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FRACTAL MIXTURES FOR OPTIMAL HEAT DRAINING

Massimo Cefalo, Simone Creo, Maria Rosaria Lancia, Javier Rodriguez-Cuadrado

We optimize the shape of Koch-mixture interfaces to drain heat in a bulk
e We propose a fractal dynamics which takes into account the heat fluxes.

e We use an optimal mesh algorithm for Koch interfaces to compute the temperature.

Asymmetric Koch-mixture interfaces are suitable to drain heat when properly refined.

The conductivity of the interface plays a significant role in the optimal shape.
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Abstract

The aim of this paper is to optimize the shape of a highly conductive interface in order
to drain the maximum amount of heat. Given the ubiquity of irregular interfaces in heat
transmission processes, we model such interfaces by Koch-mixture fractal layers. We propose
a dynamics that iteratively refines these mixtures in order to maximize the temperature
reduction in the bulk. We obtain that asymmetric Koch-mixtures drain heat effectively
when properly refined. In addition, we show that the conductivity of the interface plays a
significant role in the refinement of the optimal shape.

Keywords: Asymmetric fractal mixtures, Optimal shape, Heat flow, Highly conductive
layers

1. Introduction

Irregular layers and media are involved in many physical phenomena, such as diffusion
processes in physical membranes, current flow across rough electrodes in electrochemistry
and diffusion of sprays in the lungs (see e.g. [1, 2]). In particular, the role of surface roughness
has a deep impact in industrial applications, e.g. in coating technology and the design of
microelectro-mechanical systems (MEMS) [3, 4, 5, 6, 7]. These phenomena are typically
described by parabolic boundary value problems (BVPs) involving a transmission condition
of order zero, one or two where the irregular media is modeled by fractal-type boundaries
and/or interfaces. Thus, the numerical approximation of the corresponding boundary value
problems is crucial to predict or confirm the experimental evidence.

The first results on the numerical approximation of BVPs in domains with fractal-type
boundaries and /or interfaces go back to the last 20 years [8, 9, 10, 11, 12, 13], where the main
focus was on heat transfer problems across a given highly conductive pre-fractal boundary
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and /or interface (i.e. second order transmission conditions). From the numerical simulations
performed in such papers, it results that fractal-type interfaces are capable of draining heat
from the bulk more efficiently than a flat interface, as described in [10]. This fact can be
usefully exploited from the point of view of applications.

In many industrial applications it is crucial to know which is the “optimal” interface to
drain heat from heat sources. The mathematical model must be a control problem in which
the dynamics of a pre-fractal barrier evolves automatically. Actually, the dynamics should
be driven by the “feedback” of thermal flows, thus taking into account that the thermal
sources located in the bulk are time dependent. The goal of the control system is to drain
heat in an optimal way from the thermal sources.

The problem could be formalized as follows: given a bulk (with an internal inter-
face/layer) where some heat sources are located, which is the optimal shape of the layer
to drain the maximum amount of heat from the heat sources in a given time? Answer-
ing this question is the main goal of this paper and it first requires linking the concept of
“draining heat” to a physical magnitude. For this reason, we assume that draining heat is
equivalent to reducing the maximum temperature in the bulk. The mathematical problem
that we aim to address in this paper is to obtain the optimal shape K* of an interface, in a
set £ of possible pre-fractal sets that divides a bulk domain €2 in two subdomains €2; and
25 and minimizes the maximum temperature in the subdomain where the heat sources are
supposed to be located.

This mathematical problem is denoted by () and is formalized as

() min maxug(T, P),

where, for every given K € |, uk is the solution of the second order transmission problem

() formally stated as

'% — Au(t,P) = f(P) in [0,T] x €,

() M gu(t, P) = {%} on [0,7] x K,
u(t,P) =0 on [0,T] x 09,
(u(0,P) =0 on Q,

where T is the time in which the stationary state is reached, €2 is a given bounded open
subset of R?, K is a pre-fractal curve, Ay is the piecewise tangential Laplacian on K, A

is the layer conductivity, [%] is the jump of the normal derivative across K, v is the

outward unit normal vector and f is a given function in a suitable functional space.

Actually, to solve our problem (&) is a complex task. To solve it, firstly, we assume that
the heat sources are time independent and, secondly, we approach the solution iteratively.
In particular, we propose a dynamics which makes the layer grow in each iteration according
to thermal flows and other key physical magnitudes.
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It is crucial to choose the set J# in an efficient way both from the numerical and industrial
application point of view. In this regard, we choose as set of possible layer configurations
the set of Koch-type fractal mixtures. Our results show that asymmetric Koch mixtures,
which are possible through a dynamics that makes the different parts of the layer grow
independently, efficiently meet our aims.

The paper is organized as follows. In Section 2, we describe the geometry of the pre-
fractal layers K € .. In Section 3, we show that for every given K € ¢, the problem (2?)
admits a unique “weak” solution. In Section 4, we study the numerical approximation of
(2) by mixed methods (FEM in space and FD in time). In Section 5, we investigate problem
(Z2) by iteratively solving a sequence of simpler optimization problems {(£2,)}, driven by
a heuristic method which relies on the choice of a suitable “dynamics” which governs the
growth of the interface. In Section 6, we present the results of the numerical simulations.
Finally, in Section 7, we draw the conclusions and discuss the possibility to extend this work

to the study of a control problem.

2. Preliminaries

2.1. The geometry

Fractal mixtures are constructed by employing the general iterated map system (see [14]
and [15]).
Let <7 be a finite set of numbers greater than 1. For o € &7, let

@ = e, e (2.1

be a family of N, contraction maps in R? with contraction factor a!. Denote with U(® the
mapping in R? defined by

Nqo
V) = Ju®(B), EcCR (2.2)
=1

Let /Y be the set of sequences & = (&, &, ...), with & € 7. For n € N, let us define in
R? the following function:
of =T 5. ..o Pln) (2.3)

where ¢ is the identity operator.
Let now I' be a nonempty compact subset of R? with I' ¢ W(®)(I'), then the fractal
mixture K¢ associated with the sequence ¢ is defined by

K¢ = (G cp%(r)). (2.4)

For any fixed ¢ € &N and n € N, the set K¢ is not strictly self-similar, but it does satisfy
the property
K* = f (K, (2.5)

3
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(c) &1 =3,62=25,63 =3 (d) &1 =3,62=12.5,63=3,64 =2.5

Figure 1: Pre-fractal Koch curve mixtures for variable length sequences of contraction factors.

where o is the left shift operator on @™ defined as ¥¢ := (&,&3,...) for € = (€1, &, .. .).
Given ¢ € &N, we define

to be the set of all finite sequences of integers w|n = (wy, ws, ..., w,) with 1 < w; < N, for
1 <1 < n. In addition, we set
%n =& oo, (2.7)

Definition 2.1. Let A = (0,0), B = (1,0) and I' = {A, B}. Let & be a finite set of real
numbers o € (2,4). For a fized sequence ¢ € /N, the Koch curve mizture K¢ defined in

(2.4) is constructed by the families of contraction maps (®) = {wia), e fla)} in C:
() _ i (a) _ i 16 l
W) = 2, ()= 2+ 2,
N z o 1 isin(f) a z4+a—1
PE=ge g We) s —(—

for o € o, where § = cos™' (£ —1).
Let T be the unit segment connecting A and B. For fixed £ € &/N and n € N, the n-th
generation pre-fractal Koch curve mizture K¢ is defined by

KS = 5 (D). (2.8)

For I' = {A, B} and n > 0, we define V¢ = ¢5(I'). It can be seen that the following
nested property of V¢ holds:
Vo CVEC-CVE (2.9)

In Figure 1, V¢ and K¢ are plotted in red and in black respectively.
Let C°(K¢) be the space of continuous functions on K¢ and Cy(K*) := {¢ € C°(K?) :

4
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#(A) = ¢(B) = 0}. Following [16], we know that there exists a unique Radon measure p®
on K¢ such that

pdpt= 3" (N¥n) " [ goul, du, (2.10)

K9"™¢

¢=3 J\f\_L £4=2.2

£,=2.2
Figure 2: Asymmetric Kock-type mixtures for variable length sequences of contraction factors.

In the following, we will use asymmetric mixtures, which can be obtained from the
previous procedure by choosing, at each iteration, a different contraction factor « for every
contraction 1/)2(0‘), forv=1,...,4; see Figure 2.

2.2. Functional spaces

Let © be an open set of R? with 2-dimensional Lebesgue measure [Q2]. By LP(Q2), for
p > 1, we denote the Lebesgue space with respect to the two-dimensional Lebesgue measure
%, which will be left to the context whenever that does not create ambiguity. We denote
by Cp(€2) the space of continuous functions with compact support on € and by C§°(2) the
smooth functions with compact support on 2. We denote by H*(2), s € RT, the (fractional)
Sobolev spaces with norm || - ||gs() and semi-norm | - |gs(q) (see [17]), and by H§(Q2) the
closure of C§°(2) under the norm | - || s(o. If . is a closed subset of R?, C%°(.#’) denotes
the space of Holder continuous functions on . of order 0 < § < 1.

We define the trace operator ~y, for f € H*(Q2) as

xz, T) N Q| B(z,r)NQ

at every x € Q where the limit exists. It is known the the limit (2.11) exists quasi everywhere
on Q with respect to the (s, 2)-capacity (see [18]). We point out that vof = flaq for f € C ().

We denote by C°(K$) the space of continuous functions on K&, by Co(KS) := {6 €
CY%KE) : ¢(A) = ¢(B) = 0} and by s the one-dimensional measure on K¢ relative to the
arc length.

Now we come to the definition of trace spaces on the polygonal curve K§. We follow
Definition 2.27 in [19] and briefly recall some notations. We define the positive direction on
K¢ to be from A to B. Let V& = {Py,..., Pyy1} where P, = A, Pyy1 = B (A and B are the
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endpoints of the curve, made of N + 1 vertices) and N = 4". We denote by [;, j =1,..., N,
the sides with endpoints P; and Pj,;, whose length is L; = I ,&;'. The length of K¢ is
L =TI ,4¢7!. Since P is the origin, we can associate the arc length s(P) to every point
Pe K&

s(P) = (j — DILL &' + [P = Py, (2.12)
if P el; for j =1,..,N. Here |P — P;| is the Euclidean distance between the two points
P and P;. We have a continuous function ¢(s) : [0, L] — R? that is the parametrization of
K¢ by arc length. Moreover, ¢o(s) is injective and its restriction on each l;, j = 1,..., N, is
smooth. In addition, we consider the parametrization of the “sub-arc” Uf\i ; [; by the injective
continuous function ¢;(s) : [0, (N + 1 — j)L;] — R? such that ¢;(0) = P;, j = 1,..., N.

We set H*(K$) = H*(K$) with K§ = K§\{A, B}, s € RT.
Definition 2.2. For s > 3, the Sobolev spaces H*(K}) and H}(K$) are defined by
HS(KE) = {U € CO(KE) . U‘lj € Hs(lj), lj = lj\{Pj,]DjJrl}, j = 1, ,N} ,

and

HY}(KS) = {v €Co(KS) vl € H'(Ly), 1 =U\{P, P}, j=1, N}

If Q is a polygon in R?, then the Sobolev space H*(92) can be defined in a similar way
(see [19]).
We now recall Theorem 2.24 in [19]. For more general details, we refer to [20] and [17].

Proposition 2.1. Let Q be a polygon in R? with boundary I'. Let s > % Then HS_%(F) is
the trace space to I' of H*(Q2) in the following sense:

(I);
(T") to H*(RY), such that ~ooExt

(1) Yo is a continuous linear operator from H*(Q2) to H*~

VI o=

(2) there exists a continuous linear operator Ext from H*~
is the identity operator in H*~2(T').

Finally, we define the weighted Sobolev spaces in a non-convex polygonal domain. Let
@ be a non-convex polygonal domain in R? with vertices P;, j = 1,..., N. We denote by 0,
the interior angle of Q at P; for j =1,...,N. Let R={1 <j < N : 6; > 7}. Then the
set {P;}jer is the subset of vertices whose angles 6; are “reentrant”. We choose a suitable
constant 7 > 0. For each j € R, we put B,(P;) ={P € Q:|P—Pj| <n}. Let r : Q — R*
be a continuous weighting function such that r(P) = |P — P;| if P € B, (F;) for some j € R,
and r(P) = 1if P € Q\ U, Bay(F)).
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Definition 2.3. For u € RT, the weighted Sobolev space H**(Q;r) is defined by

H*"(Q;r) == {ue H(Q): r"D’u € L*(Q) V|B| = 2} (2.13)
with the norm
1
2
[l = | lullfng + D I DPullfag | (2.14)
1B1=2

Similarly, for 4 € R, we denote by H 21(Q; 1) the weighted Sobolev space where 7 is the
distance from the boundary of Q).

3. Existence, uniqueness and regularity results

In this section we introduce the parabolic pre-fractal transmission problem. We refer the
reader for details and proofs to [9], see also [21] for the case of an equilateral Koch curve.

Let Q = (0,1) x (—1,1) be the open rectangular domain in R?. For the sake of clarity, we
consider the set o/ with only two distinct elements, i.e., & = {ay, a2} with a1, ay € (2,4)
and oy < as. Let n € N and £ € &N be fixed. We set 0, = cos™! (% — 1) and 0% =
cos™ (% —1). Let Q) and Q2 be the portions of Q above and below the pre-fractal curve
K¢ which from now on will be simply denoted by K,,, whose endpoints are A = (0,0) and
B = (1,0) . From Figure 3 we can see that there are two reentrant angles for each portion

Q! . which are denoted by 6} and 6% for i = 1,2. In particular, we have

Oy =m+20%, Oy=m+20, O=7m+0" 03=m+0,. (3.1)

Figure 3: Reentrant angles with £ = (3.5,2.5,...) and n = 2.

In the following we denote by 0 := max{6}, 0} and by 6 := max{6?, 03}. Let us consider
the forms

E(”)(un,un):/ |Vun|2d$2—|—/ IV vou,|*ds, (3.2)
0

n
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defined on the domain
V(Q,K,) = {u, € H3(Q) : you, € Hy(K,)} . (3.3)

In (3.3), H}(Q) denotes the usual Sobolev space in 2 and H}(K,,) the trace space. We
note that the second integral in the right-hand side of (3.2), the layer energy Ek, (-, "), can
be written as the sum of integrals over the segments M of the n-generation:

/ IV oun|* ds = Z / IV oun|? ds,

MeFm

where V., denotes the tangential derivative on M.
3
The form in (3.2) is not trivial because the domain V' (2, K,,) contains the space Hj (€2). In

3
fact if v € HZ () then v € H'(K,,). Moreover, both v and ~yv vanish in A and B; hence
Yov € H(K,).

Proposition 3.1. The space V (2, K,,) given by (3.3) is a Hilbert space under the norm

Moreover, for each n € N EM(-.), with domain V(Q,K,), is a regular, strongly local
Dirichlet form in L*(Q).

See [22] and [21] and the references included. We refer to [23] for definitions and main
properties of Dirichlet forms.

We now introduce the transmission problem across the pre-fractal layer K,. In the
following, we denote both the functions u,, and their traces you,, on K, by the same symbol
leaving the interpretation to the context. Let f(¢, P) be a given function in C%°([0, T]; L%(Q2))
with § € (0,1); we consider the problem (P,), formally stated as:

QunlbP)  Au,(t,P) = f(t,P)  in [0,T] x %, i=1,2,
—Axk, u,(t, P) = [W] on [0,7] x K,
) un(t,P) =0 on [0,7T] x 09,
Yl Py = (t P) on [0,T] x I,
un(t, P) = on [0,7] x 0K,
L u, (0, P) = on ,

where v, denotes the restriction of u,, to Q' A Kn denotes the piecewise tangential Laplacian
defined on the layer K, and [8“”] = 8V1 +2 a 2 denotes the jump of the normal derivatives
across K,,, where v; is the inward normal Vector to the boundary of Q.
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In the following, we recall the main results on existence and regularity of the solution to
problem (P,). In [21] the existence and uniqueness of the “strict” solution of problem (P,)
has been proved via a semigroup approach. More precisely, the solvability of the following
abstract Cauchy problem, for every fixed n € N, has been studied:

- a“#(’f) — Ay un(t) + f(E), 0<t<T
u,(0) =0,

(3.5)

where A, : 2(A,) C L*(Q) — L*(Q) is the generator associated to the energy form E™),
E™ (uy,,v) = —/ Ayupvd %y, u, € P(An), veV(QK,), (3.6)
Q

and T is a fixed positive real number.
A “strict” solution of problem (P,) is a function

u, € CH([0,T); L*(Q,m))N C([0,T); 2(4,)) s.t. (3.7)

Oy, (t)
ot
Then the following holds.

Theorem 3.1. Let 0 < § < 1, f € C%%([0,T],L3(Y)), and let

= Ayun(t) + f(t), forevery t€[0,7] and u,(0)=0.

un(t) = /0 T.(t —s) f(s) ds for everyn € N, (3.8)

where T, (t) is the analytic semigroup generated by A,. Then w,, is the unique strict solution

of (Py).

Furthermore there exists ¢ > 0, independent from n, such that

tnllero,m,2)) + tnllcoqo.r),2ca0)) < cll fllcosqom,2)- (3.9)

For the proof, we refer to Theorem 4.3.1 in [24].
Actually, the solution of the abstract Cauchy problem (F,) is the “strong” solution of

problem (P,) in the following sense.

Theorem 3.2. For every givenn € N, let u,, be the solution of problem (P,). Then we have,
for every fized t € [0, T,

( t, P |
%—Aun(t,lg) = f(t, P) for a.e. P € Qi i=1,2,

ou

8Vi € ( ) t ) &y

q

— A tinl, = [%ﬂ in L*(K,), (3.10)
un(t,P) =0 for P € 09,
(un(0,P) =0 on Q,
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where ul, is the restriction of u,, to Q0 [‘9“"} = a“" —|— 61/ is the jump of the normal derivatives
across K, v;, for1=1,2, are the mward normal ‘vectors and AK 15 the piecewise tangential

Laplacian associated to the Dirichlet form Ek,, . Moreover 94 ¢ O([0,T]; L*(K,)), i = 1,2.

For the proof, see Theorems 3.2 and 3.3 in [9].
We recall an important regularity result for the restrictions u! of the solution u,,.

Theorem 3.3. For every fized t € [0,T] ul, € H>*(QL), 1y > %;91, u2 e H22(Q2), g >
262
T+202 "
For the proof we refer to Theorem 3.4 in [9].

We remark that from Theorem 3.2 it follows that, for each ¢ € [0, 7], u,|k, € H*(K,)
and u, € C°(Q) (see Remark 3.1 in [9]). By proceeding as in Theorem 4.2 of [25], with the
obvious changes, one can prove that

20"

Le HAM(QLY), gy > ———

where the weight is the distance from the reentrant vertices (see Definition 2.3).

4. Numerical approximation of problem ()

In this section we investigate the main issues concerning the numerical approximation of
problem (£2).

We remark that, since the domains Q¢ i = 1,2 are non-convex polygonal domains, in
order to obtain an optimal rate of convergence it will be necessary to generate an appropriate
mesh satisfying the conditions of the following Theorem 4.1 (see Appendix Appendix A for
details on the mesh algorithm).

Let 2 denote the domain !, i = 1,2, and let « = oy, i = 1,2 and r = 7! (x) be as in
(A.1). Let u, be the solution of problem (3.10) and u!, the restriction of u,, to . We recall
that u, is in C°(Q2). We denote by X, := {v € C%(2) :v|s € P;,V S € ffh} where P,
denotes the set of polynomial functions of degree one. Let I : H*>*(2) — X}, be the X),-
interpolating operator, defined as follows : I, (u,)|s € P for every S € 7 gh and Ip,(uy,) = uy,

at any vertex of any S € 7 gh We note that the interpolation operator is well defined since
u, € C°(Q). In the above notations and assumptions we have for each ¢ € [0, T:

Theorem 4.1. Let {th} be a family of meshes over 9 satisfying conditions from (a) to
(f) in Appendiz Appendiz A. Then there exists a constant C' > 0, independent from h, such

that
1/2

[fy = In(wi) o) < Ch Q> 7 Dol ey 0 - (4.1)
|B=2

10
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In the following for simplicity we will drop the superscript £&. With the symbol %hl we
will denote the triangulation over the subdomain Q. Since Q is divided by K, into two
subdomains Q! and Q2 which are non-convex polygonal domains having K, as a portion of
the boundary, we generate an appropriate mesh gni,hi: 1 = 1,2, satisfying the requirements
to apply the mesh algorithm (see Appendix Appendix A) and the natural triangulation over
Q is

Ton =T U Tl (4.2)
where h = max{hq, ho} and o = max{oy,05}.

Under these conditions, the size of the elements is consistent with the assumptions of
Theorem 4.1, thus, by proceeding as in Proposition 4 and Theorem 5.1 in [8], one can
deduce a V(Q, K,,)-estimate and a L?*(2! )-estimate of the linear interpolation error for any
function which has H**-regularity, u € (0,1).

With these two properties at hand, the numerical approximation of the problem (P,) is
carried out in two steps.

In the first step the semi-discrete problem is obtained by discretizing with a Galerkin
method the space variable only and the following a priori error estimate of the order of
convergence holds.

Theorem 4.2. Let u,(t) be the solution of (P,), ul,(t) be the restriction to V. of u,(t), for
i=1,2, and u, ,(t) be the semi-discrete solution. For each t € [0,T1], it holds

|maw—ummN@+XQWAﬂ—wmﬁﬂmmmdeSdﬂ(4ruvw@h) (43

where ¢ 1s a suitable constant independent of h.

For the proof one can proceed as in Theorem 5.2 of in [8] with the obvious changes.

In the second step, the fully discretized problem is obtained by applying a finite difference
scheme, the so-called #-method, on the time variable. As it is well-known, the #-scheme is
unconditionally stable with respect to the L?(2)-norm provided that % < 6 < 1. On the
contrary, in the case of 0 < 6 < %, one has to assume that {.7, 5} is a quasi-uniform family of
triangulations and that a restriction on the time step holds. Since the peculiarity of our mesh
{Z,.1} 1s not to be quasi-uniform, from now on we assume % < @ < 1. An error estimate
between the semi-discrete solution u, ,(t;) and the fully discrete one ufah can be obtained
as in Theorem 6.1 in [8]. From this estimate and Theorem 4.2 we deduce the following

convergence result.

Theorem 4.3. Let t; = IAt for 1 =0,1,...,.#, At > 0 being the time step and .# being
the integer part of T/At. Let f € C*°([0,T]; L*(2)) and %L € L*([0,T] x Q,dt x d.%). Let

n be fized and let uy(t) be the solution of problem (P,), ul, ), be the fully discretized solution
as given by the 0-method with % <@ <1. Then
2
dr |,
2

of
5(7)

T T
rmwo—%m&aw(/Hﬂﬂmm)+aaﬂ@ﬂm%+/
0 0

11
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where ¢ is the constant given by Theorem 4.2 and Cy is a constant independent from M , At

and h.

5. The layer optimization problem (%)

In this section we describe how to approximate numerically problem (£2). Since it is
too complex to be solved directly, we approach the solution to problem (&) by iteratively
solving a sequence of simpler optimization problems {(£2,)} driven by a heuristic method.

First, we assume that the optimal solution K* exists. Therefore, the solution to problem
(Z) is an element of J# . Since every element of J# can be obtained through an iterative
growth process starting from a flat segment K (as shown in Section 2.1), we can state that
there exists an iterative growth “dynamics” that links Ky with K*.

With this aim, we define a mapping denoted by ®“* that represents a growth dynamics for
the evolution of one particular segment of the layer, indexed by 7, by applying a contraction
factor a~!. In particular, given a layer K, formed by a union of S, segments, i.e. K, =
USr, M;, the mapping ®» is defined as:

O (Ky) = MPU---Up*(MMU--- UM, i=1,...,5, a€2+¢4].

For every given iteration n, it is necessary to select which segment grows. This selection
comes from an heuristic method. In particular, we choose the segment of the layer which
has the maximum heat flux, defined as:

&(M,) :/M Y {%1:”} ds.

The idea behind this heuristic is the following: as the goal is to minimize the maximum
temperature in the domain, we look for the most uniform temperature distribution. There-
fore, we apply a change to the segment which has the maximum heat flux. We denote by 7},
the index of such segment and we define it by

i%, = arg max ¢(My),
1EBn

where 4, is the set of indices of segments that can grow, which is defined by:

_ ) o€ B\ i i K=K,
P = {jn €N { Jn €{1,...,5.} otherwise

This set is formed by all indices from 1 to S,, except the case when the layer has not
grown in the previous iteration. This happens when the optimal contraction factor for the
segment M;»  with maximum flux in the previous iteration is 4. This means that this
segment does not grow, the layer remains the same (K, = K,_1) and therefore the segment
has to be removed for growing purposes in the current iteration n. In particular, the optimal
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contraction factor for segment 7 is denoted by a* and it is the solution of the following
optimization problem (2,):

S (m (T.pe <Kn>>)
where u (T, P, ®"(K,)) is the solution of the problem 2, with interface ®"»(K,). Since
the steady state is only reached when ¢t — 400, for application purposes we define 7" as the
finite time in which all variables of the process do not vary anymore in significant way (for
instance the 99% of their final value, which is theoretically computable).

Therefore, as long as %,, # (), the growth dynamics is given by:

%0 == {].}, ZS - 1, KO - [0, 1],
Ky = 500 (K, ip = 1,2, ...

The dynamics stops when %,, = (), i.e. no segment grows.

The approach described above can be resumed in Algorithm 1 below. This algorithm in-
cludes some variations, which have been added for computational and application purposes.
First, given an iteration n, the optimal contraction factor o* for the segment M;«  with high-
est flux is selected from a discrete set of z different factors {ay, ag, ..., a,}. This procedure
does not guarantee that the factor o obtained is the optimal, but it is necessary to compu-
tationally approach the problem given its complexity. Furthermore, a; < 4,7 = 1,2,..., 2,
because applying a contraction factor of 4 does not produce any change in the layer from a
computational point of view.

Finally, the layer evolves if the relative difference of temperature between the maximum
temperature ,,,, with the current layer K, and the maximum temperature u?’?” with the
provisional layer K77 evaluated is greater than a threshold § > 0. This threshold ensures
that the layer evolves only if the reduction of maximum temperature is enough to justify the
increase of length of the layer.

6. Numerical results

In this section we study the growth of the pre-fractal layer and its final configuration
depending on the heat source position and the layer conductivity. The dimensional equations
of the problem are, for every t € [0, T,

(
p Cp %2)\17 Au+ f  in L*(Q),
ou .
) XA, u =N\ {%} in L*(K,),
u(0,2) =0 Vo eQ,
u(t’x) =0 Vr e 8(2,

where

13



Data: {Ctl,OCQ, e ,Oéz} € [2 -+ 61,4 — 62],5,9 = (1,0) X (-1, 1), )\, f, KO =
{(0,0),(1,0)}, By = {1},if =1,n=0

Result: K

Obtain uk, (T, P),VP € Q ;

Umgg < MaAXpcn UK, (T7 P)7

while card(%,) # 0 do

if n > 0 then
for 1 € A, do
| Obtain ¢(M,);
end
it < argmin, 5, G(M);
end
for j €{1,2,...,2} do
K;)rov _ (I)i’*“aj (Kn) ;
Obtain Upcprov (T,P),YP €Q;

end

.....

70V
Tmas S MAXpeq Ugcrres (T, P)

umaz

if tmer—tic: > § then
K1+ K%
B+ {1,2,...,card(%,) + 3} ;

Unaxw — uprov .

else
Ky K, ;
B < B \ i3}
end
n<n+1;
end
K+ K,

Algorithm 1: Algorithm to approach solution K* for problem (£?)

14
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p is the material density in the bulk Q (in Kg/m?);

C, is the heat capacity at constant pressure (in J/(Kg - °C));

Ap is the thermal conductivity in the bulk domain Q (in W/(m - °C));

As is the thermal conductivity in the pre-fractal layer K,, (in W/°C));

the term f represents a thermal source (in W/m?);

u is the unknown variable: the temperature in Celsius degrees.

In order to preserve dimensional coherence, we assume that €2 is a planar section of a
three-dimensional domain of infinite depth. Moreover, we consider that the layer K, has an
infinitesimal thickness on the planar section.

From this point on, the values of the parameters and variables defined above are referred
to their mentioned units. Table 1 shows the values consistently used for p, C, and A,
in all subsections. On the other hand, in Algorithm 1, the contraction factors are set to
a; =0.19(¢ — 1) +2.1,i=1,...,11, and the treshold is set to 6 = 0.01.

P Cp )\b
8000 | 450 | 1

Table 1: Numerical values used in the simulations for the physical coefficients

6.1. Iterative growth of the pre-fractal layer

In this subsection we examine how the layer grows to maximize the heat draining. In
particular, the evolution of the layer according to the iterative growth dynamics represented
by ®“* and obtained through Algorithm 1 is shown in Figure 4. In this figure, we observe
how the layer is iteratively approaching the center of the heat source. This is due firstly to the
fact that the segments with the maximum flux, and therefore the segments that grow first,
are the ones closer to the heat source, and secondly to the fact that the optimal contraction
factors for these segments are the ones that approach the layer to the heat source.

These results are sensible from a physical point of view. The layer is more conductive than
the bulk and is connected in its extremes to the walls which are at a constant temperature
of 0 °C. This implies that the layer constitutes a more efficient path for heat draining than
the bulk. In addition, the greater the temperature gradient between the bulk and the layer,
the greater the heat flux along the layer. Therefore, the closer the layer is to the points of
maximum temperature in the bulk, the more efficiently the heat is drained.

Nevertheless, the growth towards the heat source must be balanced with the increase
of length of the layer. When the layer grows, so does the distance between some points of
the layer and the extremes connected to the walls. Therefore, the resistance to heat flow
along the layer increases. This implies that it is not effective to grow the layer everywhere;
it is physically more convenient to grow only the parts close enough to the heat source (and
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314
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316

317

therefore to the areas of high temperature in the bulk), in order to outweigh the effect of
increasing its length. This phenomenon can be observed in Figure 4, where the layer does
not grow in the parts that are farther from the heat source.

The numerical results shown in Figure 4 were obtained using f(x,y) = 3000 exp(—5(x —
0.3)2 — 5(y — 0.4)%) and A\, = 1000.
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Winaw = 1402 U = B2.2 Wings = 10.0

(a) (b) (c)

Umaz = (1.9 Umaz = 10.7 Upmaz = 70.0

(d) ()

0°C 50°C 100°C 150 °C

()

Figure 4: Iterative growth of the pre-fractal Koch mixture layer to produce the maximum reduction of
temperature (4a - 4f), maximum temperature 4, in each bulk and temperature colormap.
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6.2. Dependence on the heat source position

In this subsection we analyze how the position of the heat source affects the shape of the
pre-fractal layer according to Algorithm 1 (see Figure 5). When the heat source is centered,
the layer grows a spike in the center of the layer and then stops growing (see Figure 5a). This
is because further growing does not benefit heat draining, as the increase of length does not
translate into an approach to the heat source. On the other hand, when the heat source is
displaced from the center, the layer begins to grow further to approach the heat source (see
Figures 5b - 5g). In fact, when the heat source center is located near to the walls, the layer
grows a second spike (see Figures bh - 5j) and the central spike even flattens (see Figure 5j).
These results are sensible from a physical point of view as in Subsection 6.1.

The numerical results shown in Figure 5 were obtained using f(z,y) = 3000 exp(—5(x —
79)? — 5(y — yo)?), where xy and yy vary from Figure 5a to 5j, and A, = 1000.

(20, 0) = (0.50,0.70) (20, y0) = (0.45,0.65) (w0, y0) = (0.40, 0.60) (z0,90) = (0.35,0.55) (z0,90) = (0.30,0.50)

(w0, %0) = (0.25,0.45) (20, o) = (0.20,0.40) (20,50) = (0.15,0.35) (20, o) = (0.10,0.30) (0, %0) = (0.05,0.25)

Figure 5: Dependence of the pre-fractal Koch mixture layer on the heat source position center (zg,yo) to
produce the maximum reduction of temperature.

(e)

@
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6.3. Dependence on the conductivity A,

In this subsection we study the influence of the the layer conductivity A on the shape of
the pre-fractal obtained through Algorithm 1 (see Figure 6). In this figure we observe that,
the higher the conductivity, the greater the growth of the pre-fractal and the closer it is to
the heat source (see Figures 6a - 6d).

This result is sensible from a physical point of view. The heat flux along the layer
is directly proportional to the conductivity of the layer and the bulk-layer temperature
gradient. This means that, given two layers 1 and 2 with conductivity values A; and A,
respectively, Ay < Mg, the bulk-layer temperature gradient for layer 1 must be larger than
for layer 2 to obtain the same heat flux value. This implies that layer 1 must reach areas of
higher bulk temperature than layer 2, i.e., layer 1 must grow more than layer 2. However,
this means that the resistance of layer 1 is higher than that of layer 2. Therefore, the growth
of layer 1 is more penalized than that of layer 2 to obtain the same heat flux and hence, the
lower the conductivity, the lower the growth of the layer.

The numerical results shown in Figure 6 were obtained using f(x,y) = 3000 exp(—5(x —
0.65)% — 5(y — 0.35)?).

Umaz = 1245, )\s =1 Umaz = 8147 >‘s =10 Umaz = 7177 )‘s =100 Umaz = 7083 >‘S = 1000

-

(b) (c)

0°C 20°C 40 °C 60°C 80°C 100°C 120°C

Figure 6: Pre-fractal Koch mixture that produces the maximum reduction of temperature with conductivity
As =1 (6a), Ay = 10 (6b), As = 100 (6¢) and As = 1000 (6d), maximum temperature m,q, in each bulk and
temperature colormap.

7. Conclusions and open problems

Not all pre-fractal layers are suitable for draining heat purposes. As we show in Section
6, the optimal growth dynamics of a pre-fractal Koch-mixture generates pre-fractals which
have grown only in those areas closest to the heat source. This is the balance between
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two opposite effects produced when a highly conductive thin layer grows: i) the layer moves
closer to the heat source and is located in higher temperature areas of the bulk to increase the
bulk-layer temperature gradient; ii) the layer increases its length and thus its resistance to
heat transfer. For this reason, pre-fractal growth is only desirable in areas of the bulk whose
temperature implies a gradient that outweighs the increase in resistance (see Figures 4 and
5). The extent of these areas depends on the conductivity of the layer itself: the lower the
conductivity, the higher the temperature and subsequent gradient required to produce the
same heat flux and thus the lower the extent of these areas and the growth of the pre-fractal
(see Figure 6).

The conclusions obtained lead to the question of what type of layer, fractal or not,
improves the performance of Koch-mixture fractals. The geometry of these mixtures implies
that their maximum is in the center, which makes them inefficient in problems where the heat
source is not centered, being preferable a layer whose geometry depends on the position of
the heat source to approach it as close as possible. In addition, the infinite-length property of
fractals is counterproductive in those parts far from the highest temperature areas. For this
reason, in future works we will study the heat-draining capability of layers whose geometry
is oriented towards the heat source and which also only develop fractal structure in their
surroundings. Moreover, the results of this paper can be extrapolated to a more realistic 3D
problem. In some cases, a 3D fractal surface obtained from an extruded 2D fractal has been
shown by simulations to behave similarly to the two-dimensional case. Nevertheless, the
general 3D case presents additional challenges that probably require appropriate algorithms
and theoretical analysis. The study of the general 3D problem is the object of our current
research activity.

The results of this work also lead us to study a problem which may be considered as an
evolution of the present one: an automatic control system in which the growth dynamics
of a pre-fractal barrier evolves automatically to drain heat from sources in an optimal way.
This growth dynamics would be guided by the feedback of thermal flows, according to more
or less flexible rules of an asymmetric mixture to adapt to the extemporaneous conditions
of any thermal sources located in the bulk. This scenario incredibly lends itself to many
applications of practical interest. For example, a highly conductive layer could be made
with deformable material and installed on electronic boards in which it is of particular
interest to drain heat optimally from variable thermal sources (for instance, microchips or
other electronic components which are activated and heat up with their usage). In particular,
the electronic devices (micro actuators) would guide the fractal dynamics of the barrier on
the basis of the measurement of the thermal field on the electronic board and/or of thermal
fluxes. We remark that in the formulation of the problem some functional constraints could
be introduced, such as constraints on the maximum length of the pre-fractal or temperature
constraints on some points of the barrier. The inclusion of constraints in the optimization
problem makes the logic of the optimization algorithm more complex and is one of the objects
of forthcoming papers.
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Appendix A. Appendix: The mesh algorithm

In this section we recall the mesh algorithm developed in [10], which is crucial in order
to obtain an optimal rate of convergence of the numerical solution. Here, n € N and ¢ € &N
are fixed.
We denote by 2 the set of all reentrant corners. From Theorem 3.3, we have that the
solution is singular at these reentrant corners, indeed it is not in H*(Q) as in the case of
smooth boundaries, and, as it is well known, this lack of regularity deteriorates the rate of
convergence in the numerical approximation.
In view of these singularities, in order to get an optimal rate of convergence for the finite
element approximations, the triangulation of the domains 2/, must be suitably refined ac-
cording to the conditions introduced by Grisvard in [20] (see conditions (c¢) and (d) below).
To this aim, a first crucial requirement is to ask that all the vertices of V¢ are nodes of the
family of triangulations {,th}

We ask that the mesh refinement process generates a family of triangulations {th} with
the following properties:

(a) any ﬂfh is conformal;
(b) the family of triangulations { ,?Tfh} is regular;

1
(¢) hg < oh™#i for every triangle S € %fh having at least one reentrant vertex in 2,
where:

-) h is the mesh size, i.e., h = maXge y¢ hs;

-) hg is the diameter of the triangle S € %fh, defined as the length of its longest
edge;

-) o is the regularity constant of the mesh, defined as hg/ps < o, VS € {gfh},
where pg is the radius of the biggest circle inscribed in S;

-) p; is given in Theorem 3.3;

d) hg < Cohinf,eg[r (z)]* for any other triangle S € 7%, . where:
n n,h
-) C'is a constant greater than 1;

-) 7i(z) is the so-called weighting distance, defined as

|z — P| if z € B,, (P) for some P € 2
r(z) =<1 if © & Upeo Bon, (P) (A1)

1;:,1 (lz = P| = nn) +nn  otherwise ;

-) m, is equal to a quarter of the shortest distance between any pair of points in 2;
(e) the mesh size h — 0 when the iteration number of the mesh algorithm goes to infinity;

(f) the mesh algorithm produces a sequence of nested refinements, i.e. all the nodes in the
current triangulation are also nodes of the one obtained after the refinement.

The first assumption guarantees that the mesh covers exactly the domain {2 and that
the set of nodes of each triangulation corresponds to the set of vertices of the triangles. The
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second assumption requires that the shape of any triangle is not altered in an unlimited way
by the refinement process. This requirement acts as a lower bound of the mesh quality. For
the definitions of conformal and regular mesh, we refer e.g. to [26]. Hypotheses (c¢) and
(d) are required to generate a proper decomposition of the domain around the reentrant
vertices in order to guarantee an optimal rate of convergence of the numerical solution, and
they require that the closest triangles to any reentrant vertex are more refined than those
triangles that are far away.

The hypothesis (e) is required to guarantee the convergence of the finite element method.
In the end, the hypothesis (f) is a special case of the so-called h-refinement, which leads to
a more accurate computation of the numerical solution. In particular, it bounds the growth
of the complexity of the numerical problems associated to the subsequent refinements.

The algorithm that we use is a mesh refinement algorithm for fractal mixture interfaces
and it is an extension of the one in [27]. We remark that the algorithm in [27] produces
meshes that do not satisfy the requirements (e) and (f); moreover, the present algorithm
allows to tackle transmission problems taking place across more complex interfaces and
allows to generate nested refinements.

We now recall the mesh algorithm .# which was introduced in [9]. We summarize the
properties of the mesh produced by the algorithm .# in the following theorem.

Theorem Appendix A.l. Letn € N and £ € &N be given. If fého 1 a coarse mesh of
Q with the following properties:

(i) T5 NQOL s a triangulation of Qi n fori=1,2;

nhg n

(i) T h is shape reqular with aspect ratio o;
(iti) ho < & —m,

then we can apply the algorithm & on 9% and generate a family of triangulations {7, h} of
Q which satisfies the properties from (a) to (f) introduced at the beginning of this Appendzx
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