) [ fully = [If[lp, per 1 < p < +o0.

Proof. Clearly, (i) follows from Theorem 1.12, while (ii) is a direct consequence of the
triangular inequality:. U

In the case where 1 < p < 400, we can prove also the opposite result, as follows by next
theorem.

Theorem 1.21. Assume 1 < p < +oo and let {f,} be a sequence of functions in LP(S2).
If fo = [ in LP(82) and || fullp = [[f[lp, then fo — f in LP(£2).

Theorem 1.22. Let {f,} be a sequence of functions in LP((2) strongly converging to
fe LP(2), 1 <p < +oo. Then there exists a subsequence {fn.} of {fn} and a set
N C 2 with zero Lebesgque measure, such that f,, (r) — f(x), for every x € 2\ N; i.e.,
the subsequence { fn,} pointwise converges to f a.e. in (2.

We recall here some relevant results concerning the passage to the limit under the Lebesgue
integral.

Theorem 1.23.
(i)(Fatou Lemma) Let {f,} be a sequence of measurable functions defined on (2, such that
falz) >0, for a.e. x € 2 and every n € N. Then

/[hminf folz )} dx <11m1nf/fn
7

(i1) (Beppo-Levi Theorem) Let {f,} be a sequence of measurable functions defined on 2,
such that 0 < f,(z) < fur1(x), for a.e. x € 2 and every n € N. Then

/fn(x) dr — /f(x) dx where f(x) =sup f.(z) .
7 0

neN

(i7i) (Dominated convergence theorem) Let {f,} be a sequence of measurable functions
defined on {2 converging pointwise a.e. to a given function f. Assume that for a.e. x € {2
and every n € N we have |f,(z)] < g(x), where g € L'(2). Then, f € L'(2) and
| fn — fll1 — 0, for n — +oc.

From Theorems 1.11, 1.14 e 1.15 we immediately obtain the following result.

Theorem 1.24. Assume that { f,,} is a weakly converging sequence in LP(£2), 1 < p < +o0,
(respectively, a x-weakly converging sequence in L>°(§2)). Then it is bounded uniformly
with respect to n € N.

Assume that {f.} is a uniformly bounded sequence in LP(§2), 1 < p < +oo. Then
there exists a function f € LP({2) and a subsequence of {f,} weakly converging to f, for
1 < p < 400 (respectively x-weakly converging to f for p=+o00).
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We observe that, since L? is a Hilbert space, by the Cauchy-Schwarz inequality we get

((Foo)l = || fe)gla) de| < [ [f(@)g(x)] dz < | flallglle  Vf g€ LX),
s o] < s

which implies, in particular, that the product of two L?-functions gives an L!-function.
This result can be generalized to the case of the product of two functions belonging to
Lebesgue spaces in duality, as follows from next theorems.

Theorem 1.25. (Holder inequality) Let 2 C RY be an open set, let 1 < p < +oo and p'
be the conjugate exponent of p. Then for every u € LP(£2) and v € L¥ (£2), we have that

uv € LY(92) and
/( dx</w D) do < [l ol

Theorem 1.26. (Young inequality) Let 2 C RY be an open set, let 1 < p < +o00 and p'
be the conjugate exponent of p. Then, for every u € LP(£2) and v € L (12), we have that
uv € LY($2) and

/

1 o /
/ (2)olz) do </|u Dl do < —<lulp+ Slelly >0

Now let us recall a useful result concerning the weak convergence of periodic functions.
To this purpose, denote by Y the unit N-dimensional open square (0,1)". Assume for
the sake of simplicity that f is a Y-periodic function (though the result holds for general
periodic functions, up to read the symbol f as the mean value of the function f on its
period).

Theorem 1.27. Let f € LP(Y), 1 < p < 400, be a function which is periodically extended
)

on the whole of RN . Set f.(z) = ( /€); then, for e — 07, we have
fo— fz/f() se 1 < p<+o0;
Y
fsi?:/f(l')dl' se p = +00 .
Y

When f(x) = sinx, we obtain that sin(z/s) = 0 in L>°(0,27), which is the well-known
Riemann-Lebesgue Lemma. This implies, in particular, that the sequence {sin(nz)} is an
example of a weakly, but obviously not strongly, converging sequence.

Lemma 1.28. Let 2 CRY be an open set and f € L} (£2). Assume that
/f )dx =0 Vo e C3°(£2) .

Then f =0 a.e. in §2.
Corollary 1.29. Let 2 CRY be an open set and f € L}, (2). Assume that

/f@W@MMIO (1.1)
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for all functions ¢ € C5°(£2) such that f5¢ da = ﬁ [, ® dx = 0. Then there exists a
constant ¢ € R such that f = c a.e. in (2.

Proof. Let f € L}, .(£2), ¥ € C°(2) and ¥ € C3°(£2) with f5¥ da = 1. Then

loc

Q/[f—][gfwy]@z)dx:!f@z)dx—(][way) Q/Mx
=!f[w—\ﬂ][9wdy] dr =0

since, setting ¢ = ¢ — W51 dy, we have that ¢ € C3°(£2) and §5¢ do = 0. Therefore,
by Lemma 1.28 we obtain f — J%f\I/ dy = 0 a.e. in (2, i.e. the thesis is achieved with

c=$IV dy. O

We conclude this chapter by recalling the main properties of functions which admit deriva-
tives in a weak sense. First, given k € N and 1 < p < +o0, we denote by W*P(2;RM)
the space of measurable functions whose distributional derivatives up to order k£ belongs
to the space LP. This is a Banach space if it is equipped with the norm

k 1/p
1 llkp == (Z HV‘lfH§> se 1 <p<+o00;
a=0

— (64 — .
IF ke = max [V flle sep=-+o0:

where V¢ f is the matrix of the a-th weak derivatives.

As usual, we denote by H*(£2;RM) the space W*?2(2; RM), which is a Hilbert space. In
particular, for k = 1 and M = 1, on H'({2) it is defined the scalar product

(f.9) = / f(2) g(x) dz + / Vi) Vy(x)dr  Vf.ge H'(Q).

N

Moreover, for 1 < p < +oo0, WEP(2; RM) denotes the closure of C¢°(£2;RM) with respect
to the norm of W*? and HY(£2;RM) = Wf’Q(Q;RM). The space Wf’p(Q; RM) equipped
with the norm of W*?  is a Banach space. In the case where 2 = (a,b) is a real interval,
Whi(a,b) is identified with the space of absolutely continuous functions on (a, b).

We recall that, if p/ is the conjugate exponent of p, W=*#'(£2; RM) is the dual space of
WEP(2;R!); in particular, for k = 1 and M = 1, W~ (£2) is the dual space of Wy (£2)
(as usual, when p = 2, H~'(£2) denotes the dual space W, "*(£2)) and each element
g € W' (£2) can be represented as follows

N
g=9-Y 0y,
j=1

where g, g; € LP'(£2) and the derivatives are taken in the distributional sense. Moreover,
if 2 is bounded, h < k and ¢ < p, then WHFP(£2; RM) c Wha(2; RM).

We recall also that for 1 < p < +oo, WEP(£2; RM) is separable and for 1 < p < +o00 it is
also a reflexive space. Finally, if {2 is regular (for example 92 € C!) and 1 < p < +o0, we
have that C*°(£2;RM) is dense in W*P(2;RM) with respect to the norm defined above
and, if 2 is bounded, W1H*°(§2; RM) is identified with the space of Lipschitz functions.
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Theorem 1.30. (Embedding Theorem) Let 2 C RN be a bounded open set. Then the
following assertion hold.

(i) If 1 < p < N, Wy(£2;RM) C LU2;RM), for every 1 < q < NN—f;) and the embedding
1s compact for 1 < q < NN—_’;.

(i) If p = N, Wy (£2; RM) € LI(2;RM), for every 1 < q < +oo and the embedding is
compact. o

(iii) If p > N, WP (£2; RM) € Co(2; RM) and the embedding is compact.

The previous result still hold if we replace Wy*(£2; RM) with W'»(£2;RM), but assuming
suitable regularity properties of the boundary of 2, for example 042 of class C*.

We observe that Theorem 1.30, in particular, implies that, if 1 < p < +o00 and f,, — f
in Wol’p(Q;RM), then f, — f in LP(02;RM). Moreover, if p > 1, we have the following
crucial compactness property of the space WhP(2; RM).

Theorem 1.31. Let p > 1 and 2 C RY be a bounded open set. Assume that {f,} C
WP(2;RM) is a bounded sequence; i.e., there exists a constant ¢ > 0 such that

anHLpgc Vn € N.
Then there exists a subsequence { fn,} of {fu} and a function f € WHP(£2;RM) such that
fo = f in WEP(O;RM), if p # 400, or fo, — f in WE(2;RM), and hence f,, — f
strongly in LP(§2; RM).
Unfortunately, when p = 1, the space WH(£2;RM) fails to be compact with respect to

the weak convergence, since it is not a reflexive space. This problem will be overcome
with the introduction of the space BV (see Section 1.3 and Theorem 1.38).

Theorem 1.32. (Poincaré inequality) Let £2 C RY be an open bounded and connected set,
with boundary of class C* and 1 < p < +o00. Then,
(i) there exists a constant ¢ > 0 such that, for every f € WyP(£2;RM), we have

LAl < VA
(ii) there exists a constant ¢ > 0 such that, for every f € WHP(£2;RM), we have
1f = Fllo < eIV Al
where f = |—(12‘ [ f(z) dx.

Remark 1.33. We note that property (i) holds, in general, for any bounded open set (not
necessarily connected or with boundary of class C!), while property (ii) holds also for
p = +00.

For the sake of simplicity, we give the proof only for p > 1.

Proof.
(i) We assume by contradiction that the thesis does not hold, i.e. for every n > 0 there
exists f, € WP (£2;RM) such that

[ fullp > IV fullp - (1.2)

We may suppose, without loss of generality, that ||f,||, = 1; therefore, from inequality
(1.2) we obtain that

[folip <2 e [[Vfalp, =0 pern— oo . (1.3)

From Theorem 1.15 it follows that there exists a function f € Wy (£2;R™) and a subse-
quence, still denoted {f,}, such that f,, — f in W,?(£2;RM). From Theorem 1.30 we also
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obtain that f, — f in LP(£2;RM). Moreover, since || f, ||, = 1, it follows || f||, = 1. On the
other hand, from (1.3) and Theorem 1.12, we obtain that ||V f||, < liminf ||V f,|, = 0,
ie. f = constant in Wol’p(Q;RM) and then f = 0 a.e. in (2. This contradicts the fact
that || f||, = 1 and so the thesis follows.

(ii) In order to prove the second inequality, we proceed in a similar way, replacing f,, with
Gn = fn — fn- We obtain that g, — g in LP(§2;RM), with |g||, = 1 and g = constant in
Whp(2; RM). On the other hand, from the strong convergence we also obtain

1 — 1 1
0= @![fn@:) ) de = @!gn@:) dz — ﬁg/g(‘”) dx

which implies, since g is a constant vector of RM, g = 0 a.e. in {2, in contraddiction with
the fact that ||g[|, = 1. O

We observe that the Poincaré inequality implies, in particular, that on I/VO1 P, RM), the
LP norm of the gradient is equivalent to the standard norm of WP, Then this space
endowed with the LP-norm of the gradient is still a Banach space.

Finally, we denote by W,-”(£2) the space of functions belonging to W'?(A), for every open
set A CC (2.

1.3. The space BV.

Definition 1.34. Let Q C RY be an open set. The space BV(S2) is defined as the space
of all functions f : 2 — R belonging to L'(§2) whose distributional gradient Df is an
R¥-valued Radon measure (i.e., Df € M(£2;R")) with total variation |Df| bounded in
2. We recall that

DF|() = sup / f(z) dive(z) d : ¢ € CHQLRY), sup |¢(z)] = 1

e

We denote by D*f and D? f the absolutely continuous and the singular part of the measure
D f with respect to the Lebesgue measure. We recall that D*f and D°f are mutually
singular, moreover we can write

Df =D +D°f and Df=VfL",

where V f is the Radon-Nikodym derivative of D f with respect to the Lebesgue measure.
In particular,

D f=Df +(fF — f vy HY 'L

where J; is a countably HN~'-rectifiable Borel set (see [9, Definition 2.57]) and vy is the
approzimate normal vector to Jy. The set Jy is known as the set of the approximate jump
points of f and vy is the direction of the jump of f. The remaining part Du is called the
Cantor part of Du.

We recall the main properties of the space BV (£2):
(i) BV(Q) is a Banach space endowed with the norm

1 fllgy = IlfllL + [DfI(£2);

(i) BV(Q) € L'(Q2) and the inclusion is strict;
(iii) BV(£2) is not a separable space.
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Definition 1.35. (x-weak convergence) Let {f,} C BV(Q2) and f € BV({2) be given. We
say that the sequence {f,} *-weakly converges to f € BV(Q) if

fn — f strongly in L'(Q);

/¢Dfn—>Q/¢Df Vo € Co(2).

)

Definition 1.36. Let {f,,} € BV(Q) and f € BV({2) be given. We say that the sequence
{fn} strictly converges to f € BV(Q) if

fn — f strongly in L'(Q);
[ Dfal(£2) = |DfI(£2).

Theorem 1.37. Let Q C RY be an open bounded set with reqular boundary. Let f €
BV(Q). Then there exists a sequence of functions { f,} C C*>(§2) which strictly converges

to f.

Theorem 1.38. (Rellich Theorem) Let Q C RY be an open bounded set with reqular
boundary. Let {f,} C BV(Q) be such that there exists a constant ¢ > 0 satisfying

[follgy <¢ VneN.
Then there exists a subsequence { fn,} of {fn} and a function f € BV(£2) such that
fa, — f strongly in L'(€).

Remark 1.39. Clearly W'(Q2) € BV(Q) and, thanks to Theorems 1.38 and 1.40, BV (2)
has the compactness property which fails to hold in W11(£2).

As a consequence of Theorems 1.11 and 1.38, we obtain the following criterion for the
x-weak convergence.

Theorem 1.40. Let Q C RY be an open bounded set with regular boundary and {f,} C
BV(Q) be a given sequence. Then {f,} *-weakly converges to f € BV () if and only if
{fu} is bounded in BV(Q) and converges to [ strongly in L'(Q).

Theorem 1.41. (Poincaré inequality) Let Q C RN be an open bounded and connected set
with reqular boundary. Let f € BV(£2) be such that supp(f) CC Q. Then there exists a
constant ¢ > 0, depending only on the dimension N and the set {2 such that

[ 151dz < cpsie).
Q

For many applications, it is useful to introduce some special subspaces of BV, such as the
space SBV and the space SBVZ.

Definition 1.42. The space SBV(f2) is defined as the subspace of all f € BV(Q2) such that
Df =V LY+ (f* = f )y KLy
ie. D.f =0.

Definition 1.43. The space SBV?(Q) is defined as the subspace of all f € SBV(Q) such
that

/|Vf|2dx<+oo, and  HYNN(Jp) < o0
19
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We point out that SBV(2) is not a closed space; indeed, there exists sequences of SBV-
functions *-weakly converging to functions belonging to BV ({2) \ SBV({2). In particular,
this means that sequences of functions whose derivatives have only the absolutely contin-
uous and the jump part, can display in the limit also the Cantor part. On the contrary,
the space SBV2(Q) has an essential compactness property. Indeed, it is possible to prove
that, if £2 Cc R" is a bounded set with Lipschitz boundary and {f,} € SBV?*(£2) is a
sequence of function such that

sup |]anood:c+/|an\2d:c+HN1(an) <c (1.4)
2

neN

for a proper constant ¢ > 0, then there exists a subsequence {f,, } of {f,} and a function
f, still belonging to SBV?({2), such that f, — f, strongly in L}(f2), Vf,, — V/,
weakly in L*(£2), and HV~'(J;) < liminf, . o HV"'(Jp, ). In this case, the limit of
sequences in SBV?(£2) satisfying (1.4), has derivatives which cannot display the Cantor
part. Moreover, the absolutely continuous part and the jump part of the derivatives of f,,,
converge separately to the absolutely continuous part and the jump part of the derivatives
of f, so that no mixing effects between the two mutually singular parts of the derivatives
can happen.

For a general survey on the topics covered in this chapter, we refer to [1], [9], [17].
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2. Partial derivatives equations and minimum problems

2.1. Direct Methods in Calculus of Variations. In the following, X denotes a general
Banach space which, if it is not differently specified, will be endowed with the strong
convergence; i.e., the one induced by the norm. We also set R := R U {4o00}.

Definition 2.1. Let f: X — R. It is convez if
flar+ (1 —a)y) <af(x)+(1—-a)f(y) Vael01]

and for each z,y such that f(x), f(y) < +oo. The function f is strictly convex if it isn’t
identically +oo and if

flaz+ (1 —a)y) <af(x)+(1-a)f(y) Vae(0,1)
and for each = # y such that f(z), f(y) < +oc.

Definition 2.2. Let f : X — R. It is lower semicontinuity (respect. weakly sequentially
lower semicontinuity), if, for each x € X

f(z) < liminf f(z,) Ve, — xin X (respect. Vz,, = z in X).
In this case, we simply write that f is l.s.c. (respect. weakly Ls.c.).

Remark 2.3. We observe that, if f is convex and takes value —oc in one extremal point of
a segment, it an assume finite value only in one point of this segment; then if o € X, f
is upper bounded in a neighborhood of zy and f(xy) = —oo, then it is identically equal
to —oo in the whole neighborhood. If f is convex and l.s.c. and it takes value —oo in a
point, then it cannot be bounded.

As a consequence of the previous remark, we shall consider only functions that never
assume the value —oo. We recall that a function f is said proper if f(x) > —oo for
each x € X and if there exists at least a point T € X such that f(T) < +oo; ie,
f: X — RU{+o0} is not identically equal to +oc.

We call domain of f the set defined by
dom(f)={z € X : f(z) < +o0}.

If f is convex, its domain is a convex set. Also, if f is proper, its domain is non empty
and coincides with the set of points where f is finite.
Finally, we call epigraph of f the set

epi(f)={(z,t) e X xR : t> f(x)} .

Theorem 2.4. Let f: X — R be a proper convex function. Then it is l.s.c. if and only
if it is weakly l.s.c.

In particular, previous theorem implies the result already stated in Theorem 1.12 (iii). In
fact, the function z € X — ||z||x is convex and continuous (then l.s.c.), therefore it is
also weakly l.s.c. Hence, for each sequence {x,} C X such that z, — x weakly in X we
have ||z]|x < liminf ||z,[ x.

We are now in the position to solve the problem
min{F(u) : uve X}, (2.1)

where X is a Banach space and F': X — R is a given function.
We want to study under which assumptions we can obtain the existence of a (possibly
unique) solution of (2.1). For our purposes, we will have that in general X is a functional
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space with appropriate boundary conditions and F' is an integral functional. Some classic
examples are:

Example 2.5. [Dirichlet integral] Let £2 C RY be a bounded open set;

X = Hy(0) F(u) = %/|Vu|2 dx .
19

Example 2.6. [Area functional] Let 2 C RY be a bounded open set;

X =W, (0R) F@y:/\ﬂ+wvm%m.
2

Example 2.7. [Functional of the geometric optics] Let I = (a,b) C R be a bounded real
interval;

X ={uecC(I) : ula) =uo ,uld) =u} F(u) = /g(t,u)\/l + (u)? dt .

A first approach to such problems can be done through the so-called classical methods
(whose pioneers were Bernoulli and Euler). They consist in determining the critical points
u € X for the functional F'| i.e. the points such that F'(u) = 0, and then to study
the successive derivatives in order to determine the nature of the critical points. These
methods have the defect that they need to assume some regularity of the functional
and the critical points that, in general, may not be present. A second and more recent
approach has been developed from the beginning of the twentieth century by Hilbert and
Lebesgue, in connection with the study of the Dirichlet integral. These methods were
then generalized by Tonelli and are known as Direct Methods of Calculus of Variations.
The approach with the direct methods is essentially based on the classical Weierstrass
theorem. The main idea is, namely, to find minimizing compact sequences (from which
it is then possible to extract convergent subsequences) and then exploit the continuity
(or rather the l.s.c.) of the functional in order to show that the limit points are in fact
minimum points for the functional itself. We observe that compactness and l.s.c. are
topological properties in competition with each other; indeed, compactness properties are
easily obtained in weak topologies while properties of continuity are obtained more easily
in finer topologies. For this reason, it is essential, once assigned F' and X, to choose the
appropriate topology in which the two requirements can be balanced.

These ideas lead to the statement of the next theorem; however, we need before some
definitions.

Definition 2.8. Let F' : X — R. We say that a sequence {u,} C X is a minimizing
sequence for the functional F on X if

lim F(u,)=inf F .
X

n—-+o00

Definition 2.9. Let F : X — R and Y be an unbounded subset of X. We say that F' is
coercive on'Y (or simply coercive, if Y = X)), if there exists o > 0 such that

F(u)

lulix ~+oe|[uf| x

>a>0. (2.2)

Theorem 2.10. Let X be a reflexive Banach space and F' : X — R be a coercive and
weakly l.s.c functional on X. Then problem (2.1) admits at least one solution.
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Proof. It F' = 400, every point v € X is a point of minimum. Otherwise we have
infx F(u) < +oo. Then, if {u,} € X is a minimizing sequence, there is ¢ > 0 such
that F'(u,) < ¢ and thus, from the coercivity, there exists ¢ > 0 such that ||u,||x < ¢.
Therefore, every minimizing sequence is bounded. Since the space X is reflexive, we can
extract a subsequence, still denoted by {u,}, weakly converging to a point © € X (see
Teorema 1.15). From the weakly l.s.c. of F' it follows

. < F(7) < Tim i _ .
151(f Fu) < F(u) < lTlLIlliglof F(uy) 151(f F(u)
Then 7 is a minimum point. 0

Corollary 2.11. Let X be a reflexive Banach space, Y be a convex and closed subset of X
and F :' Y — R be a coercive functional on'Y and weakly l.s.c. on X. Then the problem

min{F(u) : ueY},
admits at least one solution.

Proof. We proceed as in the proof of previous theorem, noting that, as w is the weakly
limit of a sequence in Y, then @ € Y, as Y is convex and closed (see Corollary 1.18). O

As for the uniqueness of the solution, we state the following result.

Theorem 2.12. Let F : X — R be a strictly convex functional. Then the problem (2.1)
admits at most one solution.

Proof. By contradiction, assume that there exist u,v € X, with u # v, such that
F(u) = F(v) = min F(w) .
() = F(v) = min F(w)

Then, from the strict convexity of F' it follows

1 1 1 1
F - = —F —F(v) =min F
ie. w= %u + %v is a point where F' reaches a value strictly less than its minimum. Since
this is a contradiction, the thesis is proved. 0

Next, using Theorem 2.10 (or Corollary 2.11), we will prove the existence of solutions for
the minimum problem in some particular case, which is interesting in the applications.
To this end, we consider the case of integral functionals defined on spaces of summable
functions or on Sobolev spaces. In the following, although not explicitly mentioned, we
always assume that §2 is a bounded open subset of RY with Lipschitz boundary.

Definition 2.13. Given f : 2 x RM — R, we say that it is a Carathéodory function if

(0  f(-,¢) is Lebesgue measurable for every ¢ € RM ;

(17)  f(x,-) is continuous for almost every x € {2 .
Theorem 2.14. Let 1 < p < 400 and f : 2 x RY — R be a Carathéodory function.
Assume that there exist a nonnegative function b € L'(§2) and a real number X > 0 such

that
f(z, &) > —=b(z) + A¢|P for a.e. © € 2 and for every £ € RY . (2.3)

Assume also that the function & — f(x,€) is convex, for a.e. x € (2, and that F :
Wy (£2) — R is the functional defined by

F(u) = /f(:c, Vu) dz . (2.4)
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Then, there exists ug € WyP(£2) such that

F(up) = min  F(u) .
ueWy P (£2)

Proof. If F' = +o0, all points of VVO1 P(£2) are minimum points and the result is trivial.
Otherwise, F' is a "proper” functional which is convex and, thanks to Fatou’s Lemma,
also Ls.c. with respect to strong convergence. Indeed, if {u,} C Wy™P(£2) is a sequence
of functions strongly converging to u € I/VO1 P(£2), by Theorem 1.22, we have that, up to a
subsequence, Vu,(x) — Vu(x) a.e. in {2 and hence, since f is a Carathéodory function
(i.e. f(x,-) is continuous on RY for a.e. z € 2), f(x, Vu,(x)) — f(z, Vu(z)) a.e. in .
Moreover, by (2.3) the function (x,&) — f(z,§) + b(z) is nonnegative, so that applying
Fatou’s Lemma it follows

lim inf F(u, —hmmf/f x, Vu,(x

n—-+00 —+00

= liminf/ [f(z, Vu,(z)) + b(z)] dz— /b(x) dx

> / (2, Vu(z)) + b(z)] dr — / b(x) do — / o, V() dr = F(u).

Then, by Theorem 2.4 F' is also weakly l.s.c. on VVO1 P((2), which is a reflexive Banach
space, since 1 < p < +o00. In order to obtain the existence of a minimum point, it is
sufficient to prove the coercivity of F' on VVO1 P(£2) and then to apply Theorem 2.10. We
observe that by (2.3) and by the Poicaré inequality (see Teorema 1.32) we obtain

[, fla, Vu) > y — [ b(x) dz 4+ M|Vl
1
||u||1,p_’+°° ”u”l,p ||u||1,p_’+OO Hqu,p (2 5)
D .
u
Jullty _

lullyp—+oo ||©]|1,p

where the last equality is due to the fact that p > 1. Then F is coercive and the proof is
accomplished. O

The same result as in Theorem 2.14 applies also to functionals F : WyP(2) — R (1 <
p < 4+00) of the form

= /f(:p,Vu) dx—/gu dx, (2.6)
0
where g € L' (2) (1/p+1/p' = 1) and f is as in the statment of Theorem 2.14. Indeed,
the second term in (2.6) is a linear continuous functional on W, ”(£2), hence F is still a
weakly Ls.c. functional on W, (£2); moreover, recalling (2.5) and Holder inequality, we
obtain that F' is also coercive. Indeed,

F(u) [ ullt, Hng/Hqu} o [ [ullf, gl llulli,
lullsp—+oo [|ull1p ~ lullip—+oo | [[ull1p /|1 lullrp—+oo | [Jw]|1,p ][,
[Jul]f, B
- ||9||p’ = +00.

llull1.p—+oo ||u]|1,p

Hence, Theorem 2.10 assures the existence of a minimizer. In particular, settingp = p’ = 2
and a;; € L>(2), i,j = 1,..., N, we obtain the existence of a minimizer in H}(2) for
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the functional

1

F(u) = 3 /a(x)VuVu dx — /gu dx ,
2 2

where a is the matrix of the coefficients a;;. In this last case, being the functional also

strictly convex, the minimizer is unique.

The general case is treated in the next theorem, whose proof is a direct consequence of
the previous arguments.

Theorem 2.15. Let 1 <p < +oo, I/p+1/p'=1,g€ LP'(2) and f : 2 xRN — R be a
Carathéodory function. Assume that there exist a nonnegative function b € L*(£2) and a
real number A > 0 such that

f(z,&) > —b(x) + NP for a.e. x € 2 and for every € € RY . (2.7)

Assume also that the function & — f(x,€) is convex, for a.e. x € (2, and that F :
WP() — R is the functional defined by

F(u) = /f(x, Vu) dx — /gu dx . (2.8)
7 19
Then, there exists uy € W'P(§2) such that

F(up) = min F(u),

ucY
where Y = w + Wy*(2) and w € WP(£2).

Remark 2.16. These existence results cannot be easily extended to the case p = 1, since
the space X = Wh1(2) (or X = W,"'(£2)) is neither reflexive nor the dual of a separa-
ble Banach space, hence it is not true, in general, that a minimizing sequence in X is
convergent, even up to a subsequence, in the same space.

2.2. Linear elliptic equations in divergence forms. In the following X denotes a
general Hilbert space. We say that a form a : X x X — R is bilinear if, for every
x,y,z € X and every A, 4 € R, we have

a(Me + py,2) = Na(x,2) + paly,z)  and  a(z Az 4 ) = Aa(z, @) + palz,y)

i.e. if it is linear in each entry. We say that a is symmetric if for every x,y € X we have
a(x,y) = a(y,x). Moreover, we say that the bilinear form a is continuous if there exists
a constant A > 0 such that

alz,y) < Azl lyll  Ve,y e X.

Definition 2.17. Let a : X x X — R be a bilinear form. We say that it is coercive if there
exists A > 0 such that
a(x,x) > N|z|]? Vee X.

A first very simple example of bilinear continuous symmetric and coercive form on X is
the scalar product itself.

Let us recall the well-known Lax-Milgram Lemma, which is a crucial result in the frame-
work of variational equations (see, for instance, [28, Section 5]).

Lemma 2.18. Let a: X x X — R be a bilinear continuous and coercive form. Then, for
every x* € X* there exists a unique solution x € X such that

a(z,y) = (z",y) VyeX.
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A special application of the previous result arises in the treatment of linear elliptic equa-
tions of variational type. To this purpose, set X = H}(£2), with £ an open bounded
subset of RY. Assume that A = [a;;] is a symmetric matrix with a;; € L>(£2), for every
1,7 =1,..., N, and satisfying
MNEP < ay(2)&E < A€ for a.e. z € 2, V€ € RY (2.9)
for two suitable constants 0 < A < A < 4+o00. Assume in addition that f € H~'(£2) and
consider the Dirichlet problem
{ —div (A(z)Vug) = f(z) in (2,

uo € HY(9). (2.10)

Taking into account the weak formulation of (2.10), i.e.

[A@vu@vow = [ f@owdr e m(@).

and defining the bilinear symmetric form a : Hg(£2) x Hi(£2) — R given by

a(u,v) = | A(z)VuVudzr,
/

problem (2.10) can be rewritten as
find ug € Hy(£2) such that
a(ug, ) = (f.0) Vo € Hy(02).

By (2.9), the bilinear form is continuous and coercive on Hj({2), since

a(u,v) < C/VUVU dr < c||[Vullo|[Volly < clfully 2llvll 5
2

thanks to Holder inequality (see Theorem 1.25), and

a(u,u) > )\/ |Vu\2dx > C”U”m Yu € Hol((Z),
Q

thanks to Poincaré inequality (see Theorem 1.32). Hence, as a consequence of Lax-
Milgram Lemma, there exists a unique solution uy € H3(§2) of (2.10).

It is worthwhile to remark that the same result can be obtained in a completely different
way, starting from classical well-posedeness results stated in the regular case and then
using a standard regularization procedure, to cover the case of weak solutions. A similar
approach can be followed also in the nonlinear case. Indeed, in order to obtain well-
posedness results for nonlinear elliptic equations of variational type, one can use the
Schauder fixed point theory (see for instance [28]) which assures, under classical regularity
assumptions on the data of the problem, existence and uniqueness of a classical solution
of the problem
—divg(z,Vug) = f in £2,
{ Up= ¢ on 0f2.

Then, weak solutions can be obtained under weaker assumptions via a regularization
procedure.
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2.3. Minimum problems and variational PdEs. In Section 2.1 we stated some results
on the existence of minimizers for integral functionals while in Section 2.2 we stated some
results on the well-posedness of some variational elliptic equations. In the present section
we emphasize how to connect these two problems; more precisely, we will prove that,
under suitable conditions, existence of minimizers can be obtained by proving the well-
posedness for a proper elliptic equation as well as well-posedness of an elliptic equation
can be obtained by proving existence of minimizers for a suitable functional.

Definition 2.19. Let X be a Banach space. Let f : X — R. We say that f is Gateauz
differentiable at x € X, if for each y € X the following limit

lim f(l' + ty) — f(ZL‘) — df(x,y),

t—0t t
exists and it is finite. Moreover, the functional y € X +— df(z,y) has to be linear and
continuous; i.e., there exists a map df : X — X* such that df (x,y) = (df (z),y). In this
case, the continuous linear functional df (z) is said differential or Gateauz derivative of f
at the point z.

Definition 2.20. Let f : X — R. We say that it is Fréchet differentiable at x € X, if there
exists a linear and continuous functional D € X* such that
po F0) = f@) = D,y — 1)

=0.
y—e ly —2llx

We note that previous definitions are local, then it is possible to to state the notion of
Gateaux or Fréchet differentiability at a point x € X also for an extended real-valued
function, up to suppose that it is finite in a neighborhood of the point x.

Remark 2.21.

(i) If f is Fréchet differentiable, then it is also Gateaux differentiable. In this case,
D = df (z).

(ii) If X =RY (N > 1), the Gateaux differentiability of f corresponds to the derivability
of f along each direction, together with the request that the directional derivative depends
linearly on the direction. In turn, the Fréchet differentiability corresponds to the classical
differentiability of functions of several variables.

It is well known that, for functions defined on RY, the derivability does not imply, in
general, the differentiability, unless some continuity assumptions on the partial derivatives
are considered. Similarly, the Gateaux differentiability, in general, does not imply the
Fréchet differentiability, unless the continuity of the Gateaux differential is required, as
follows from the next theorem.

Theorem 2.22. Let f : X — R be a Gateauz differentiable function in X. We assume
that the application df : X — X is continuous. Then f is Fréchet differentiable at X .

We recall that if f is a Gateaux differentiable function and if z( is a minimum point, then
df (zg) = 0 in X*. If f is convex, the converse is also true; i.e., each point z( such that
df (z¢) = 0 in X* is a minimum point of f.

Example 2.23. Let g € L*(2) and X = H}(§2) and consider the functional F : X — R

defined by
1
F(u) = §/|Vu\2 dr — /gu dx .

2 2
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Clearly, F satisfies all the hypotheses of Theorem 2.15, hence it admits at least a minimizer
up € X. Moreover, F' is also Gateaux differentiable at every point of X. Indeed, for every
v € H}(2), we have

F(u+tv) — F(u)

oy t
i s o IVu+tVo]? dz — [, g(u+tv) de — 3 [, |Vu|? dz+ [, gu dx
=lim
t—0 t
Ly t [, VuVu dz + 3t [, |Vu]? de —t [, gv dx
_tg% t
:/VUVU d:p—/gv dx = —(Au+g,v>H_17Hé.
19 2

Hence, if ug € Hy({2) is a minimum point for F' in X, we obtain that ug satisfies the
equation —Aug = g in H~1(£2). Finally, by the convexity of F, also the converse holds;
i.e., ugp € X is a minimizer for F if and only if —Auy = g in H1(£2). Analogously, we
obtain that, if A = [a;;] is a symmetric matrix such that a;; € L®(f2) fori,j =1,..., N,
and F': X — R is the functional defined by
F(u) = 5 /A(:E)VUVU dr — /gu dz
2 2

then F' is Gateaux differentiable on H}({2) and uy € H}({2) is a minimum point for F' if
and only if ug satisfies the equation — div(A(x)Vug) = ¢ in H 1.

Example 2.24. Let 1 < p < 400, 1/p+1/p =1, g € L’ (2) and f : 2 x RY — R be
a Carathéodory function satisfying (2.7). Assume also that the function & — f(x,§) is
convex, for a.e. x € (2, there exists O f, it is a Carathéodory function and |0 f(z,§)| <
v(z) for a.e. x € 2 and every & € RN, where v € L'(£2). Let F : Wy?(£2) — R be the
functional defined by

F(u):/f(x,Vu) d:c—/gu dx . (2.11)

7
Then, F is Gateaux differentiable on H{(£2) and for every v € HJ(§2) we have

F(u+tv) — F(u)

fim t
i [o [z, Vu+1tVv) de — [, g(u+tv) do— [, f(z,Vu) dz + [, gu dx
_tg% t
:/85f(x, Vu)Vu dx — /gv dr = —(div (9 f (-, Vu)) +g,'u)H,17Hé.

Q Q

Hence, ug € X is a minimizer for F' if and only if —div (9¢ f(z, Vuo)) = g in H™(£2).

Let Y = (0,1)" and let us denote by H(Y) the space of the functions belonging to
H} (RY) which are Y-periodic and denote by f[#(Y) the subspace of the functions be-

loc
longing to H #(Y) having null mean average on Y. As a consequence of Poincaré inequality

(Theorem 1.32), we have that ﬁi# (V) endowed with the L2-norm of the gradient is a Ba-
nach space.
We conclude this section with the following lemma (see, for instance, [32, Lemma 2.1}).
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Lemma 2.25. Let g € L2 (RY) be a Y -periodic function. Let A = [a;;] be a symmetric and

loc
Y -periodic matriz with a;; € L®(RY) and assume that there exist two positive constants

0< A<A <400 such that
MR < ay(0)6& < AP forae y €Y, ¥E € RY. (2.12)

Then the equation

{ —div(A(y)Vo) =g inY; (2.13)

ve HL(Y);

has a unique solution, up to an additive constant, if and only if

/gdy:O. (2.14)
Y
Proof. First we note that, if v € Hy(Y) is a solution of (2.13), for every C' € R the
function v 4+ C' is a solution, too. Then it is enough to prove that (2.13) has a unique

solution in ﬁ]#(Y) To this end, we may follow different approaches. We propose here
two different proofs: the first one based on the Lax-Milgram Lemma and the second one
based on the Direct Methods of Calculus of Variations.

e We remark that problem (2.13) is equivalent to

/A(y)Vva dy = /gwdy Vw € Hu(Y). (2.15)
Y Y

Hence, let v be a solution of (2.15) and take w = 1; clearly, (2.14) follows. Next,
let us assume that (2.14) holds and prove that there exists a unique solution v €

ﬁ#(Y) satisfying (2.15). On ﬁ#(Y), let us consider the bilinear and symmetric
form given by

a(y, Wy) = / AV, - Ve dy, Vi, @ € Hy(Y).

Y

Clearly, by (2.12), it is continuous and coercive on ﬁi’& (Y); i.e., for every wy, wy €
f[#(Y) we have

0(@1,T) < ¢ [ VT Vady < el Tl [Tty o
Y
and

HL(Y)’

of@1, @) 2\ [ [V@fdy = Clal,,
Y

where in the last inequality we use the Poincaré inequality (see Theorem 1.32).
Moreover, the map w € f[#(Y) — fy f(y)w(y)dy is a linear and continuous
functional. Hence, by Lax-Milgram Lemma (see Lemma 2.18), there exists a
unique function v € ﬁ#(RN ) such that

a(v, W) = /gwdy Vi € Hy(Y). (2.16)

Y
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In order to prove that the previous equality holds for every w € H#(Y), let us fix

u;lE H(Y) and consider the function w = w — [, w(y)dy € ﬁ#(Y) It follows
that

/A(y)VU Vwdy = /A(y)V'U -Vwdy = a(v,w)

Y
gﬁdy:/gwdy—/gdy/wdyz/gwdy,

Y Y Y Y

<— <

where in the third equality we use (2.16) and in the last equality we use (2.14).
Hence (2.15) holds and the thesis is accomplished.

Assume that v € Hy(Y') is a solution of (2.13). Integrating on Y both the sides
of the first equation in (2.13) and taking into account the Y-periodicity of the
solution v and of the matrix A = [a;;], it easily follows

0= [ Aw)Vo-ndoty) = - [ diva)Vordy= [ gdy,

oY Y Y

where n denotes the outward unit normal vector to Y and do denotes the surface
measure on 0Y. Hence, (2.14) holds. Next, let us assume (2.14) and prove that
(2.13) has a unique solution with null mean average on Y. To this purpose let us
define on ﬁ]#(Y) the functional

2
Y Y

F(0) = —/A(y)vwvwdy—/g@dy, Vi € Hy(Y).

Clearly F' is strictly convex, weakly l.s.c. and coercive; indeed, using Poincaré
inequality (see Theorem 1.32) and Young inequality (see Theorem 1.26), it follows

A 1 J
~>_ ~12 . 9 _ 0 ~9
F(w)_2/|Vw| dy —25/9 dy 2/w dy

Y

Y Y
\—6C 1
> ""2 _ 2
_( 5 >/|Vw| dy 55 | 9 dy,
Y Y

which is the required coercivity property for § small enough. By Corollary 2.11,
with X = HL(Y) and YV = ﬁ#(Y), and Theorem 2.12 we obtain that the func-
tional F' admits a unique minimum v € f[#(Y) (note that we could also appeal
directly to Theorem 2.15).

Moreover, since F' is Gateaux differentiable and v is a minimum, according to
analogous calculations as in Example 2.23, it follows

F D) —
lim (v +tw) — F(v) _
t—0 t

/A(y)VvV@dy - /g@dy =0, Yw € ﬁ;ﬁ(Y)

Y Y




22 M. AMAR - F. DIDONE

Taking into account (2.14) and replacing @ = w — [, w dy, where w € H,(Y), we

have also
/A(y)VUdey—/gwdy = /A(y)VUV{Ddy—/g@dy—/gdy/wdy
Y Y Y Y Y Y (2.17)
:/A(y)VUViEdy—/gfwzo,
Y Y

for every w € Hj(Y). Equality (2.17) implies that v € Hj(Y') satisfies the first
equation in (2.13) and hence the thesis is accomplished.
O
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3. Homogenization of the standard Dirichlet problem

In this chapter we present the classical homogenization method, due to Bensoussan-Lions-
Papanicolau (see [12], [32]), based on the asymptotic expansion.

Let © be a bounded open subset of RY with n > 1. Let Y = (0,1)" be the unit cell in
RY. A function f(z), defined on RY | is said to be Y-periodic if it is periodic of period 1
with respect to each variable z;, with 1 < i < n. We denote by LZ(Y) and Hy(Y) the
spaces of functions in L2 (RY) and H] (R"), respectively, which are Y-periodic.

Let A(y) be a symmetric matrix of order n with entries a;;(y) which are measurable Y-
periodic functions. We assume that there exist two constants 0 < A\ < A < 400 such
that, for a.e. y € Y,

)\|€|2 S azj(y)fzfj S A|€|2 for a.e. Yy € Y, V§ € RN. (31)

Let A.(z) = A(Z) be a periodically oscillating matrix of coefficients. For a given function
[ € L*(Q2) we consider the following problem

{ —div(A.Vu,) = f  inQ, (3.2)

u: =0 on 0f2,

which admits a unique solution in H{(£2), in the sense that, given ¢ > 0, there exists a
unique function u. € Hj(§2) such that

/A5VU5V<,0 dz = /fgp dx Vo € HY (), (3.3)
02 02

(see Lemma 2.18). The homogenization of equation (3.2) is by now a classical matter (see
e.g. [10], [11], [12], [37]). We recall the main ingredients of this process that we shall use
later (we mainly follow the exposition of Ch. I §2 in [12]). Firstly, we establish the usual
energy estimate (obtained multiplying the first equation in (3.2) by u. and integrating by
parts):

c

A/A€VU€VUE dz

numiQS({/WVuA2¢rs
(P4 (P4

) ) (3.4)
=5 [ fucde < Sl < Ol
9]

where, in the first inequality, we used the Poincaré inequality (see Theorem 1.32). From
(3.4), it follows

el <C, (3.5)

where the constant C' depends on the Poincaré constant ¢, on the ellipticity constant A
and on the L?-norm of f, but not on €. Therefore, from (3.5), it can be easily proved that
there exists a function u € H}(£2) such that, up to a subsequence,

u. —u  weakly in H}(02). (3.6)

It remains to identify the limit function w. This will be done in a formal way in the next
Section.
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3.1. Formal Expansion. We assume that the solution u. admits the following ansatz
(or asymptotic expansion)

us(x) = ug <:1:, E) + euy (x, f) + 2y (x, f) + e3us <x, f) +... (3.7)
5 £ £ £

where each function u;(x, y) is Y-periodic with respect to the fast variable y. Plugging this
ansatz in equation (3.2) and identifying different powers of € yields a cascade of equations.
Defining an operator L. by L.¢ = —div A.V¢, we may write L, = e 2Ly + e 'L, + Lo,

where
0 0
ta= =g (o013,
0 0 0 0
b= (e )~ (g,

0 0
Lo==5- (az’j(y)a—xj) -

The two space variables  and y are taken as independent, and at the end of the compu-
tation y is replaced by . Equation (3.2) is therefore equivalent to the following system

L()U() =0
L0u1 + L1U0 =0
Loug + L1u1 + LQUO = f (38)

L0u3 + L1U2 + Lgul =0

the solutions of which are easily computed. The first equation in (3.8); i.e.,
0 Oug(x,y) _
_ s(y)—= ) = Y
ayz (a J (y) ay] m
y — uo(z,y) Y -periodic

where y is the independent variable, while = plays the role of a parameter, has a constant
solution (where the constant clearly depends on z), due to Lemma 2.25; so that ug(z,y) =
uo(z), which does not depend on y. The second equation of (3.8) can be explicitly solved
in term of wug; indeed, it can be easily verified that the solution w; is given by

o <:1:, g) = —y’ (f) g—zj(x) + () (3.9)

€

where, thanks to Lemma 2.25, x/(y), j = 1,...,n, are the unique solutions in H(Y')
with zero average of the cell equation

LOXj = —aaiyzj(y) inY;

| | (3.10)
/Xj (y)dy =0 y — X’ (y) Y-periodic.
1%

By Lemma 2.25, the third equation in (3.8), which can be written as the system
Louy = f — Liuy — Lauy inY
{ y — ua(z,y) Y -periodic,
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where ug and u; play the role of known functions, is solvable if and only if

/ [f () — (Lyuy) (2, y) — (Louo)(x,y)] dy = 0.

Y

Inserting (3.9) in the last equality, by easy calculations it follows

0= / F(x) dy— / (L)) dy [ (Lo (o.9) dy

2) = [ Oulan)0 (0 @) )]} dy [ 8l )22, (0 ()02, 10 ()]
+ / 00,y ()0, 00(0)]

— 10 =0 | [ a0 ) ) ns(0)| = ([ Do) dy ) 01,02, 10(0)
+ Oy, [(/az‘j(y) dy)%ﬂo@)]

Y

— fw) - ( [ axanw) dy) 00,0 u0(x) — ( [ axtoniww da) 00,0, u0(2)] dy

Y oY

+ ( / ai;(y) dy>8mi6mju()($)
= 1) = ([ a0 ) i )00 100) + ([ ) )00,

where, in the last equality, we use the periodicity of the function y — a(y)x?(y). This
implies
_ai(/[aij(y) - aik(y)akaj(y)]akuo) =/,
Y
which can be rewritten
—div(A*Vuy) = f,

where the homogenized matrix A* is defined by its constant entries aj; given by

Oy

i = [ oo - w35 0)] an (311)

The homogenized problem for ug(x) is just the previous compatibility condition, comple-
mented with the natural boundary condition obtained by (3.2); i.e

{ —div(A*Vuy) = f  inQ,

ug =0 on 0f) (3.12)
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It is important to observe that the homogenized matrix A* it is not obtained simply by
averaging the original one, even if this could be considered more natural. Obviously, this
implies that the convergence of the solutions {u.} cannot take place in Hj({2) strongly.
As a consequence of Lax-Milgram Lemma (see 2.18) we easily obtain that problem (3.12)
is well-posed in Hj (), since it can be proved that A* is symmetric and coercive (see
Remark 2.6 in [12]). As remarked in Section 2.3, existence and uniqueness for problem
(3.12) can be obtained also passing to the corresponding minimum problem; i.e.,

min /A*VUVU dr — /fu dr .
ueH ()
2 2
Moreover, also the solution us can be explicitly given in terms of wug; in fact,
2 ~
TN _ z;(f) 9 ug _]<E>% ~ 3.13

e (x, 5) AN O0z;0x; (z) = x e/ Ox; () + a() (3:.13)
where Y% € H#(Y), for i,7 = 1,...,n, are the solutions of another cell problem (see
(2.42) and (2.39) in [12])

LoX" = by; — /bij(y) dy inY;

Y (3.14)
[y =0y ) Y-periodic.
Y
with '
ox’ 0 :
b)) = aii(u) — a; A T (s 7.
1J (y) Q5 (y) azk(y) ayk ayk (am(y)X )

Remark that, so far (i.e. if we do not look at higher order equations in (3.8)), the functions
G in (3.9) and 1y in (3.13) are non-oscillating functions that are not determined. As
pointed out in [12], if we stop expansion (3.7) at the first order, the function @; (and a
fortiori @y) does not play any role, and so we may choose @; = 0. However, if higher
order terms are considered, then u%; must satisfy some equation. More precisely, the
compatibility condition of the fourth equation of (3.8) leads to (see [12], equation (2.45))

83U0

—div A*Vﬂl = Cz‘jkm
1)

(3.15)

with

ox" k
G = | |an(y) 5 —(y) — ai(y)x"(y)| dy.
J Yi
Similar considerations hold for s, but we shall not need it in the sequel. At this point we
emphasize that the above method of two-scale asymptotic expansion is formal. However,
a well-known theorem states that the two first terms of (3.7) are correct.

3.2. Tartar’s convergence Theorem.

Theorem 3.1. For every € > 0, let u. be the solution of (3.2) and uqy be the solution of
(3.12). Then u. — ug weakly in Hg(£2).

Proof. Set

al Ju
‘-_ € ._
fg.—glaijam forj=1,...,N.



HOMOGENIZATION TECHNIQUES .... 27

Clearly, by the energy estimate (3.5), it follows that
Il <C Vi=1,....N,

where C' does not depend on €. Then, up to a subsequence, for every j =1,..., N, there
exists & € L*(§2), such that & — 507 Weakly in L?({2). Moreover, by (3.6), again up to a
subsequence, u. — u weakly in H}(§2). Passing to the limit in (3 3), we obtain

Next we have to identify 50. To this purpose, for j = 1,..., N, let w! be the function
defined by

i) =y ot (2).

5
where x7 is given in (3.10). Clearly,
—div(A.Vw!) =0. (3.17)

Fix j € {1,..., N} and take pw?!, with ¢ € C2°(£2), as a test function in (3.3) and pu. as
a test function in the weak formulation of (3.17). Taking the difference, we obtain

/Q}Vgowg dz — /AEngV<pu€ = /fwggodx. (3.18)
7 7 7
Passing to the limit in (3.18), it follows
Jeveouan [ ( [lae; - avilay | Vou= [ frpd (3.19)
7 2 \v 7

where e; is the jt-vector of the canonical base of RY. Next, let us take ¢x; as a test
function in (3.3); passing to the limit it follows

/£0V<pxjdx+/£oej<pdx:/ijgodx,
2 Q Q

so that (3.19) becomes

- [ [1ae - avviay | vou= e odr, (3.20)
0 Y 2
which implies
/M%—Avﬂwﬂw Vu=¢. (3.21)
Y

Then, recalling (3.11), we have that (3.16) and (3.21) imply the first equation in (3.12).
Finally, since v € H}(§2) and problem (3.12) admits a unique solution, it follows that
u coincides with wug, so that the whole sequence {u.} converges to uo and the thesis is
accomplished. O

As consequence of previous theorem, we have been able to identify the limit function u
n (3.6), which is equal to ug, solution of (3.12). This identification can be obtained also
in different ways, as shown below.
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3.3. L>*-convergence and error estimate. In this section we will prove that, under
additional assumptions, the convergence of the sequence {u.} to the homogenized solution
up can be improved. Firstly we concentrate on the L°°-convergence.

Theorem 3.2. Assume that, for i,j = 1,..., N, the coefficients a;; € C®(Y) are Y-
periodic functions satisfying (3.1). For every € > 0, let u. be the solution of (3.2) and
ug be the solution of (3.12), with f € C>®(£2). Assume, in addition, that ug € WH*(2).
Then u. — ug strongly in L>((2).

Proof. Let uy,us be defined as in (3.9) and (3.13), respectively, with @,y = 0 and set

T

T
re(z) = us(x) — |(uo(x) + euy <x, E) + 2uy <x, E)} :
Taking into account (3.8), an easy calculation gives

1 1
L.r. = f - 6—2L0U0 - nguo — Loy

1 1 1 1
—€ (;Lom + 2L1U1 + L2U1) — & (8—2[/0“2 + EL1U2 + L2U2)

1 1

— €(L2U1 -+ L1U2) — 82L2U2 = —E(Ll’dz + L2u1 + ELQUQ) = &0 -
Moreover, by the regularity assumptions, it follows that
19ell oo (2) = |1 Lauz + Louy + eLotis|| e (oxyy < C

with C independent on . On the other hand, on 912, 7. = —(eu; + €us); hence

T

xr
sup [re(z)| < sup  |ew (x g) + %y <x g)’ < Ce,

z€dN (z,y)€(dXY) ’

with C' independent on e. Finally, by the maximum principle, we obtain that ||r|| Lo (2)

Ce, which implies [|u: — uo|| (o) < C¢, so that the thesis follows. O

Next, let us prove the error estimate.

Theorem 3.3. Assume that, for i,j = 1,..., N, the coefficients a;; € C®(Y) are Y-
periodic functions satisfying (3.1). For every € > 0, let u. be the solution of (3.2) and wuyg
be the solution of (3.12), with f € C*(§2). Assume in addition that ug € W>*°(£2). Then

x
lue(2) = wo(2) = ewn(z, Z)llm @ < CVE
where uy s given by (3.9).
Proof. Defining r.(z) = e ' (u.(x) — up(z) — euy(x, /), it satisfies

—div A.Vr, = e} f + div A.Vug) + div A.Vu, .
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Taking into account system (3.8), for any ¢ € H}(2), we have

/ |:é(f + div Aavuo) + div ASVU1:| gb dx

Q

= [ L, AT (e 2) v A (5. 5) o o
Q

{dlvavW( )+ dlvyAVu2< )]qsdx

IN
:a\

/ dlvaV'uQ( >+d1VxAVu1< >]¢dm
Q

< | [ AV (5.2) 96 do| + Clolluyio) < Clolluyon
Q

Passing to the supremum when ||¢[[ ;1) = 1, we obtain that

1
” — div AEVTEHHfl(Q) = Hg(f + div AEVUO) + div AEVmHH_l(Q) < C. (322)

Next, let ¢, € C*°(£2) be a cut-off function such that 0 < . (z) <1 and [V, ()] < £ in
2; o.(x) =1 on 012 and p.(x) =0 for z € 2 with dist(x,0§2) > e. Then define

Fe = M(us(z) — uo(z) — ewr(z, 2/2)) + wi(z, /) p-(x) = re(z) + wi(z, x/e) () .

Clearly, 7. € H}(£2) and

rellmree) < el g ) + el o) ; (3.23)

moreover,

e el gy < /MMAM+/MHWWM%/WAWWWx

<C 1+/\Vg0€|2dx+/\vmu1|—|—81Vyu1\2dx

2 2

1 1 C
<C (1 + < 192%] + —2\Q€\> < —;
£ € €

where we set (2. = {z € 2 : dist(x,002) < e} and we take into account that there exists
C > 0 such that |{2.| < Ce. This implies

[ure] i) < (3.24)

o
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Taking into account (3.1) and (3.22), it follows

1 ~ ~
||7“5||H1(Q )\/A Vr.Vr.dx = 3 /AEVTEVTde—I—/Aav(ul%)vra dx
2 2 2
1 ) ~
< XH —div AEVTEHH%(Q)HTEHH(}(Q)
2 2 /2 ~
3 |AE¢E| Ve dr)’ A PV de) | 7l

scrmu%(m [H(E—zmsw) +(8—2\fz€\) R ER
(3.25)

This last inequality, together with (3.24) and (3.23), gives the thesis. O

An immediate consequence of previous theorem is the strong H'(§2)-convergence of the
sequence {u. — euy } to the homogenized limit u.

The results stated in Theorems 3.2 and 3.3 (as well as Theorem 3.1 proved in the previous
section) are classical (see e.g. [12] and [32]). Remark that they hold whatever the choice
of 4 is. In particular, note that in Theorem 3.3 the term et (z) is smaller than /¢ in
the H'(£2)-norm. However, the error estimate of order /g, although generically optimal,
is a little surprising since one could expect to get ¢ if the next order term in the ansatz
was truly e*up(z,2). As it is well known, this worse-than-expected result is due to the
appearance of boundary layers (see [11], [13], [32]). Indeed, the expected result is obtained
in Theorem 3.5, where the boundary data “is corrected” by means of the function z., the
so-called boundary layer, defined in (3.26). Next lemma provides an estimate of the rate
of divergence for ¢ — 0 of the boundary layer.

Lemma 3.4. Assume that, fori,j =1,..., N, the coefficients a;; € C*(Y) are Y -periodic
functions satisfying (3.1). Let uy be the unique solutions of (3.12), with f € C*®({2).
Assume, in addition, that ug € W*(82). For every e > 0, let 2. € H'(Q) be the unique
solution of

—divA.Vz. =0 in Q,
3.26
{ Ze = —U <:1:, f) on 0f2. ( )
5
Then
2y <~
€ I‘[1 —_ \/g
By assumptions it follows
o _ _ i (% Ouo u <
s (+2) lomiey = 50| = X (D)2 @) + Tala)| < € (3:27)
and
. ]_ . auO . auo C
D) ey < VL () =2 j <= (3.
1901 () = sup| EV, 0 G220 + W)V G20 + IVl |< S (3:29)

zEN
These two estimates will be crucial in the proof of the lemma. Note also that, by the

definition of z., the function u; + z. belongs to Hg(Q); i.e., it satisfies the homogeneous
boundary condition.
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Proof. Let us define Z.(z) = —uy (2, %) exp [—M]. By (3.27) and (3.28), we have that

£

| Ze|| 1) < % Set 8. = 2. — Z.. Clearly, 0. € H}(2); hence,

/ AV2V6. dx = 0. (3.29)
Q
By (3.1) and (3.29), it follows

Q Q
This implies that

IVOe]|z2(0) < ClIVE| p20) <

Sl

and hence

- 1 C
zell i) < 0Nl mp ) + [12:llmr @) < C [”V(SEHL?(Q) + NG < NG
U

Taking into account the boundary layer, it is possible to improve the estimate stated in
Theorem 3.3.

Theorem 3.5. Assume that, for i,j = 1,..., N, the coefficients a;; € C®(Y) are Y-
periodic functions satisfying (3.1). For every e > 0, let u. be the solution of (3.2) and ug
be the solution of (3.12), with f € C®(82). Assume in addition that uy € W*>(§2). Let
u1, ze be defined by (3.9) and (3.26). Then

T
Jue(z) — up(w) — ey <IE, g) — 2:(7) || g3 o) < Ce.
Proof. As in [34], defining r.(7) = e ! (u.(x) — ug(x) — euy(z, x/e) — e2.(x)), it satisfies

—div A.Vr. = e (f + div A. V) + div A.Vuy in Q,
re=0 on 0€2,

since by (3.26) div A.Vz. = 0. Hence, repeating the same calculations as in the proof of
Theorem 3.3, it follows that

1
| = div AcVre |l gr-10) = ||g(f + div A.Vug) + div A.Vuy || g1 < O,

so that
1.1 . .
el ) < XHg(f + div A.Vug) + div A.-Vuy || g-10) < C,
which implies the desired result. U

From Theorem 3.5 and taking into account that by Lemma 3.4 the boundary layer z.
blows up as 1/4/2, when ¢ — 0, we obtain again the error estimate given in Theorem 3.3,
since

[te — uo — cunl (o) < lJue —uo — e(ur + z)l| g1 o) + ell2ell a0

SC&—#—S%SC\/E-
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Remark 3.6. For the sake of simplicity, we assume in this section strong regularity hy-
potheses on the coefficients a;; and the function f, though the result holds true even in a
more general context. However, it is out of our interest here to make any effort in order to
consider the best possible regularity assumptions which assure the uniform convergence
and the error estimate in the homogenization procedure.

3.4. Non homogeneous Dirichlet boundary conditions. In this section we consider
the case of non homogeneous boundary conditions; i.e.,
{ —div(A:Vu,) = f  in Q,

U = ¢ on 012, (3.30)

for a given function f € L?(Q) and g € H'/?(962). We denote by go € H'(£2) the unique
solution of

—div(A"Vg) =0  inQ,
{ WAV 0) . (3.31)

go=g  ondQ,

where A* is the homogenized matrix defined in (3.11). Hence, we set Hg (£2) 3 v. = u.—go,
where u. € H'(£2) is the unique solution of (3.30). Clearly v, satisfies

—div(A.Vv.) = [+ div(A:Vgo) in Q,
{ ve =0 on 0f), (3.32)
and
/|W5|2dx <C /|f|2dx + / |Vgol?dz | <C, (3.33)
2 2 2

where C' depends on A, A, || f]|2 and ||gol/12- By (3.33), up to a subsequence, still denoted
by {v.}, we have that there exists a function vy € HJ(£2) such that v. — v, strongly in
L*(2) and Vv, — Vv, weakly in L?(£2) (see Theorems 1.32 and 1.31). Let us choose w¥,
k=1,...,N, as in the proof of Theorem 3.1 and define

& = (w— L*(2)) — lin% A V.. (3.34)
Then using ¢ w*, with ¢ € Cg°(£2), as a test function in the weak formulation of (3.32)

and @v. as a test function in the weak formulation of (3.17), integrating by parts and
subtracting the two results, as in the proof of Theorem 3.1, it follows

/AEV’UEV<pwf dx — /AEV’LU?VQOUE dx =

Q Q
/fwff@dx— /AEVgowagod:c— /AEVgovgowf dr. (3.35)
Q Q Q

Then, passing to the limit for ¢ — 0 and taking into account (3.34) and the fact that
A VwE — Aey, as in (3.19), we obtain

/fOVgoxkdx—/azj@jgovod:c:
7

)

/kagpdx—/azjﬁjgo¢dx—/ZV90V¢xkdx, (3.36)
7 7 7
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where the matrix A is defined by its constant entries @;; given by

Qij = /aij(y) dy.
Y

Moreover, using the function z*¢ as a test function in the weak formulation of (3.32) and
passing again to the limit, we obtain

/EOVgoxkdx—i-/&)ekgodx:/f:ck@dx—/XVg(]Vgoxkdx
2 2

N

/AVgoe odr = /f:p gpdx—I—/dlv(AVgo)cpx dr . (3.37)
0
Replacing (3.37) in (3.36) and simplifying, it follows

—/ﬁoempdx / ay,;0jp vo dx — /azjajgogodx—/ZVg(]Vgoxkdx
Q 2

2 2

—/div(ZVgo)cpxk dx = /%(a vo+0;90)p d:p—l—/ div(AVgo)p 2" dx—l—/ZVgo e, pdx
Q 2

- /diV(ZVgo)go ¥ dr = —/azj(ajvo + 0,90)p dx + /Ekjajgogodx, (3.38)
Q Q Q
which implies
& = aj;(05v0 + 0;90) — @050 - (3.39)
Finally, passing to the limit in the weak formulation of (3.32) and taking into account
(3.39), we obtain

/A*(V00+Vgo)vw dx—/ZVgovw dr = /f@/)dx—/ZVgovw dx Vi e C5°(12),
Q Q Q Q
which implies

Q Q
Setting ug := vg + go, it follows that u. — uy weakly in H'(£2) and ug satisfies

{ —div(A*Vug) = f in 2;

ug =g on 0f2; (340)

so that problem (3.40) is exactly the expected homogenized problem, where the homoge-
nized matrix A* does not depend on the boundary data.

3.5. Concluding remarks. The method presented above can be easily generalized to
the case in which the matrix A depends also on the “slow variable” z; i.e., A = A(z,y)
and A.(x) = A(x,x/¢e), provided that it continuously depends on x (see, for instance, [12]
and [32]).

Similarly, with the previous technique and without relevant changes, we can prove the
same results for the case in which the source term depends on ¢; i.e., f = f., provided
that the sequence {f.} converges strongly in L?({2).
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For the sake of completeness, we recall that homogenization is often performed for integral
functionals. This leads to an interesting and useful theory (the I'-convergence theory, see
for instance [15], [16], [22]), which however is out of the aims of these Notes.
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4. A model for the electrical conduction in biological tissues

It is well known that electric potentials can be used in diagnostic devices to investigate
the properties of biological tissues. Besides the well-known diagnostic techniques such as
magnetic resonance, X-rays and so on, it plays an important role a more recent, cheap and
noninvasive technique called electric impedance tomography (EIT). Such a technique is
essentially based on the possibility of determining the physiological properties of a living
body by means of the knowledge of its electrical behavior.

This leads to an inverse problem for an elliptic equation, usually the Laplacian, which
is the equation satisfied by the electrical potential, when the body is assumed to display
only a resistive behavior. However, it has been observed that, applying high frequency
potentials to the body, a capacitive behavior appears, due to the electric polarization at
the interface of the cell membranes, which act as capacitors. This phenomenon (known
in physics as Maxwell-Wagner effect) is studied modeling the biological tissue as a com-
posite medium with a periodic microscopic structure of characteristic length e, where two
finely mixed conductive phases (the intra- and the extra-cellular phase) are separated by
a dielectric interface (the cellular membrane). From the mathematical point of view, the
electrical current flow through the tissue is described by means of a system of decoupled
elliptic equations in the two conductive phases (obtained from the Maxwell equations,
under the quasi-static assumption; i.e., we assume that the magnetic effects are negli-
gible). The solutions of this system are coupled because of the interface conditions at
the membrane, whose physical behavior is described by means of a dynamical boundary
condition, together with the flux-continuity assumption. Because of the complex geome-
try of the domain, these models are not easily handled, for example from the numerical
point of view. This justifies the need of the homogenization approach, with the aim of
producing macroscopic models for the whole medium as ¢ — 0, since the typical scale
¢ of the microstructure is very small with respect to the tissue macroscopic scale ana-
lyzed in the experiments. The macroscopic equation obtained with this approach is an
elliptic equation with memory, as it could be expected in any electrical circuit in which a
capacitor is present.

The results presented in this section are contained in [3]-[7].

4.1. Setting of the problem. Let 2 be an open connected bounded subset of RY. Let
us introduce a periodic open subset E of RV, so that E + z = E for all z € Z". For all
e > 0 define 25, = 2Nk, (5, = 2\ eE. We assume that 2, E have regular boundary,
say of class C' for the sake of simplicity. Moreover, we set (2 = (2, U 25, U I, where
e = 09%, N2 =082, N2 We also employ the notation Y = (0, 1)V, and Ey, = ENY,,
Eyi =Y\ E, I' = 0ENY. As a simplifying assumption, we stipulate that Ey, is a
connected smooth subset of Y such that dist(Ei,, dY) > 0. Some generalizations may be
possible, but we do not dwell on this point here. Finally, we assume that dist(1™¢, 02) > e
for some constant v > 0 independent of ¢, by dropping the inclusions contained in the
cells (Y + 2), z € Z" which intersect 912 (see Figure 1). Finally, let T > 0 be a given
time.
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FIGURE 1. An examples of admissible periodic structures in R?. Left: YV
is the dashed square, and £ NY is the shaded region. Right: the domain
0.

We are interested in the homogenization limit as € N\, 0 of the problem for u.(z,t) (here
the operators div and V act only with respect to the space variable x)

—div(oyw Vu:) =0, in (20 ,; (4.1)
—div(oeu Vue) =0, in (2 ; (4.2)
Oint Vu(mt) v = aoutVug’“t) ‘U, on I, (4.3)

0
Oéat[ ue| + é[us] = 0ot VUl . on I (4.4)
[u e](x, 0) = Sc(z), on I'%; (4.5)
us(z,t) =0, on 0f2. (4.6)

The notation in (4.1)—(4.4), (4.6), means that the indicated equations are in force in the
relevant spatial domain for 0 < ¢ < T

Here oy, 00wt and « are positive constants, 3 > 0, and v is the normal unit vector to I'®
pointing into (2 ;. Since u. is not in general continuous across 1™ we have set

(out)

ul™ = trace of Ueje on I u

= trace of ug g on I

Indeed we refer conventionally to (2, as to the interior domain, and to (2, as to the
outer domain. We also denote

out)

[ue] = ul int)

Similar conventions are employed for other quantities; for example (4.3) can be rewritten
as

[oVu. -v] =0, on I'%,
where

0 = 0oyt 1In £22

0 =0 In (2 ot

int>
The initial data S, will be discussed below.
In Section 4.4, under the assumptions above, we prove existence and uniqueness of a weak

solution to (4.1)—(4.6), in the class
U € L0, T; HY()),  i=1,2, (4.7)

and u.|p, = 0 in the sense of traces (see [6]).
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A similar result holds true also for all the other problems which we will encounter in these
Notes, which differ just for the nature of the boundary conditions.

In the following, we will show that, if v~ 'e < S.(z) < ~e, where S. is the initial jump
prescribed in (4.5), for a fixed constant v > 1, then u. becomes stable as ¢ — 0 (i.e.,
it converges to a nonvanishing bounded function). Therefore, let us stipulate that S. €
H'Y2(I?) and

Se(z) =S (z, g) +eR.(7), (4.8)
where S : 2 x OF — R, and
151l (axom) <00, [|RellLoe() = 0, as e — 0;
Si(x,y) is continuous in z, uniformly over y € JF, (4.9)

and periodic in y, for each x € (2.

Firstly, we remark that, up to a change of function, we can assume 3 = 0; indeed, setting
Ve(z,t) = ue(:p,t)eg, it follows that v. satisfies

—div(oy Vo) =0, in (2
—div(oou V) =0, in (2
O VO - 1y = g Vol .y on I'%;
%%[UE] = aouthéc’“t) ‘v, on I'%;
[ve](x,0) = Sc(z), on I'%;
v(z,t) =0, on 0f2.

Hence, from now on, we assume = 0 in (4.4). The weak formulation of problem (4.1)—
(4.6) is

T

//UVUE-dexdt—%/T/[ua]%[@b]dadt—%/[ue](O)[w](O)dazo, (4.10)
(p] 0

0 Ie Ie

for each ¢ € L*(£2 x (0,T)) such that ¢ is in the class (4.7), [¢] € H'(0,T; L*(I"?)), and
¢ vanishes on 02 x (0,7, as well as at t =T

Moreover, multiplying (4.1), (4.2) by wu., integrating by parts and using (4.3)—(4.6), for
all 0 <t < T, we obtain the energy estimate

¢
//0|Vu5|2 dzdr + %/[%P(x,t) do = %/Sg(x) do < C < +00, (4.11)
00 re re

where C' does not depend on ¢ and the last inequality is due to (4.8), (4.9), taking into
account that |I"*|y_1 ~ 1/e.

Inequality (4.11) together with the following Poincaré type lemma will give the correct
estimate, which will be used in Section 4.5 in order to pass to the limit for ¢ — 0 in the
sequence of the solutions {u.} of (4.1)-(4.6).

Lemma 4.1. (Poincaré inequality) Let v : {2 — R be given by

_ _ 1
’U‘_Qism = Ul‘_()ism y o Ve, = V2i0E, V1, Ug € HO (Q) .

out o
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/U2dl' < C’{ /|VU|2dx+€_1/[v]2da}. (4.12)

Ie

Then

Here C' depends only on (2 and E.

Proof. As v? is of class W! both in 25, and in ¢ ,,
1.41, we obtain

[ar<api@|<q [pveldesq [[@lde. v=a(@).  @13)
02 0 e

v? € BV (02); hence, by Theorem

Indeed the singular part of the variation of v (and therefore of v?) is concentrated on .
Using Theorem 1.26 with ¢ replaced with v, we estimate above last integral by

. ) )
S0+ 00y do < (200 [1o do+ 5 [ (P + 0P do, (019
A

Ie Ie

for a0 € (0,1) to be chosen presently. Exploiting the periodicity of E, and standard trace
inequalities, we check that for each cell Q; = (Y + 2), z; € Z7,

/ (Joim 12 4 |0 12) do < e / (v* + £%|Vo]?) dz, (4.15)
renQ; 02NQ;

where v = y(F) does not depend on ;. Next we add (4.15) over all the cells covering
2, and use the resulting inequality in (4.14). A further application of Theorem 1.26 to
(4.13) yields

/'02 dzx < 751/|VU|2dx+’y(58)1/[v]2 da+’y<5/'02 dz,
19

2 re 2

whence (4.12) on selecting a small enough 0. O

Remark 4.2. The factor ! in (4.12) is necessary in general, as one can show easily by
counterexample. However, if F or E° is connected, this is not the case: actually, one can
prove an estimate similar to (4.12), but with the factor e~ formally replaced by e (in this
spirit, see Lemma 6 of [31]).

From (4.11) and Lemma 4.1, after an integration in time of (4.12) over the interval (0, 7T),
it follows that
T T

1
[k s <C //|Vu5\2dxdt+—//[u5]2dadt <C,
2 (2x(01)) -
2 0

0 Ie

where C' does not depend on . Hence, from Theorem 1.24, we have that there exists
a function u € L? (O,T; BV(Q)), such that, up to a subsequence, u. — wu weakly in
L? ((2 x (0, T)) As in Section 3, it remains to identify the limit function u, and this will
be done in a formal way in Section 4.3 and rigorously in Section 4.5.

We point out that, in this case, the situation is more delicate than in Section 3, since
here the convergence of the sequence {u.} takes place only weakly in L? (Q X (O,T))
(actually also in L},.(0,T; L*(£2)), see (5.9) in [4]). However, no a priori information on
the convergence of the sequence {Vu.} is available.
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4.2. Concentration of the physical problem. We point out that in the physical set-
ting, the cell membrane has a nonzero thickness, even it is very small with respect to
the characteristic length of the cell. Hence, we denote by 7 the ratio between these two
quantities and remark that n << 1. Moreover, we write 2 as 2 = 257U =" U 9",
where 2% and ['*" are two disjoint open subsets of {2, I'*" is the tubular neighborhood
of I'* with thickness e, and OI'®" is its boundary. In addition, we assume also that
= = Q01U Qo and oI = (9207 U005 N 2. Again, 201, (2 correspond to
the conductive regions, and I to the dielectric shell. We assume that, for n — 0 and
e >0 fixed, |7 ~ en|[®|n_1, 257 — 25, U %, and 0I'™" — ['*. We employ also the

notation Y = E"U "M U JI™, where E" and I are two disjoint open subsets of Y, I
is the tubular neighborhood of I" with thickness n, and 09I is its boundary. Moreover,

E" = E! UE!, (see Figure 2). For n — 0, E" — Eipy U Eoy, | I ~ n||y-1 and
orm — I
Ui

L e — 4

FIGURE 2. The periodic cell Y. Left: before concentration; I is the
shaded region, and E" = E!' U E], is the white region. Right: after

int u
concentration; /™ shrinks to I" as n — 0.

The classical governing equation is derived from the Maxwell system in the quasi-static
approximation, which gives

—div(A"Vu!) =0, in 2°7; (4.16)
—div(B"Vul,) =0, in =" (4.17)
ANl -V = BVl v, on OI'*"; (4.18)
Vul(z,0) =8 (z), in I'*"; (4.19)
ul(x,t) =0, on 0f2. (4.20)

We assume that the conductivity A" > 0 is such that A7 = oy in 277, A7 = 04y in 257

1L int ~ out»
the permeability B" > 0 is such that B" = an; and 87 = V.57, for some S7 € H' (")
with |S7] ~ 1/n.

Remark 4.3. We are interested in preserving, in the limit 7 — 0, the conduction across
the membrane I instead of the tangential conduction on I'®. To this purpose, we need
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to preserve the flux B"Vu/, - v and the jump [u,] across the dielectric shells to be con-
centrated. This is the reason for which we rescale B" = o, instead of scaling B" = a/n
in I'®" as more usual in concentrated-capacity literature.

We are next interested in passing to the limit for n — 0%, keeping ¢ > 0 fixed. In [7] it is
proven the following result.

Theorem 4.4. Under the previous assumptions, when n — 0%, it follows that the con-
centration of problem (4.16)—(4.20) is given by (4.1)=(4.6). More precisely, as n — 0T
it follows that ul — u., weakly in L}, (2 x (0,T)), where uqo: € Li (0,T; H'(2%,)),
Uz € L (0,T; H'($2,,)) and u. is the unique solution of (4 1)—(4.6). Moreover, as

out
n— 0*, Vul — Vue, weakly in L2 (25, x (0,T)) and in L (25, x (0,7T)).

int

We provide here just a formal sketch of the proof, letting  — 0, while keeping ¢ > 0
fixed. Let ¢7 be a smooth testing function in 27, such that V¢"(x,T) = 0 in I'*", and
¢" vanishes in a neighborhood of 9f2. Multiplying (4.16), (4.17) by ¢", and integrating
by parts, yields after routine calculations,

/ / ATV G da At — / / BV dx dt = / B'SIV(0)dx.  (4.21)
0 0&m 0 Iem

We expect the limit u. of 4 to be discontinuous across the interface /™. Then we may
approximate

"
Vu!l v~ M, on I°, (4.22)
€mn
where
[Wl)(P) = wl(P+ Jv) —ul(P— Jv)  WPeI”. (4.23)

In order to take advantage of (4.22), we select ¢ as follows: first, let it equal a smooth
function in each of the two components 2. and (2. Then, extend it to I'*" in such a

int out*
way that
1
Vo' v~ [(b ] on [*.
en
Then (4.21) can be rewritten as
r Sn [n
//A"Vu"VQﬁ"dxdt en 04// ~ e 04/[ 1 1¢"(0)] do.
en 57] enen
0 Qe 0 Ie re

We also exploited here the property |I'®"|y ~ en|l|y_1, and we let S8” - v ~ [S7]/en,
where [S7] is defined as in (4.23). Moreover, we assume that [S7] — S. as n — 0, for S.
as in (4.5). Here and in the following we assume that the tangential parts on I'® of the
gradients of the involved functions are stable, so that they produce higher order terms in
the asymptotic estimate in 7 and then they are neglected.

Finally taking the limit 7 — 0% above, we get

/ / UV%VQdedt——//uE o do dt = /S[¢(0)]da,

0 ‘QE tU‘ant

which is nothing else than the weak formulation of (4.1)—(4.6), as given in (4.10).
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4.3. Formal homogenization of the concentrated problem. In this section we aim
at identifying the form of the homogenized equation, via the two-scale method (see [12],
[32], [37]). To this purpose, we introduce the microscopic variables y € Y, y = x/e and
assume that the following asymptotic expansion holds

e = ue(z,y,t) = uo(w,y,t) + cur(x,y,t) + 2ua(z,y, 1) + ... . (4.24)
Note that ug, 1y, us are periodic in y. Recalling that
1 1
div = —div, +div,, V=-V,+V,, (4.25)
€ €
we compute
1 1
AUE = 8—2A0U0 + E(Aoul + AllLO) + (A()UQ + A1u1 + AQUO) 4+ ... s (426)
Here
Ag=4,, A =div,V,+div,V,, Ay=A,. (4.27)

Let us recall explicitly that
1
Vu, = gvyuo + (Vzuo + Vyul) + 5(Vyu2 + qul) + ..., (4.28)
and stipulate, in addition to (4.8),
S. = S.(x,y) = eSi(x,y) +2Ss(z,y) + ... . (4.29)

4.3.1. The term of order e 2. Equating the first term on the right hand side of (4.26) to
zero, and applying (4.24), (4.28) to (4.1)—(4.5) we find

—oAyuy =0, in Ein, Eout; (4.30)
aintvyu(()mt) V= aoutvyug’“t) ‘v, on I; (4.31)
a%[uo] = aoutvyu(oout) ‘v, on I; (4.32)
[uol(z,y,0) =0, on I (4.33)
In (4.33) we have also exploited the expansion (4.29). By Theorem 4.6 it follows that
ug = ugp(z,t) . (4.34)

4.3.2. The term of order e~'. Proceeding as above, but taking into consideration the
second term on the right hand side of (4.26) we obtain

—o0Ayuy = ocAuy =0, in B, Eout; (4.35)
oV yuq - v] = —[oV,ug - V], on I'; (4.36)

9 ou
azlun] = o0 Vyui™ v+ 00 Voug v on T (4.37)
[ui](z,y,0) = Si(z,y), on [ (4.38)

In (4.35) and in (4.37) we have made use of (4.34), and of its consequence [ug] = 0.

We recall that in the classical case (see Section 3.1) the analysis of the term of order ¢!

leads to the factorization of u; in terms of the gradient of ug and a suitable cell function.
Here the situation is more complicated, due to the presence of the time derivative in the
left-hand side of (4.37); nevertheless, we still obtain a sort of factorization of w;, which
will be the crucial point in order to achieve the homogenized equation.



42 M. AMAR - F. DIDONE

Let s: I" — R be a jump function. Consider the problem

—o0Ayv=0, in Ei, Eout; (4.39)
oV, u-v] =0, on I (4.40)
9,
aa[v] = Oout V0 1| on I'; (4.41)
[0](y,0) = s() , on I', (4.42)

where v is a periodic function in Y, such that fy v = 0. Define the transform 7 by
T(s)(y.t)=v(y,t), yeY,t>0,

and extend the definition of 7" to vector (jump) functions, by letting it act componentwise
on its argument.

Introduce also the functions x° : ¥ — RY ! : Y x (0,7) — RY as follows. The
components X%, h =1, ..., N, satisfy

—0 Ay x;, =0, in Eint, Eout; (4.43)
[o(Vyxi, —en) - v] =0,  on I} (4.44)
pl=0, onl. (4.45)

We also require x? to be a periodic function with vanishing integral average over Y.
Moreover x; is defined from

(out)

ozx,l1 = T(aout(vyxg —ep)- 1/) ) (4.46)

Let us stipulate that u; may be written in the form
ul(l‘v Y, t) = _Xo(y) ’ VzUO(l'a t) + T(Sl(xa ))(ya t)

- /quo(l',T) X'y, t —T1)dr. (4.47)

It is worthwhile making some remarks on the structure of u;, which is made of three parts:
the first one is the standard one (see (3.9)); while the second one keeps into account the
effect of the initial datum. The real novelty is the third integral term, which is a non local
memory term, due to the capacitive behavior of the membrane; i.e., to the dynamical
nature of condition (4.4).

Equations (4.35) are equivalent to (4.43), when we remember that the terms y; and
T(S1(x,-)) in (4.47) fulfil (4.39). Next, let us impose (4.36) in (4.47). We get, on recalling
(4.40)

oV yur - v] = =[oVyXu () - VIuos, (2, t) = =[0Vauo - V] = —[ouns, (z,1)va] -

In order to satisfy this requirement, we prescribe (4.44). Note that (4.38) is obviously
satisfied, owing to the definition of 7.
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Finally we get to (4.37), which we combine with (4.47) obtaining

a%[ull + 1(0)[ur] = —a[x"(y) - %quo(%t)] +a%[7(51(9:, NIy, t)

— aVug(z,t) - [x'](y,0) — oz/Vmuo(:p, T) - %[Xl](y,t —7)dr.

On the other hand,

Uoutvyugout VA Oout Vallg * V = _aoutvyx?z(out) (y) - Vog, (7,1)

t
+ UoutvyT(Sl (.’L’, ')>(Out) V= /UOzh (l‘, T>00utva}L(y7t - T) ' VdT + Uoutquh (.’L’, t)Vh
0

Hence, (4.45)-(4.46) follow, on equating the quantities above.
Remark 4.5. We note that (4.47) defines u; up to an additive function @, (z, t) independent
of y. However, since for our purpose we will stop the expansion (4.24) to the second order

term, u; does not play any role, so that we may assume that it is identically zero, without
loss of generality.

4.3.3. The term of order €°. Let us first calculate
62U1

Ajup =2
1U1 ;0 )

where we employ the summation convention. Therefore, the complete problem involving
the third term on the right hand side of (4.26) is

0?u
—o Ayuy = 0 Ay ug + 20 o a;j : Bt Eout (4.48)
oV yug - v] = =[oV,ug - V], on I'; (4.49)
@a[ﬂz] Oout Va u(out) v+ 0out Vy u (out) on I'; (4.50)
[u2](z,y,0) = Sa(z,y), on [ (4.51)

Integrating by parts equation (4.48) both in Ei,; and in E,,, and adding the two contri-
butions, we get

/+]

2
{UAI uo(z,t) + 20 il }dy

90y,
Eint Eout
— / {o‘outv u;“t) . almvyugm }da = /[UVyUQ -v]do = — /[avzul -v]do.
Ja T Ja
Thus

o0 Ay ug = 2 /[vaul -v]do — /[Uvmul -v]do = /[Uvmul -v]do,
T T
where we denote
00 = Oint| Eint| + Oout| Eout| - (4.52)
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We use equality (4.47), where only last two terms on the right hand side have a non zero
jump across I'. Thus we infer from the equality above

00 Az ug = /[avzul v|do = — /[a]x%(y)uj douoe,s, (2, 1)

I I

# 50 [T D000 = [ 7) [lrrd) ot = oy ao ar.

T 0 r
We finally write the PDE for g in 2 x (0,7 as

t

¢
—div (00qu0 + AV g + /Al(t — 7)Vuo(z, 7)dr
0

. / [aT(sl(x,.))](y,t)uda> —0, (4.53)

r

where the two matrices A’ are defined by

(A%, = /[a]x%(y)uj do, /axh t)v;do, (4.54)
r r
are symmetric, and ool + A° is positive definite (see [4], Section 4). Accordingly with

(4.6), equation (4.53) must be complemented with the homogeneous boundary datum
up(z,t) =0 on 952 x (0,7T).

We emphasize again that the decomposition of u; stated in (4.47) has been crucial in order
to determine the homogenized equation (4.53). That equation is different from the stan-
dard elliptic equation which are usually employed in bioimpedenziometric tomography. In
fact, the appearance of the memory term in the equation (which, from the mathematical
point of view, is a consequence of the structure of the first corrector u;) seems to be
in agreement with the fact that a contribution to current flux is produced not only by
the potential applied to the boundary but also by the charge and discharge cycles of the
membranes; i.e., to their capacitive behavior.

4.4. Well-posedness results. The first result of this section is connected with the well-
posedness of all the microscopic problems appearing in our framework.

Theorem 4.6. Let 2 be an open connected bounded subset of RN such that 2 = £2,U§2,UT,
where 21 and {25 are two disjoint open subset of 2, I' = 0021 N 2 = 02 N (2 is a compact
reqular set, and I' N2 = 0. Assume also that 2, £, and 2y have Lipschitz boundaries.
Let a > 0 and 3 > 0. Let f € L?>(2 x (0,T)), q,h € L*(0,T; L*(T)), and S € H'*(I).
Therefore, problem

—oAv=f(t), in Oine, Qout; (4.55)
oV - v] =q(t), on I'; (4.56)
aat[ ]+ B[v] = 00 VO™ v+ h(t),  on I} (4.57)
[v](z,0) =S, on I'; (4.58)
v(z,t) =0, on 042; (4.59)
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admits a unique solution v € L*(0,T; HL($2)) with [v] € C(0,T; L*(T)), where HL(2) =
{u = (ur,u0) | w1 =g, , U =0, with uy,us € H)(£2)}.

The technique employed to prove this theorem relies on a result of existence and unique-
ness for abstract parabolic equations (see [39], Chapter 23), to which problem (4.55)—(4.59)
can be reduced by means of a suitable identification of the function spaces there involved.

Remark 4.7. Note that the same result as in Theorem 4.6 holds if we assume that 2 =
Y = (0,1)", g(-,t) is Y-periodic for a.e. t € (0,T), f and g satisfy the compatibility
condition

/ F(y,t)dy = / Wtydy  forae te(0,T),
Y I

and we replace (4.59) with the requirement that v(-,¢) is Y-periodic.

For equation (4.53), complemented with boundary conditions (e.g. Dirichlet boundary
condition), an existence and uniqueness theorem, both for weak and classical solutions, is
available (see [5]). Indeed, let us consider the following problem

—div A(:L‘)qu-f-/B(l',t —7)Veu(x, ) dr | = f(z,1) in Qx(0,7),

0

(4.60)
u=g in Q2 x (0,7) ,

where A(x) is a symmetric and positive definite matrix, B(z,?) is a symmetric matrix,
f:Qx(0,T) - Rand g:Qx(0,7) — R are given functions. Then the two following
results hold true.

Theorem 4.8. Let A € L®(2;RN?) be a symmetric matriz such that N&|* < A(z)€ - € <
AIE|?, for suitable 0 < A < A < +oo, for almost every x € §2 and every & € RN, let
B e LX0,T; L®(2;RN?)), and let g € L*(0,T; H'(2)). Assume that f : 2 x (0,T) — R
is a Carathéodory function such that f € L*(0,T; H1(2)).

Then, there exists a unique function u € L*(0,T; H'(§2)) satisfying in the sense of distri-
butions problem (4.60).

Theorem 4.9. Let m > 0 be any fized inleger and let also 0 < a < 1. Let A €
Clre(9; RNQ) satisfy the assumption of Theorem 4.8 and

B e C°([0, T); C*+*(2;RY)) be such that B’ € L*(0,T; Wh(2;RY)).

Assume that f € C°([0,T];C™+%(R2)), and that V.f(z,t) and f,(x,t) exist and are
bounded. Let g € C°([0,T]; C™+22(12)), with g, € L>=(0,T; C™+*+e(0)).

Then there exists a unique function u € C°([0,T]; C1+(£2)) N L>=(0, T; C™+*+2(02)) solv-
ing (4.60) in the classical sense.

Both the proofs can be obtained, for example, with a standard delay argument or a
fixed point theorem, together with an a-priori estimate in the corresponding function
spaces. The a-priori estimates are obtained as in standard elliptic equations, using also
the Gronwall’s Theorem to deal with the memory term.
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4.5. The homogenization theorem. The aim of this section is to state the rigorous
mathematical proof of the homogenization result.

Theorem 4.10. Under the assumptions listed in Section 4.1, as ¢ — 0, we have that
u. — ug, weakly in L*(2 x (0,T)), and strongly in LL_(0,T; L*(§2)), where the limit
ug € L*(0,T; H{(£2)) solves (4.53).

Proof. Introduce for i =1, ..., N, the functions

T
wi(x,t) = x; — 5)(?(?) - a/xg(gﬂ' —t)dr, (4.61)
t

so that explicit calculations reveal

_UszE = Oa in “Qientv QcE)ut; (462)
ovw; - V| =0, on 3 .
[oVwi -v] =0 Ie (4.63)

0
=] = —oeu Ve v, on I, (4.64)

Let p € C°(£2), and select w5 as a testing function in the weak formulation (4.10). We
obtain

T T
//JVUE~wa<pdxdt+//aVu5-Vgpwfdxdt
00 00

- %//[UE%[wﬂ‘pd" dt — %/[us](o)[wﬂ(O)@ do =0, (4.65)

0re Ie

once we use the obvious relation [w$](z, T) = 0. Next select u.p as a testing function in
the weak formulation of (4.62)—(4.64); in this second step, no integration by parts in ¢ is
needed on I'*. We get

T T
//anf-Vuewdxdth//anfV(pusdxdt
00 00

T

_ g//%[wﬂ[us]@dadt: 0. (4.66)

9
0re

Subtract (4.66) from (4.65) and find, taking (4.8) into account,

T
// oVu. - Vow; dedt = K. + Ko, (4.67)
00
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T
Klaz//Uwa-Vgouadxdt,
)

T

K2€:—a5/(51(x,§)—|—Ra(x)) (x )/[XZ](&Z 7)drdo.

Ie 0

where we have defined

We rely here on the energy inequality (4.11) which, together with Lemma 4.1 and Theorem
1.24, imply that, extracting subsequences if needed, we may assume

—oVu. —§, u.—u, weakly in L*(§2 x (0,7)), (4.68)
and, by [4, Lemma 7.4]), also
U — U, strongly in Li (0, T; L*(£2)), (4.69)

for some & € L2(02 x (0,T))N, u € L*(22 x (0,T)). On the other hand, clearly wi — z;
strongly in L?(2 x (0,T)), as ¢ — 0. Let us investigate the limiting behavior of oVws.
Due to the periodicity of the functions x?, and to (4.54), one immediately gets

oV (xl — 5)(?(?)) — (00l + A%)e;, weakly in L*(£2).

By the same token, in the same weak sense,

T

T
—UV( / ( T—1) d7'> — //avy)(Z Y, T t)dydT:/Al(T—t)eidT,
t

t

where the last equality follows from the definition (4.54) of A' and from a trivial integra-
tion by parts. Thus, invoking Lemma 7.5 and Remark 7.3 in [4],

€—>// (ool + Ae; - V(pudxdt+///A1 (1 —t)e;dr - Vouda dt =: K.

002 ¢t

Elementary manipulations show that

Ko = /T / {u(x,t)(aol + A%, + /t (e, T) ANt — 7)e; dT} Ve(z) dadt.

Next we turn to the task of evaluating the limiting behavior of Ks.. Clearly the term
involving R, vanishes in the limit. Then we appeal to the stipulated regularity of S, and
apply, with minor changes, the ideas of [38] Lemma 3; we infer

T
K2€—>—04/<p /Slycy/xZ Y, T deadx—// Fi(z,7)dzdr,

2 T 0
where F is defined by

a / Sy (2, )by / 0T (Sy(z, D] (y, )i dor (4.70)
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Collecting the results above, let ¢ — 0 in (4.67) to arrive at

//f Vpz;dedt = // (z,7)dxdr

41//{u@iﬂbﬂlkA%@%1/u@yﬂA%t—7kﬂh}~V¢@ﬂ¢mﬁ.(47D

As usual, next we take px; as a testing function in (4.10). This test essentially does not
detect the boundary I, due to (4.3); on letting ¢ — 0

//ﬁ-Vgoxidxdt—I—/ £-e;pdrdt=0. (4.72)
00 00

We substitute (4.72) in (4.71), and differentiate in 7' the resulting equality; in fact the
choice of T is essentially arbitrary in this setting. We obtain (reverting to ¢ as the time
variable)

t

/{u(:p,t)(aol + A% + /u(x,T)Al(t —7) dT}V(p(:L‘) dx

N 0

/5 (x,t)p dx—/@(x)]:(x,t)dx,

for a.e. t € (0,T). Using [4, Lemma7.2], it follows that u € L*(0,T; H'(£2)) and that

E(x,t) = —(ool + A")Vu(z,t) — /Al(t — 7)Vu(z,7)dr + F(z,t), (4.73)

for a.e. (z,t) € £2x (0,T). Clearly div& = 0 in the sense of distributions (see e.g., (4.72)
above).

Recalling (4.70), this shows that the limit function u satisfies (4.53). Moreover, as it will
be proved in the following Subsection 4.5.1, u satisfies also the homogeneous boundary
condition. Therefore, by Theorem 4.8, with f(z,t) = — div F(x,t) and g = 0, the function
u coincides with ug and hence the whole sequence {u.} converges to g, so that the result
is achieved. U

Remark 4.11. Equality (4.73), which is the constitutive relationship of the homogenized
material, expresses the limiting current £ as a function of the history of the gradient of
the potential, Vuy.

4.5.1. u vanishes on 0f2. The trace of u on 0f2 exists for a.e. t € (0,7"), because of the
already proven regularity of u. It is left to show that this trace is zero.

We understand here u and each u. to be defined on RY x (0,7), by extending them as
zero outside (2. Also define,

T

:/%mwm, m@:]mmdt

0
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Since we already know that the trace on 0f2 of each u., and therefore of U,, is zero, we
infer that for each bounded open set G C RY, the variation |DU.|(G) is given by

T

f 1/2 [ 2 1/2
|DU.|(G) :/ /Vuadt dx + / /[ug] dt| do <~ [ |G| <//|Vu€| dxdt)
0 0

G IsnG |0 G

T
1 1/2
+(el* N G|N_1)1/2<g / /[ue]2 dt da) <A(|G]"? + (e|I* N G|n-1)"?), (4.74)
r<nG o
where we have made use of Holder’s inequality and of (4.11). As a first consequence of

this estimate, we may invoke classical compactness and semicontinuity results to show
that (extracting subsequences if needed)

U.—-U, in LY(RY),  |DU|(G) < lim inf |DU.|(G), (4.75)

for every set G C RY as above. On the other hand, according to [9, Theorem 3.77] ,

|DU|(92) = /|U+ —U7|do = /\Uﬂ do | (4.76)
o052 992

where the symbol U* (respectively, U~) denotes the trace on 02 of Uy, (respectively, of
U0|RN\ﬁ =0).
Define for 0 < h < 1 the open set
Vi = {x € RN | dist(z,02) < h}.
Combining (4.74)—(4.76), we obtain, as 92 C V}, for all h,

/\U+| do <|DU(Vy)| < yliminf (JVa[? + (|17 0 Vilv-1)'?) < 4hV2.
00
Indeed, it is readily seen that |V}| < ~h, and that | NV, |y_1 < yh/e for all sufficiently
small h. Therefore, letting h — 0 above we obtain that UT = 0 a.e. on 92. However, U+
and the trace u™ of u are related by
T

U*(x)z/u*(:c,t)dt, x € 012.
0

Clearly, T' stands here for any positive time, so that, differentiating the last equality in
time, we obtain u™(xz,t) = 0 a.e. on 92 x (0, 7).

4.6. Comparison with other similar models. In this regard, different models are
obtained corresponding to different scaling with respect to € (where £ denotes the length
of the periodicity cell) of the relevant physical quantity «, entering in the dynamical
boundary condition given by

a 0 [
ek ot
with k£ € Z. In this case the energy estimate becomes

u] = oVut™ v, on the membrane interface, (4.77)

2ek
Ie Ie

T
//J\Vu€|2dxd7'+%/[UE]Q(LT) do = = S2(x)do,
0
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which, taking into account that |I*|y_; ~ 1/e, will be finite if S. = O(**1/2). Hence,
recalling that S. = S.(z,y) = So(x,y) + €S1(z,y) + 2Sa(z,y) + ..., it follows that
So(x,y) = 0 for & > 0, Si(x,y) = 0 for £ > 2, and so on. Next, repeating the same
arguments as in Section 4.3, we achieve the corresponding homogenized equations. As we
saw, the case k = 1 leads to an elliptic equation with memory; in turn, the case k = —1 (see
[30] and [35]) leads to a degenerate parabolic system, the well known bidomain model for
the cardiac syncithial tissue, where however, in the left hand side of (4.77) an extra term
depending on [u.] appears, modeling the nonlinear conductive behavior of the membrane.
The case k =0 (see [33], [7]) leads to a standard elliptic equation.

In the following we analyze in details the whole family £ € Z. Let us start with the
homogenized equation in the cases k # —1,0, 1:

o for k>2 = single elliptic equation
_div (((amt|Eint| ¥ Gont| Bout|) T + AD)VmuO) —0  in O
o for k< -2 = system of two independent elliptic equations

— div <(amt|Emt|I+A )WV, mt) 0, in

int
—div <(aout|Eout|I + Aout)v u"“t) =0 in 2r;

where u™ and u"* are the components of w
Remark 4.12. Note that in both the previous cases the dependance on time is only para-

metric. Moreover, all the matrices AP AV, AN do not depend on the permeability
a.

4.6.1. FElectrical activation of cardiac syncithial tissues (the case k = —1). Let us consider
the linearized version of the model proposed by Krassowska and Neu in [30]. In this case
we deal with the system of equations

— div(0o Vul) =0, in (2 ;

— dlv(aoutVu(mt )=0, in 25
amtVu (int) .} = aoutVugout) ‘U, on I,
aea[u | = Oou V™™ - v on I'%;

[us(x,0) = S.(x), on %

ue(z,t) =0, on 0f2.

Following the notation introduced in Section 3 and assuming that Sy(z,y) = So(x) # 0,
it can be found (see [30, 35, 7]) that the macroscopic solution ug is actually split into two
different functions (this is the reason of the name bidomain model), accordingly to

ol 1) = ul(z,t), in By,
= ud"(x, 1), in Foy.

Moreover, the first corrector u; can be factorized as follows

(.I' y t) — —X (y) \4 umt( )—’_umt('r t) Yy € Einta
o Ny) - Vg™ (2, t) + 0" (2, 1)y € Eout
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where the components Xﬁ[ (h=1,...,N) of the cell function " satisfy

—0 Ay Xﬁf =0, in By, Eou; (478)
o(VyxN — =0, onl; (4.79)
gout(vah,out - eh) V= 07 on [ (480)

The components X/}}f are also required to be periodic functions in Y, with zero integral
average on Y. This implies that only one of the two constants up to which X{Xt and Xé\(n are
determined by the previous equations is fixed, but this does not affect the homogenized
system below. Note also that, in general, [x}] # 0 on I".

Finally, the functions ui™, u‘l’“t can be taken equal to zero, and the macroscopic homoge-

nized function ug satisfies the degenerate parabolic system given by
|F|a (5™ = ) = div ((ous| Eoul I + AN Vo)

_div ((amt|Emt|I + ANV U™+ (ot Bow I + AYV)V, u°“t> 0;

int
where

Aﬁlft = /O’intl/ Q X.i/}(t do, AQ{E = /Uoutl/ Q on\(lt do .

r I

4.6.2. Heat transmission with imperfect interfaces (the case k = 0). Let us consider the
evolutive version of the model studied by Lipton in [33]. In this case we deal with the
system of equations

— div(0o Vul) =0, in (2 ,;

— div(0e Vui™) = 0, in (2
Ot Vul™ - v = g0 Vo™ - v on I'%;
a%[ue] = aoutVu(out) ‘v, on I'%;

[us(x,0) = S.(x), on I'%;

ue(z,t) =0, on 0f2.

Following the notation introduced in Section 3 and assuming that Sy(z,y) = 0, it can be
found (see [33, 7]) that the macroscopic solution wg, which at a first look can be split into
two functions, as follows

ud"™(z,t) , in Eoy,

ul™(x,t), in Eiy,
uo(xay7t>:{ 0 ( ) '
actually must satisfy the conditions

| I <a%[uo]> =0 + o] jt=0 = 0

which imply that [ug] = 0 on I for all ¢ € (0,T), so that ulM(x,t) = ug*(x,t) = ue(z,t).
Moreover, the first corrector can be factorized as follows

—XN(y) - Vouo(z, t) + ™ (2,t)  y € Fiy,
(:C y7t> = t
—X ( ) - Vaeuo(z, t) +uf™(z,t) y € Eou,
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where the components x7 (h = 1,..., N) of the cell function \ satisfies (4.78)(4.80) as
before. Finally, the macroscopic homogenized function ug satisfies the standard elliptic
equation given by

—div ((UOI + AN)quo) =0,

where
AN = A{}lft + Aé\(lt = —/amty ® Xﬁlft do + /aoutu ® Xﬁ{n do
T T
= / [ov @ V] do
T
and 00 = Oint| Pint| + out| Fout|- We note that in this case the homogenized matrix

AN does not depend on the physical properties of the cell membrane; i.e., it does not
depend on «, as far as the cell membranes disappear in the homogenization limit.

4.6.3. Elasticity (the case k = 1). Let us consider the static version of the evolutive model
extensively discussed in Sections 4.1-4.5 (see [31]). In this case we deal with the system
of equations

- div(aintvugout)) = f(z), in (%

— div(oe Vuli™) = f(z), in (2 ;
aintVuSnt) v = aoutVugout) v, on I'%;
%[ua] = Ot VUL - on I'%;

us(z) =0, on 0f2;

with f € L*(£2).

Following the notation introduced in Section 3 and assuming that Sy(z,y) = 0, it can
be found (see [31]) that the macroscopic solution ug(x,y) = ug(x) does not depend on y.
Moreover, the first corrector can be factorized as ui(z,y) = —x°(y) - Vouo(z) + 1 (2),
where % can be chosen identically equal to zero, and the components x§ (h=1,...,N)
of the cell function y° satisfy

—0 Ay Xf = O, in Einta Eout;
[o(Vyxi —en) - v] =0, on I';
a[X;f] = Uout(vaf,out T eh) "V, on I,

Finally, the macroscopic homogenized function wug satisfies the standard elliptic equation
given by

—div <(UOI + AS)VJ;W) = f(x)

where AS = / rlov ® x%]do and again 00 = Oint| Fint| + Oout|Fous|. We note that
in this case, as well as in the corresponding evolutive case, the homogenized matrix A®
depends on the physical properties of the cell membrane, as it can be seen in the system
of equations satisfied by the cell function x*.
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4.6.4. Final remarks. We would like to observe that the model considered in details in
these notes (i.e., k& = 1), together with the one corresponding to k = —1 in (4.77),
preserves memory, in the limit, of the membrane properties (i.e., of the constant «).
This is not true for all the other choices of k. Moreover, we expect that, both for cases
k =1 and £ = —1, assigning an alternating potential on the boundary will result in a
periodic steady state or a limit cycle as ¢ — 400, possibly displaying also a phase delay,
as expected in a resistive-capacitive circuit (see the next Section 4.7).
It is not yet clear which one of the two models here presented is more appropriate to
describe the physical situation. Indeed, it seems that both of them are valid in their
respective frequency ranges. However, the one treated in details in these notes (i.e., model
(4.1)—(4.6)) seems to be more suitable to describe the response of a biological tissue to an
impulsive potential.
The applicability of this model to real physical situations is connected to the study of
an inverse problem, which for the elliptic equation is tipically related to the study of the
Neumann-Dirichlet map. This problem has been widely studied. On the contrary (a part
from some geometrically simple cases), the inverse problem for equation (4.53) is still
open; in this case, the usual Dirichlet-Neumann map should be replaced with a map in
which we assign the Dirichlet boundary condition together with the condition:

t

ou
O'Qa—n + A?]a—l‘zn] + /Allj(t - T)a—l’j(x’T)nj dr = h({L‘,t) )

0
where n is the outward normal to 0f2 and h is a given function.

4.7. Stability. In this last section we will give a brief description of the asymptotic
behavior of u.(z,t) and ug(z, t) for large times. In the case where a homogeneous Dirichlet
boundary condition is satisfied, the following results were proven in [8].

Theorem 4.13. Let (%, 2 ., I'®, Oint, Oout, @ be as before. Assume that the initial datum

Se satisfies (4.8), (4.9). Let u. be the solution of (4.1)~(4.6). Then
(-, )2 < Cle+ ™) ace in (1,400), (4.81)
where C' and \ are independent of €. Moreover, if Sc has null mean average over each
connected component of I'¢, it follows that
ue(-, )| 20y < Ce™  ace. in (1,400). (4.82)

This theorem easily yields the following exponential time-decay estimate for uy under
homogeneous Dirichlet boundary data.

Corollary 4.14. Under the assumptions of Theorem 4.13, if u. — ug weakly in L2(02 x
(0,7)) for every T > 0, then
uo(-, )|l 2y < Ce™™  a.e. in (1,400). (4.83)

Next we are interested in the case of a nonhomogeneous but time-periodic Dirichlet bound-
ary data for u. and ug. Then we assume

us(z,t) = U(z)d(t) and  wo(x,t) = W(x)P(t), on dN2 x (0,400), (4.84)
where
O(t) € Hy(R), and  VU(z)e H(RY), AV =0in . (4.85)

Here and in the following a subscript # denotes a space of T-periodic functions, for some
fixed T' > 0.
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In order to deal with this case, for every € > 0 we introduce an auxiliary function u#
which solves a time-periodic version of the microscopic differential scheme introduced at
the beginning of this chapter

—div(eVu¥) =0, in (025, U2,) xXR; (4.86)
[oVu? - v] =0, on I'* X R; (4.87)
%%[uf] = oVuf .y, on I'* X R; (4.88)
u?(2,t) = U(x)d(t), on 012 x R; (4.89)
u?(z,-) is T periodic, Vo € §2; (4.90)
[u(-,t)] — S.(-) has null average over each connected component of I°°. (4.91)

Indeed, this problem is derived from (4.1)-(4.6), replacing equation (4.5) with (4.90).
Equation (4.91) has been added in order to guarantee the uniqueness of the solution, and
is suggested by the observation that [u.(-,t)] — S.(+) has null average over each connected
component of I, as a consequence of (4.1)-(4.4), (4.5).
In [8, Theorem 7] it has been proved that as e — 0, the function u¥(z,t) approaches a
time-periodic function uj € HL(R; H'(12)) solving
400
—div <AV'zﬁOéﬁ + / B(r)Vul (z,t —7) d7'> =0, in 2 xR; (4.92)
0
wl =W(z)®(t), on dN xR. (4.93)
Moreover, the following result holds.

Theorem 4.15. Let 2,82 ., I"®, Oint, Oout, @ be as before. Assume that the initial datum
S. satisfies (4.8), (4.9) and the boundary datum satisfies (4.85). Let {u.} and {u¥} be

the sequences of the solutions of (4.1)—-(4.5), (4.84) and (4.86)—(4.91), respectively. Then

|ue(-, ) — uf(.,t)HLz(g) < Ce™ ae in (1,+00), (4.94)
where C' and X are positive constants, independent of ¢.
This theorem easily yields the following exponential time-decay estimate for ug — u#

Corollary 4.16. Under the assumption of Theorem 4.15, if u. — ug and u¥ — u# weakly

in L2(82 x (0,T)), for every T > 0, then the following estimate holds:
|luo(-,t) — /U/gé(’,t)”LQ(_Q) < Ce™ a.e in(1,4+00), (4.95)
where C' and X are positive constants, independent of ¢.

Finally, expressing the function ® by means of its Fourier series; i.e.,

d(t) = f cpe’rt (4.96)

k=—o00

where wy = 2k7/T is the k-th circular frequency, and representing the solution u#(z,t)

as follows:
+o0

uf (2, t) = ) va(w)e!, (4.97)

k=—o00
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we obtain that the complex-valued functions v.(z) € L*(f2) are such that v o €
H' (%), 1=1,2, and for k # 0 satisfy the problem
—div(oVug) =0, in (27, UL (4.98)
oV -v] =0, on I'%; (4.99)
el [var] = (6Vug - )™, on I'%; (4.100)
Ve = 1V, on 012, (4.101)
whereas for k = 0 they satisfy the problem
—div(eVvg) =0, in (2, UL (4.102)
oV -v] =0, on I'%; (4.103)
(oVveg - v)™ =0, on I'%; (4.104)
Ve = oV, on 02 (4.105)
[Veo] — Se(+)  has null average over each connected component of I'°. (4.106)

Note that any solution v, of Problem (4.98)—(4.101) is such that [v.] has null average
over each connected component of 1.
Finally, in [8] the following homogenization result is proven:

Theorem 4.17. Let §X,, 925, 1"°, O, Oout, @ be as before. Assume that the boundary
datum satisfies (4.85). Then, for k € Z \ {0} [respectively, k = 0, under the further
assumptions (4.8), (4.9)], the solution vey, of Problem (4.98)—(4.101) [respectively, Problem
(4.102)(4.106)] strongly converges in L*(£2) to a function ve, € H'(§2) which is the unique

solution of the problem

—div(A“* Vog) =0, in £2; (4.107)
vor = V¥, on 0§2; (4.108)

where .
A = A% + / Al(t) et dt, (4.109)

0
with A° and A'(t) defined in (4.54).

Remark 4.18. Experimental measurements in clinical applications are currently performed
by assigning time-harmonic boundary data and assuming that the resulting electric po-
tential is time-harmonic, too. This assumption, which is often referred to as the limiting
amplitude principle, leads to the commonly accepted mathematical model based on the
complex elliptic Problem (4.107)—(4.108) for the electric potential [14, 25]. In [8], in view
of the preceding theorem, this phenomenological equations have been mathematically jus-
tified and, moreover, a quasi-explicit relation between the circular frequency w and the
coefficient A“* has been found.
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