CONVEX FUNCTIONS

1. CoNvEX FUNCTIONS

Definition 1.1. Q C RY is a convex set if for any x and y € Q,

A+ (1=NyeQ  forany X €]0,1].
Definition 1.2. Let C be an open convez set. f:C — R is convex if
(L1 fQAz+ 1 =Ny <AM(@)+A-Nfly) VYaz,yeC, re0,1].
Definition 1.3. f is a strictly convex function if in (1.1) we have strict
inequality for x #y and X € (0,1).
Definition 1.4. f is a concave function if —f is convex

fAz+ (1 —=Ny) > Af(z)+ (1 =N f(y) Vz,yeC, Xel0,1].

Theorem 1.5. Let C' be an open, convex subset of RN and f : C — R,
assume f € CY(C). Then f is convex in C <=

f(x) > f(zo) + Df(xo) - (x — x9) Va,zo € C.
feCYC), f concavein C <= f(x) < f(xo)+Df(z0) - (x—x0) Vo,20 € C
Proof. f € C*(C) and convex in the set C =
f(@) = f(zo) + D f(xo) - (x — x0) V&, 20 € C.
By the assumption of convexity
fQz + (1= Nzo) = fzo + Mz — x0)) < Af(x) + (1= A)f (o).
This means
f(zo 4+ Az — x0)) — flxo) < Af(x) — Af(20),
A>0
fxo + Az —x0)) = flzo) _ Af(@) = Af(wo)
Then sending A — 07 we g;\t the result: ’
f(xo) + Df(xo) - (z — xo) < f(x).
Next we assume f(z) > f(xg)+ Df(xo) - (x —x0) Vx,20 € C. We show that
f is convex
Change zo with zo + AN(x — zo) in f(z) > f(zo) + D f(z0) - (x — x0).
f(@) = fzo + Az — 20)) + Df(xo + Az — 20)) - (z — (20 + Az — 70)))

f(@) > F(o + Mz — 20)) + Df (a0 + Al — 20)) - (x — 20 — Ma — 29))
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Then
f(@) = f(zo+ Az —20)) + (1 = A)D f(zo + A(x — 20)) - (z — @0)

(1.2) AMf(z) > Af(zo + Mx —z0)) + M1 = XN)Df(zo + Mx — x9)) - (x — x0)
We go back to
f(z) > f(zo) + Df(xg) - (x — x0) Vo, 20 € C.
Change = with z¢ and change zg with ¢+ A(z —z0) in the inequality above.
f(@o) = f(zo + Mz — 20)) — AD f(z0 + Az — 20)) - (T — 20)
This means
(1.3)
(L=X)f(z0) = (1=A)f(zo+A(@—20)) = (1= A)AD f (0 +A(z —20)) - (x — 20)
Adding (1.2) and (1.3)
Af(x) + (1= A) f(x0) > f(wo + ANz — 70)).
This show the convexity of f. ([
Remark 1. We recall that D f(xg) = 0 is always a necessary condition for
local optimality in an unconstrained problem. The previous theorem states

that for convex problems, D f(xg) = 0 is not only necessary, but also suffi-
cient for local and global optimality (minimization problem): from

f(x) > f(zo) + Df(x0) - (x — ) Va,zo € C.

we obtain

f(x) = f(xo)



