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Abstract

We establish the regularity results for solutions of nonlocal Venttsel’ problems in polyg-

onal and piecewise smooth two-dimensional domains.
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Introduction

In this paper we investigate an elliptic nonlocal Venttsel’ problem for the Laplace operator
in a bounded polygonal domain Q C R2.

Lately Venttsel’ problems in irregular domains (for example, in domains with prefractal or
fractal boundary) have been widely investigated, see e.g. [12] and [10] and the references
listed in. In [12] the reader can also find motivations for the study of such problems.

There is a huge literature on local linear and quasi-linear Venttsel’ problems (see e.g. [l],
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2], [14], [3], [7], [20], [17] and the references listed in). As to the nonlocal case, among the
others we refer to [ 1], [18], [21] and the references listed in.

Our aim in this paper is to study the regularity in weighted Sobolev spaces of the weak
solution of a nonlocal Venttsel’ problem in a polygonal domain. These results will be crucial
to obtain optimal a priori error estimates for the numerical approximation of the problem
at hand; to this regard, for the local case, see [5] and [0].

We first point out that a general nonlocal term appears also in the pioneering original paper
by Venttsel’ [19]. Here we consider a nonlocal term which can be regarded as a version of
the fractional Laplace operator (—A)®, for 0 < s < 1, on the boundary. The presence of
this term could, in principle, deteriorate the regularity of the solution on the boundary. We
prove that this is not the case, and that the weak solution of the nonlocal Venttsel’ problem
belongs to H*(9R), i.e. it has the same regularity as in the local case (see [7]).

It is well known that solutions of boundary value problems in piecewise smooth domains
usually belong to weighted Sobolev spaces, where the weight is the distance from the set
of vertices of the boundary (see e.g. [9] and [15]). In our case, the interplay between the
boundary equation and the equation in the domain essentially influences the range of weight
exponents, see (2.2).

We remark that the techniques used in the local case to prove the regularity on the boundary
are very different from the ones used in this paper.

The obtained results are a starting point in studying the regularity of the solution of nonlocal
Venttsel” problems in the case of domains with fractal boundary (for example of Koch-type
domains).

The paper is organized as follows. In Section 1 we define the domain and the functional
spaces which will appear in this paper and we state the problem. In Section 2 we prove
a key a priori estimate for the solution. In Section 3 we give an existence and uniqueness

result for weak and strong solutions of the nonlocal Venttsel” problem.

1 Statement of the problem

Let Q C R? be a domain with polygonal boundary 9Q with vertices V;, for j = 1,..., N.
Namely, we suppose that 02 is made by a finite number of segments, which form a finite
number N of angles with opening «;, and let us denote with o the opening of the largest
angle in 0f).

In the following we denote with L?*() the Lebesgue space with respect to the Lebesgue



Figure 1: A possible example of domain 2. In this case N =9 and a = a.

measure dz on €, and with L?(92) the Lebesgue space on the boundary with respect to the
arc length d¢. By H*(Q2), for s € N, we denote the standard Sobolev spaces. By C(9f2) we
denote the set of continuous functions on 0.

By H*(012), for 0 < s < 1, we denote the Sobolev space on 9f2 defined by local Lipschitz
charts as in [16]. For s > 1, we define the Sobolev space H*(0€2) by using the characterization
given by Brezzi-Gilardi in [1]:

o

H*(0Q) = {v € C(09) |v] . € H*(M)},

where M denotes a side of 92 and ]\04 denotes the corresponding open segment (for the
general case see Definition 2.27 in [1]).

We denote the trace of u on 92 with yyu. Sometimes we will use the same symbol u to
denote the function itself and its trace you. The interpretation will be left to the context.

We now recall the Friedrichs inequality, see [13, page 24| for more details.

Proposition 1.1. Let u € HY(QY). There erists a positive constant C' depending on € such
that

Il < € (IVulZaq@ + lullizn) - (1.1)

Let r = r(z) be the distance from the set of vertices V;. For vy € R, and s = 1,2,..., we

denote by H3(€2) the Kondratev (or weighted Sobolev) space of functions for which the norm

1
2

lul

mw = | D /QTQ(HH’“')|D’“U(9«°)I2 dx

lk|<s



is finite, see [9]. For s = 0, this space evidently coincides with the weighted Lebesgue space
s_1
L2(Q). We also define, for s > 0 integer, the space H, *(0Q) as the trace space of H3(Q)

equipped with the norm
[[ul

We define the composite spaces

inf v

o H3(Q)-
H, 2 (092) U:uonaQ 5

VY(Q,09) = {ue HY(Q) : you e H'(9Q)}

and

VA(Q,00) = {uc H(Q) : 7" D*u € L*(Q), you € H*(00)}.

We consider the problem formally stated as

—Au=f in €, (1.2)
ou
—Apu = ~5, bu —65(u) +g on 09, (1.3)
v
92
where f and g are given functions, A, = BT v the unit vector of exterior normal, b €

L>(092) and we set 05: H*(02) — H—*°(09) as follows: for every u,v € H*(02)

/ / —u(y))(v(z) —v(y)) dt(z) dé(y)
00 x 00 |

‘i[) _ y‘1+2s

where (-, -) denotes the duality pairing between H~*(092) and H*(0S2). We remark that the
nonlocal term 6(-) can be regarded as an analogue of the fractional Laplace operator (—A)?
on the boundary.

We now define the bilinear form E(u,v) as follows:

E(u,v):/VuVUd:E+ Vguvgvd€+/ buvdl+ (0s(u),v), (1.4)
Q

P o0
for every u,v € V1(Q,00).

We consider the weak formulation of problem (1.2)-(1.3):

Given f and g, find u € V(,09) such that E(u,v) = / fodz +/ gudl
@ o (1.5)

for every v € V1(Q, 09).

In what follows we denote by C' all positive constants. The dependence of constants on some

parameters is given in parentheses. We do not indicate the dependence of C' on the geometry

of Q.



2 A priori estimates

Theorem 2.1. Let u € V2(Q,09Q) be a solution of problem (1.2)-(1.3). Suppose that s < 3/4.

Then there ezists a positive constant C' = C(c) such that

lullir @) + 177 D*ullf2 ) + lullfr@n) < C@)llullizea) + I1r 7@ + l9lZ200),  (2.1)

provided
1Tt > 1 (2.2)
o7 2 7773 |
(recall that o is the opening of the largest angle in 0S2).
Proof. We use the so-called Munchhausen trick. We consider the right-hand side in (1.3) as

known function. Then we easily have

2

ou
Hu”?‘m@ﬂ) <C (H% + ||“”%2(89) + Hgs(u)Hiz(aQ) + ||9||%2(89)> : (2.3)

L2(09)

First we estimate Hes(u)H%Q(aQ). Since u € H?*(0Q), it is sufficient to consider the local
behavior of u near the vertices. Without loss of generality, we can assume that the vertex
is located at the origin. We introduce a smooth cutoff function n and rectify 02 near the
origin. It is easy to see that un|sq becomes a function on R which is the sum of a smooth
function and a term c|t|7(t) (here 7 is a one-dimensional cutoff function near the origin).
It is well known that c|t|j(t) € HP(R) for every 8 < 3/2. This implies that 0,(u) €
HP=%5(9Q) and

HGS(U)H?{ﬁ*?S(aQ) < C”“H%ﬂ({')(})a
where C' depends on 3 and s.
We fix 3 € (2s,3/2). From the compact embedding of H?~25(9Q) in L*(952) we deduce that

for every £ > 0 there exists a constant C'(¢) such that

105 ()l 72(00) < €lls (w)l[775-2: 00y + CENOs(w) [T+ (00
see Lemma 6.1, Chapter 2 in [16]. Similarly, we have
Hes(uﬂﬁrs(ag) < CHUH?’{S(BQ) < 5””“?{2(69) + C(g)”UH%%aQ)-

Therefore we obtain the following estimate using (2.3):

ou
Jullyomy < € (Ha_ + o) + <Ny + c<e>|ruuizm)> .

2
L2(69)



By choosing ¢ sufficiently small we obtain

ou|?
HUH?JQ(MZ) <C (‘ EY + HUH%%aQ) + ||9H%2(69)> : (2.4)
Vilr2a0)
We now estimate H%H; 09" We consider a smooth function U on Q which is linear in a

neighborhood of the vertices of 992 and such that (u — U)(P) = Vy(u — U)(P) = 0 in every
vertex P of 0€2. Since D?U vanishes in neighborhoods of vertices, without loss of generality

we can assume that for every v € R
1T Zr 0y + IF DU @) + 101 r200) < COulli2on)- (2.5)

If we consider the function v = u — U, from Hardy inequality applied on each segment

of 9Q (see [3]) we obtain that v € H2_((09). By rescaling we deduce v € H% (0R2), and

1
2

HUHH% (09) < COllullzon- (2.6)

1
2

Now we consider v as the solution of the Dirichlet problem
3
—Av=f+ AU € L2(Q); v|ag € HZ (09) (2.7)

(here we used the last restriction in (2.2)). From Theorem 3.1, Chapter 2 in [15] (with = 0)
it follows that v € H2(Q) if |o — 1| < 7/a (we recall that « is the opening of the largest
angle in 092). With regard to (2.5) and (2.6), this implies

[ullzr @) + 7 D*ulli2 () < C@)Ir fllz2) + lullzeo0) (2.8)

(to estimate the first term, we also used the property o <1 in (2.2)).
By rescaling, we deduce that Vu € L2 | /2(0%2) and

IVulliz | on) < llullba) + 77 D?ullZz o). (2.9)

We define a cutoff function 7s such that
ns(r)=1 for r >, ns(r) =0 for r <d/2.

Now we introduce the following trace operator:
8u‘ ou

— % 90 - 776%‘69 + (1 - 775)8_ = ICI((S)U + ICQ((S)'U/

v oo
The operator Ki(8): HX(Q)) — L*(09) is evidently compact. Using (2.8), we obtain for

arbitrary € > 0

€ g
() ullz2a0) < 5 (Ir7 Fllze@) + lullizom) + Ce 0, 9)llulz2on)-



From (2.8) and (2.9) we deduce

H’C2(5)U\|i2(ag) < O(U)5§_U(H7ﬂf|@2(m + HU”%ﬂ(am)-

By choosing d(o, €) sufficiently small, we get

Substituting the above inequality into (2.4) we have

2

ou

% < E(H?"UfH%Q(Q) + HUH%ﬂ(aQ)) + 0(57 U)HUH%Q([)Q)

L2(89)

llony < € (21r” FZaqey + Iulreony) + C (e, o)lluliziony + l9liEzcom) -
By choosing ¢ sufficiently small we obtain
il raony < C (I FIa@ + C@)ullZzm + I9122(0m)) - (2.10)

Taking into account (2.8), we get (2.1). O

3 Solvability of the Venttsel’ problem

We begin with the existence and uniqueness of the weak solution.
By the Friedrichs inequality (see (1.1)), we equip V1(Q,99) with the equivalent Hilbertian

norm

-

2
[ullvi@.o0) = <HV“||%2(Q) + ||V€U||%2(ag) + HU”%WQ)) :

Lemma 3.1. Let b > 0 and b # 0. Then the energy form Elu] = E(u,u) generates an

equivalent norm in V1(Q, 99Q).
Proof. Since b € L*(052) and

(0s(u), u) < Clul

qus(ag) < C”“H?{l(am,
we obtain that Efu] < CH“H%/l(Q,aQ)' Then, since (0s(u),u) > 0, we have
Elu] > [VullZ2iq) + I Veull72o0)-

By the Poincaré inequality, E[u] generates an equivalent norm on the subspace of functions
in V1(Q,09Q) orthogonal to constants. Since the term fm bu? d¢ does not degenerate on

constants, the statement follows. O

The following existence and uniqueness result holds.



Corollary 3.2. Let f € L*(Q), g € L*(0R) and let b be as in Lemma 5.1. Then there exists

a unique weak solution in V*(2,0Q) of problem (1.5). Moreover

[ullvion) < CULf 2@ + l9llz200), (3.1)
where C' depends only on the coercivity constant of E.
We finally prove the desired regularity for the weak solution of the nonlocal Venttsel’ problem.

Theorem 3.3. Let o be subject to condition (2.2). Suppose that b satisfies the assumptions
of Lemma 3.1, f € L2(Q), g € L*(092). Then the problem (1.2)-(1.3) has a unique solution
u € V2(Q,00), and the following inequality holds

lullzr () + 177 D*ullz2 @) + lullizon) < CUI fllZ2@) + 1917200); (3.2)
where C' depends on o and the coercivity constant of E.

Proof. We introduce the set of operators £,,: V2(Q,9Q) — L2(Q) x L*(09) as follows:

Lu:= <—Au, (—Agu +bu+p (% + &(u))) ‘aa) .

We claim that the operator L is invertible. Indeed, it corresponds to the boundary value
problem

—Au=f in (), —Apu+bu=g on 0.

Here the equation in €2 and the boundary condition are decoupled. So we can first solve the
boundary equation and then use its solution as the Dirichlet datum for the equation in the
domain. The estimates similar to Theorem 2.1 show that the solution belongs to V2(£2, 99)
and inequality (3.2) holds. So the claim follows.

The estimates in Theorem 2.1 show that the operator

L, —Ly: V2(Q,00) — L2(Q) x L*(09Q); L, — Louw = p (0, % + Gs(u))

is compact. Since Ker(L;) is trivial by Corollary 3.2, the operator £ is also invertible, and
the proof is complete. n
If €2 is a convex polygon, then @ < . So we can put ¢ = 0 and obtain the following

result.

Corollary 3.4. Let Q be a convex polygon. Suppose that b satisfies the assumptions of
Lemma 5.1, f € L*(Q), g € L*(0Q). Then the problem (1.2)-(1.3) has a unique solution
uw € H?(Q) N H*(09), and the following inequality holds

[ullZiz 0y + el Ezo0) < CUFZ20) + 19172000));

where C' depends on the coercivity constant of E.



If  is not convex, then m < a < 27. In this case we obtain the following result.

Theorem 3.5. Let €2 be a non-conver polygon. Suppose that b satisfies the assumptions
of Lemma 5.1, f € L*(Q), g € L*(9Q). Then a unique solution of the problem (1.2)-(1.3)

admits the following decomposition:

u(z) = Z cjx(rj)ralj sin(mw;a; ) + w(z). (3.3)
jrag>m
Here (r;,w;) are local polar coordinates in a neighborhood of the angle with opening o, x
is a cutoff function near the origin, and w € H?*(2) N H?(9S). Moreover, the following
inequality holds
gy + lwlleey + D lel® < CUF Iz + 19]l7200):
Jrog>m

where C' depends on the coercivity constant of E.

Proof. Following the lines of the proof of Theorem 2.1, we obtain the Dirichlet problem for
v=u—U

—AveLXQ):  wlpg € H?(0Q)
instead of (2.7). Theorem 3.4, Chapter 2 in [15] gives the representation (3.3) for v. Since

U is smooth, the statement follows. O

Remark 3.6. Without any sign condition on the coefficient b, the problem (1.2)-(1.3) is not

necessarily solvable, but it has the Fredholm property.

Remark 3.7. All our results easily hold for an arbitrary piecewise smooth domain Q C R?

without cusps.
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