
CONVEX FUNCTIONS

1. Convex Functions

Definition 1.1. Ω ⊂ RN is a convex set if for any x and y ∈ Ω,

λx+ (1− λ)y ∈ Ω for any λ ∈ [0, 1].

Definition 1.2. Let C be an open convex set. f : C → R is convex if

(1.1) f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) ∀x, y ∈ C, λ ∈ [0, 1].

Definition 1.3. f is a strictly convex function if in (1.1) we have strict
inequality for x ̸= y and λ ∈ (0, 1).

Definition 1.4. f is a concave function if −f is convex

f(λx+ (1− λ)y) ≥ λf(x) + (1− λ)f(y) ∀x, y ∈ C, λ ∈ [0, 1].

Theorem 1.5. Let C be an open, convex subset of RN and f : C → R,
assume f ∈ C1(C). Then f is convex in C ⇐⇒

f(x) ≥ f(x0) +Df(x0) · (x− x0) ∀x, x0 ∈ C.

f ∈ C1(C), f concave in C ⇐⇒ f(x) ≤ f(x0)+Df(x0)·(x−x0) ∀x, x0 ∈ C

Proof. f ∈ C1(C) and convex in the set C =⇒
f(x) ≥ f(x0) +Df(x0) · (x− x0) ∀x, x0 ∈ C.

By the assumption of convexity

f(λx+ (1− λ)x0) = f(x0 + λ(x− x0)) ≤ λf(x) + (1− λ)f(x0).

This means

f(x0 + λ(x− x0))− f(x0) ≤ λf(x)− λf(x0),

λ > 0
f(x0 + λ(x− x0))− f(x0)

λ
≤ λf(x)− λf(x0)

λ
Then sending λ → 0+ we get the result:

f(x0) +Df(x0) · (x− x0) ≤ f(x).

Next we assume f(x) ≥ f(x0) +Df(x0) · (x− x0) ∀x, x0 ∈ C. We show that
f is convex

Change x0 with x0 + λ(x− x0) in f(x) ≥ f(x0) +Df(x0) · (x− x0).

f(x) ≥ f(x0 + λ(x− x0)) +Df(x0 + λ(x− x0)) · (x− (x0 + λ(x− x0)))

f(x) ≥ f(x0 + λ(x− x0)) +Df(x0 + λ(x− x0)) · (x− x0 − λ(x− x0))
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Then

f(x) ≥ f(x0 + λ(x− x0)) + (1− λ)Df(x0 + λ(x− x0)) · (x− x0)

(1.2) λf(x) ≥ λf(x0 + λ(x− x0)) + λ(1− λ)Df(x0 + λ(x− x0)) · (x− x0)

We go back to

f(x) ≥ f(x0) +Df(x0) · (x− x0) ∀x, x0 ∈ C.

Change x with x0 and change x0 with x0+λ(x−x0) in the inequality above.

f(x0) ≥ f(x0 + λ(x− x0))− λDf(x0 + λ(x− x0)) · (x− x0)

This means
(1.3)
(1−λ)f(x0) ≥ (1−λ)f(x0+λ(x−x0))−(1−λ)λDf(x0+λ(x−x0)) ·(x−x0)

Adding (1.2) and (1.3)

λf(x) + (1− λ)f(x0) ≥ f(x0 + λ(x− x0)).

This show the convexity of f . □

Remark 1. We recall that Df(x0) = 0 is always a necessary condition for
local optimality in an unconstrained problem. The previous theorem states
that for convex problems, Df(x0) = 0 is not only necessary, but also suffi-
cient for local and global optimality (minimization problem): from

f(x) ≥ f(x0) +Df(x0) · (x− x0) ∀x, x0 ∈ C.

we obtain
f(x) ≥ f(x0)


