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Abstract

We consider parabolic nonlocal Venttsel’ problems in polygonal and
piecewise smooth two-dimensional domains and study existence, uniqueness
and regularity in (anisotropic) weighted Sobolev spaces of the solution.
The nonlocal term can be regarded as a regional fractional Laplacian on
the boundary. The regularity results deeply rely on a priori estimates,
obtained via the so-called Munchhausen trick, and sophisticated extension
theorem for anisotropic weighted Sobolev spaces.
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1. Introduction

The aim of this paper is to study the heat equation with nonlocal
Venttsel” boundary conditions in a bounded polygonal domain  C R2.
In the cornerstone paper of Venttsel’ [30], a nonlocal term already appears;
only recently, many papers deal with nonlocal evolutionary Venttsel’ prob-
lems both in the case of smooth and irregular domains. Among the others,
we refer to [21], [29], [32], [22] and the references listed in. In this pa-
per, we consider a nonlocal term in the boundary condition which can be
regarded as a suitable version of the regional fractional Laplacian (—A)?®,
for s € (0,1). This term has some physical motivations, see e.g. [7] for
details. We remark that the study of nonlocal operators of fractional type
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in bounded domains is a challenging issue. While there is a huge litera-
ture on Dirichlet problems for various definitions of fractional Laplacian in
a bounded domain, problems with fractional Laplacians in the boundary
condition are not so well investigated.

Venttsel’ problems in irregular domains (in particular, domains with
pre-fractal or fractal boundary) have been widely investigated, see, e.g.,
[23, 20], where the reader can find also the motivations. We refer, for local
linear and quasi-linear parabolic Venttsel” problems, to [1], [2], [3], [25], [5],
[14], [31], [28], [11], [13], [12], [4] and the references listed in.

In this paper, our goal is to prove regularity results in weighted Sobolev
spaces for the weak solution of the problem at hand, thus extending the
results obtained in [10] for the elliptic case. When considering the numerical
approximation of this problem, to prove regularity results is a key issue for
obtaining optimal a priori error estimates. To this regard, see [8, 9] for the
local case, and [7] for the nonlocal case, under stronger assumptions on the
data.

As in the elliptic case [10], it is crucial to prove that the weak solution
of the nonlocal Venttsel’ problem belongs for a.e. t to the space H?(99);
this is achieved by the so-called Munchhausen trick, see, e.g., [10], [4].
To this aim, we introduce suitable anisotropic weighted Sobolev spaces of
Kondrat’ev type, see [106] [17], where the weight is the distance from the set
of vertices. The techniques used to prove the regularity on the boundary,
in the parabolic case, deeply rely also on sophisticated extension theorem
in anisotropic Sobolev spaces.

We hope that our paper is the first step towards the study of the regular-
ity of solutions to nonlocal evolutionary problems in fractal-type domains.
The regularity of weak solutions to fractional-in-time Venttsel’ problems,
possibly nonlocal, both in smooth or irregular domains, is also an open
problem.

The paper is organized as follows. In Section 2] we define the domain
and the functional spaces appearing in this paper, and state the prob-
lem. In Section [3] we prove a crucial a priori estimate for the solution. In
Section 4] we give an existence and uniqueness result for weak and strong
solutions of the parabolic nonlocal Venttsel’ problem. Appendix[A]contains
the extension theorem from the broken surface to the whole space, which
is interesting in itself.

2. Statement of the problem

Let 2 C R? be a domain with polygonal boundary 99 with vertices V;,
for j =1,..., N. Namely, we suppose that 92 is made by N > 3 segments
l;, which form a finite number of angles with opening o, and let us denote
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with « the opening of the largest angle in 92, see Figure 2.1. We denote
by V(0Q) the set of vertices V.

Fig. 2.1: A possible example of domain 2. In this case N =9 and a = a.

In the following we denote with L?(Q) the Lebesgue space with respect
to the Lebesgue measure dz on €2, and with L2(9€2) the Lebesgue space on
the boundary with respect to the arc length d¢. By H*(Q2), for s > 0, we
denote the standard Sobolev—Slobodetskii spaces. By C(0f2) we denote the
set of continuous functions on 92, and by C§°(R x R) we denote the set of
infinitely differentiable functions with compact support in R xR. Moreover,
we denote by Bi(0) the unit ball centered in the origin.

By H*(0%2), for 0 < s < 1, we denote the Sobolev—Slobodetskii space
on 09 defined by local Lipschitz charts as in [26]. For s > 1, we define the
space H*(0N) by using the characterization given by Brezzi-Gilardi in [6]:

o

H*(0Q) = {v € C(09) : v| o € H* (M)},

where M denotes a side of 92 and M denotes the corresponding open
segment (for the general case see Definition 2.27 in [6]).

We fix a counterclockwise orientation on 0f2. We denote by L; the
length of the segment [;, for j =1,..., N, and by L the length of 0€2.

We choose Vi as the origin and we parametrize 02 by the arc-length

(bl(e) = on, (6)7 ®1 (6) [07[/] - Rza

with ¢ continuous, injective in [0, L] and such that ¢1(0) = ¢1(L).
By choosing as origin V;, we define in a similar way

¢;(0) = ¢v,(¢), £€[0,L].
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For every j=1,..., N, we set
Viu(Vy) = Jim Veu(d;(Li+h),  Veu(Vy):= lim Veu(é;(L;+h)),
where Vy = %, and define the subspace

H?(0Q) = {u € H*(9Q) and V ju(V;)=V,u(V;)Vji=1,...,N}.

Let r = r(x) be the distance from the set of vertices V;. For v € R, and
m =0,1,2,..., we denote by H'({2) the Kondrat’ev space of functions for
which the norm

k| <m

1
2

is finite, see [I6]. For m = 0, this space evidently coincides with the
weighted Lebesgue space L%(Q) We also define, for m € N, the space

m

_1
Hy  2(09) as the trace space of HJ'(€2) equipped with the norm
I3 gy = o g Il

We now introduce anisotropic Sobolev spaces on the cylinder Qp =
Q x (0,7) and its lateral surface 9"Qp = 9Q x (0,T). For I,m > 0 we
define

HY™(Qr) = L2([0,T]; H' () 0 H™ ([0, T); L*(€2)),
and by H"™(9"Qr) we denote the analogous space on 9”Qr, taking into
account the previous definition of the space H*(9€2). Similarly, we define

H*'(9'Qr) = L*([0, T]; H*(0%)) N H'([0, T]; L*(89)).

We introduce also the anisotropic Kondrat’ev space Hg’l(QT) of func-

tions for which the following norm is finite (see [17]):
2
2(y—2 2|a 2
el 21y = / 207D % " A ope Dul? dedt |
@r jal<2
where & = (g, ) and |a] = 2a0 + |a.

We denote the trace of u on 8”"Qr with yyu. Sometimes we will use
the same symbol u to denote the function itself and its trace you. The
interpretation will be left to the context.

We define the composite spaces

VENQr, ' Qr) == {u e H(Qr) : vou € H°(0"Qr)},
VIQr,0"Qr) = {uc H"Y(Qr) : vou € H'1(9"Qr)},
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and, for o € R,
VAN Qr,0"Qr) = {u € HY(Qr) : r"D*u € L*(Qr),

r7us € L*(Q7), vou € H*1(9"Qr)}.

We consider the problem formally stated as

u — Au+au=f in Qr, (2.1)
ou "

ug — Agu + o +bu+0s5(u)=g on 0"Qr, (2.2)

u(xz,0) =0 on Q, (2.3)

2

where f and g are given functions, A, = v is the unit vector of

o2’
exterior normal, a € L>®(Qr), b € L>®(9"Qr) and, for s € (0,1), we set
0s: H*(02) — H—*(00) as follows: for every u,v € H*(09)

B (u(z) ~ (@) (vla) ~v(w)
(0,(u), v) = / /8 . de(z) de(y),

|z = y|i+2s

where (-, -) denotes the duality pairing between H~*(012) and H*(0f2). We
remark that the nonlocal term 6,(-) can be regarded as an analogue of the
regional fractional Laplace operator (—A)j on €.

We now define the bilinear form E(u,v) as follows:

E(u,v):/ VuVvdz+ VgquvdH—/ avvdr+ | buvdl+(0s(u),v),
Q o0 Q

[2}9]
(2.4)
for every u,v € V1(,00) := {u € HY(Q) : ul|spa € H*(00Q)}.
We consider the weak formulation of the problem (2.1))-(2.3]) (cf. [24]):

Given f and g, find u € V°(Qr,d"Qr) such that
T
—/ uvtdmdt—/ uvtdﬁdt—i—/ E(u,v)dt = fodxdt
T 9"Qr 0 Qr

+/ gvdldt for every v € VM (Qr,0"Qr) such that v(T,z) = 0.
8//QT
(2.5)
PROPOSITION 2.1. Let u be a weak solution of (21))-(23). Suppose

that r°D?u € L*(Qr), r°us € L*(Qr) and you € H>'(0"Qr). Then u
is a strong solution, i.e. equalities (21)-(23) are satisfied a.e. in Qr,
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on 8"Qr and in Q, respectively. Moreover, you € H>'(8"Qr), i.e. u €
Vo' (Qr, @' Qr).

This statement follows from integration by parts and the fundamental
lemma of calculus of variations.

In what follows we denote by C' all positive constants. The dependence
of constants on some parameters is given in parentheses. We do not indicate
the dependence of C' on the geometry of €.

3. A priori estimates

THEOREM 3.1. Let u € V2 (Qr,8"Qr) be a solution of problem
(Z1)-(2Z3). Then there exists a positive constant C' = C(c) such that

[ull o + 177 D*ull 22, + Ir7ud|T2(gyp + 1l F21 @ngp

(3.1)
< C(0) (IulZaqamar) + 11" F122(gp + 19122@m0r) ) -
provided
T 1 1
1-= = > = 2
" <o< 5 g2 -3 (3.2)

(recall that « is the opening of the largest angle in 0X2).

P r o o f. We use the Munchhausen trick. We move the terms %, bu

and Og(u) in (2.2]) into the right-hand side and consider them as known
functions. Then we easily have

HUH?;IZJ(@NQT)

ou
< \ &
_chy

We proceed in several steps.

2

+ ”'LLH22 " + HGS(U)HQ2 7 +Hg”22 /" .
L2(0"Qr) L*(0"Qr) L2(0" Q) L2(0"QT)
(3.3)

1) First we estimate HQS(u)H%Q(a,,QT). Since u € H>'(8"Qr), in par-
ticular u(-,t) € H?(9Q) for a.e. t. Hence it is sufficient to consider the
local behavior of u near the vertices. Without loss of generality, we can
assume that the vertex is located at the origin. We introduce a smooth

cutoff function 7 and rectify 92 near the origin. From our hypothesis on
u, we have that for a.e. t € [0,7] 05(u(-,t)) € H>~25(9Q) and

Hes(u(, t))H%z—zst) < C(S)HU(, t)”%ﬂ(@Q)
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From the compact embedding of H?725(92) in L?(9Q) we deduce that for
every € > 0 there exists a constant C'(¢) such that

105(u(-s ) 17200y < €ll0s (- ) Fr2-20 (a0 + CE10s (-, 1))+ 02y
see Lemma 6.1, Chapter 2 in [26]. Similarly, we have

165 (- )75 a2y < Cllul, )|l (a02) < EHU('vt)H%ﬁ(BQ) + C(E)HU”2L2(89)'

Putting together these estimates, we get
184 D)2 0y < llul D200 + CEONC 2o (34)
By integrating (B.4]) with respect to t € [0,T] we obtain

T
1051320y = /0 105l D)7 oy dt

T
< /0 (?’5”“('7'5)“%12(39) + C(E)|’U('7t)H%2(aQ)) dt = 5HU”2L2([0,T];H2(89))

+ CENulBa@rar < el g + CONUE g
(3.5)

Therefore we obtain the following estimate using (3.3]):

HUH%IQJ (8"QT)

o
L2(0"Qr)

By choosing ¢ sufficiently small we obtain

ou
[l iomey < C ‘
N ER L2(0"Qr)

o
2) By Theorem [A.T], there is an extension U € H 34 (R? x R) such that
(U —u)lorgy =0, Uli=o = 0, and the following estimate holds:

§ C||u||H2‘l(8IIQT)' (37)

oul|?

ov

+ Hg”%ﬁ(a”QT) + EHUH?;[Zl(aNQT) + C(E)

2
’uHLQ(a”QT)> .

2

+ [l 22 amgp + ”9“%2(8”%)) - (3.6)

”U”H%»%(szm

Without loss of generality we can suppose that the support of U is
bounded.

We claim that D2U and U; belong to the weighted Lebesgue space
L? | (R? x R). Indeed, by localizing we need to check it only in a neighbor-

2
hood of a vertex V; located at the origin.

The inclusion of U € H 3 (R?2xR) evidently implies D?U¢ L(R; H? (R2)).
Furthermore, the Young inequality
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5 5

PN UIESE

shows that U; € L?(R; H%(]R2)), and (B.7)) gives
10201, by + 0 by < Clelmsoany: (39

By the fractional Hardy inequality, see [I5, Theorem 3.2 and Remark
3.2], for a.e. ¢ we have

DU, 1)
| et a <o, (39
R2 || H?(R2)
and a similar inequality holds for U;. We integrate these estimates with

respect to ¢, and the claim follows.

3) We now consider the function v = v — U. It solves the Dirichlet
problem

—-Av=f-U+AU € Lf,(QT); v|orgr =0;  vl=o = 0. (3.10)
(here we used the last restriction in (3.2)). From Theorem 3 in [18] (with
1 = 0) it follows that v € H>*(Qr) if |0 — 1] < T (we recall that « is the
o'
opening of the largest angle in 0%2).
From (3.8)) and ([8.9), this implies

lullfroip + 177 D*ull Lz (g + Iruliaigy, (3.11)
3.11
< C(O’)(HT'Uf”%Q(QT) + Hu|’%2*1(8”QT))

(to estimate the first term, we also take into account that (B.2]) implies
o<1).

4) We are now in the position to estimate H% HiQ(a,,QT). By rescaling,
we deduce that Vu € Lz_l((‘)”QT) and
IValiz | @an <€ (lulfipan + 117 Dullixgy) . (312

Following [10], we define a cutoff function ns such that
ns(r)=1 for r >4, ns(r) =0 for r<46/2

and we introduce the following trace operator:

ou ou ou

ov 19" Qr oy "Qr + 775)ay "Qr K1(0)u + K2 (0)u
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The operator K1(8): H2 (Qr) — L%(0"Qr) is evidently compact. Using
(3I1I), we obtain for arbitrary € > 0

€ g
HICl((s)u”%ﬁ(a”QT) < §(H7° fH%,Q(QT)+Hu”%12»1(8”QT))+C(€7Ua 5)”““%2(8/@@-
From (BII)) and (312) we deduce

i o o
1K2(0)ul2e g < C@5 (I F2eam + N2zt grom):

By choosing d(o, ¢) sufficiently small we get

|

2
HUHHQ,l (8"QT)

ou|?

o2 2 2
o < el fllz2qp) + lullfzaongm) + Cle oullzz@ng -

L2(0"Qr)

Substituting the above inequality into ([B.6]) we have

< C (2 f 2 2ggpy + 16l 9rgpy) +CE Ul g + 19122000y ) -
By choosing ¢ sufficiently small we obtain
etz @rgmy < € (I FI2am + C@)ulBa@rgm + 1912 0mam)) -

Taking into account (B.11), we get (B.I)). O

4. Strong solvability of the Venttsel’ problem

We begin with the existence and uniqueness of the weak solution. By
standard Galerkin methods (cf. [19]), the following result holds.

LEMMA 4.1. Let f € L*(Q), g € L?(09Q), a € L¥(Qr) and b €
L>®(0"Qr). Then there exists a unique weak solution u in V'°(Qr, 8" Q)
of problem (25)). Moreover,

lullvio@roror < CUfll2r + 19llL2@070r)); (4.1)

where C depends on T, a and b.

We finally prove the desired regularity for the weak solution of the
parabolic nonlocal Venttsel’ problem.

THEOREM 4.1. Let o be subject to condition (3.2). Suppose that
g, a and b are as in Lemma and that f € L2(Q). Then the problem
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@I)-@3) has a unique solution u € V' (Qr,d"Qr), and the following
inequality holds:

[ullFrogpy + Ir7D*ull 22 (g, + Ir7uil T2 igp + lullfiza grgp
(4.2)
< C (Ir F 1320y + 9122000

where C depends on o, T, a and b.

P r o o f. We proceed similarly to the proof of [10, Theorem 3.3]. We

introduce the set of operators £,;: VN Qr, 0"Qr) — L2(Qr) x L2(0"Qr)
as follows:

Lu:= <ut — Au + pau, <ut — Apu+ <% +bu + Hs(u)>> ‘89) )

We claim that the operator Ly is invertible. Indeed, it corresponds to
the boundary value problem

u—Au=f in Qpr, u—Amu=g on dQr, u(z,00=0 on Q.

Here the equation in Q7 and the equation on 0”Qr are decoupled. So
we can first solve the boundary equation and then use its solution as the
Dirichlet datum for the equation in the domain. The estimates similar to
Theorem [31], combined with Proposition 2.1} show that the solution belongs
to V2N (Qr, " Qr) and inequality (@2) holds. So the claim follows.

The estimates in Theorem [3.1] show that the operator

L, — Lo: VIHQr,0"Qr) — L2(Qr) x L*(8"Qr);

ou
Lyu— Lou = p <au, - +bu+ 95(u)>
v
is compact. Since Ker(L£;) is trivial by Lemma [A1] the operator £; is also
invertible, and the proof is complete. O

If Q is a convex polygon, then o < 7. Hence, we can choose ¢ = 0 and
we obtain the following result.

COROLLARY 4.1. Let Q be a convex polygon. Suppose that f €
L*(Qr), g € L*(0"Qr), a € L>®(Qr) and b € L>®(0"Qr). Then the
problem (Z1)-(Z3) has a unique solution u € H*Y(Qr) N H*>1(0"Qr),
and the following inequality holds:

HUH%JQJ(QT) + HUH%JQJ(@”QT) < C(HfH%Q(QT) + H9”2L2(a~QT))7
where C' depends on T, a and b.
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If © is not convex, then m < a < 27. In this case the solution in
general does not belong to H>1(Qr) even for f = 0, see e.g. [I8] for the
asymptotics of solution to the Dirichlet problem.

REMARK 4.1. In [I0] we considered the elliptic case, in particular
we proved that the solution of the elliptic problem belongs to H?(952).
Actually, similarly to Proposition 21} we have that v € H2(9Q). In turn,
this implies that the hypothesis s < % is not needed in [10, Theorem 2.1].

REMARK 4.2. All our results easily hold for an arbitrary piecewise
smooth domain  C R? without cusps.

Appendix A. The extension theorem

THEOREM A.1. Let u € H*1(0"Qr) and uli—g = 0. Then there exists
an extension U € Hg7%(R2 x R) such that Uli—g = 0, Ulprq, = u, and

1015 gy = Clulliza ooy (A1)

P r o o f. By localization, we can consider separately the extension
from a face [; x (0,7") and the extension from a neighborhood of a cor-
ner. Using standard extension from a face to the plane containing this
face

H*Y(1; x (0,7)) = H*'(R x R),
we reduce the first operation to the extension from a plane and the second
one to the extension from a pair of half-planes intersecting on the t-axis.
Using a proper linear coordinates transform, we can assume that these
half-planes are orthogonal. Since u|;—¢9 = 0, we can suppose without loss
of generality that the extended function is odd w.r.t. t. Moreover, in what
follows all extensions are supposed compactly supported.

We now denote
I = {(z1,22,t) e RZ X R: 29 =0}; II? = {(z1,22,1) € R? xR : 21 = 0};
IV, = {(x1,22,t) €IV : 2; 2 0}, j=1,2.
We introduce a mollifier ¢(x1,t) € C3°(R x R) such that ¢ is radially
symmetric, supp(¢) C Bi1(0), and / ¢dxydt = 1. The extension from

RxR
the plane II; is defined in a standard way [27] via the 2D Fourier transform

(here (&1, 7) are the variables dual to (z1,t)):
Urw2,m) = (Pru)(n, a2, 7) := 6((L+ &+ 7)1 foal) - Al6r, 7).
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Direct (and standard) calculation using the Parseval identity provides the

estimate ([(AJ]). Moreover, since u is odd w.r.t. ¢, Pyu is also odd w.r.t. t.

In the same way we define the extension operator P, from the plane Ils.
To manage the extension from H}r U Hi, we first extend

H*NITL ) N H2Y(TR) — H>1 (1) n H2H(1T?)
and we apply the operator Ps to ulgz. It remains to extend the function
v=(u— Pg(u\nz))nl
so that the extension V vanishes on Hi.
We split v into the sum v = vg + vy + v_, where
U(':Elv t) - U(_':Ela t)
2

vo(z1,t) =

and
v(zy,t) +v(—x1,1
LD FNEID, - ()

(x stands for the Heaviside function). Since v is odd w.r.t. x1, the function
Vo = P1vg is also odd w.r.t. 1 and thus vanishes on Hi.

Next, we notice that the function v(z1,t) + v(—z1,t) is even w.r.t. z;
and vanishes on the line x1 = 0. Therefore, v. € H>!(IT!).

Since vy is supported in IT' , we immediately obtain that the support
of the function Pyvy lies in the wedge x1 > —|z2|. Hence, the function

vy (ze,t) =

Vi(xy,@2,t) = (Prvy)(z1 — 22, 22,1)

is an extension of vy having the required smoothness and vanishing on Hi.
In a similar way, we define

V. (:L‘l, x2, t) = (7311)_)(3:1 + x2,Z2, t).
Setting V = Vy + V. 4+ V_, the thesis follows. O
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