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Abstract

We consider a parabolic semilinear non-autonomous problem (P) for a fractional
time dependent operator Bg’t with Wentzell-type boundary conditions in a possi-
bly non-smooth domain Q € RY. We prove existence and uniqueness of the mild
solution of the associated semilinear abstract Cauchy problem (P) via an evolu-
tion family U (¢, 7). We then prove that the mild solution of the abstract problem

(P) actually solves problem (P) via a generalized fractional Green formula.
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Introduction

In this paper we consider a parabolic semilinear boundary value problem with dynamic
boundary conditions for a generalized time dependent fractional operator in an exten-

sion domain 0 C RY having as boundary a d-set (we refer the reader to Section 1.2



for the definitions). Problems of this type are also known as Wentzell-type problems.
The problem is formally stated as follows:

Gi(t,2) + Bgu(t,x) = J(u(t, ) in [0,7] x Q,
(P)§ 2(t,x) + CNE Hqu(t, ) + b(t, 2)u(t, 2) + OL(u(t, x)) = J(u(t,z)) on [0,T] x 9,
u((),:c) = ¢($) in €,

where 0 < s < 1, o is defined in (1.2), B5' and ©!, denote generalized time dependent
fractional operators on €2 and 92 (see (2.1) and (3.2)) respectively, T is a fixed positive
number, b is a suitable function depending also on ¢ which satisfies hypotheses (3.1),
NE, . is the fractional conormal derivative defined in Theorem 2.2, ¢ is a given datum
in a suitable functional space and J is a mapping from L*(Q,m) to L*(2,m), for
p > 1, locally Lipschitz on bounded sets in L?’(£2,m) (see condition (5.3)), where m is
the measure defined in (1.7). We remark that B}’ is a time dependent generalization of
the regional fractional Laplacian (—A)§, and ©%, plays the role of a regional fractional
Laplacian of order o € (0,1) on 092 (see Section 2).

We approach this problem by proving that there exists a unique evolution family as-
sociated with the non-autonomous energy form E|[t, u] defined in (3.4). More precisely,
after introducing the energy form FElt,u|, we consider the following abstract Cauchy
problem (P) (see also (5.2)):

(P) 20 _ A(tyu(t) + J(u(t)) for t € [0,T),

u(0) = ¢,

where A(t): D(A(t)) C L*(Q,m) — L*(,m) is the family of operators associated to
Elt, u).

Crucial tools for proving existence and uniqueness of the (mild) solution of the
non-autonomous abstract Cauchy problem (P) are a fractional version of the Nash
inequality on L?(€2,m), which in turn allows us to prove the ultracontractivity of the
evolution family U(¢,7) (see Theorem 4.3), and a contraction argument in suitable
Banach spaces. A generalized fractional Green formula, proved in Section 2, then
allows us to deduce that the mild solution of problem (P) actually solves problem (P)
in a suitable weak sense, see Theorem 5.6.

The literature on boundary value problems with dynamic boundary conditions in
smooth domains is huge: we refer to [3, 17, 20] and the references listed in. On the
contrary, the study of Wentzell problems in extension domains (in particular with

fractal boundaries and/or interfaces) is more recent; among the others, we refer to

[ ) ? ) ? ]



The study of autonomous semilinear problems in extension domains with Wentzell-
type boundary conditions for fractional operators is a rather recent topic. We refer
to [12] for the linear case and to [13, 10, 1] for the case p > 2. The literature on
fractional operators is huge since they mathematically describe the so-called anomalous
diffusion. This topic appears also in finance and probability. We refer to the papers
[1, 25, 38, 10, 21, 42, 37], which deal with models describing such diffusion.

On the other side, to consider the corresponding non-autonomous problems allows
to tackle more realistic problems, and it is indeed a challenging task. To our knowl-
edge, the first results on non-autonomous semilinear Wentzell problems for the Laplace
operator in irregular domains are contained in [30].

When investigating semilinear problems, both autonomous and non-autonomous,
the functional setting is given by an interpolation space between the domain of the
generator A(t) and L*(2,m) or the domain of a fractional power of A(t). In the case of
extension domains, possibly with fractal boundary, the domain of A(¢) is unknown. Our
aim here is to extend to the fractional non-autonomous case the ideas and methods of
[36] and [15] under suitable hypotheses on J(u). In order to use a fixed point argument
in Banach spaces, a crucial tool is to prove suitable mapping properties for J(u), which
in turn deeply rely on the ultracontractivity of the evolution family. We stress the
fact that the techniques used in [36] to prove the ultracontractivity property cannot be
applied to the present case, since the non-autonomous form FE[t,u] is nonlocal. Here
the ultracontractivity property is obtained by an abstract argument which deeply relies
on a fractional Nash inequality on L?(2,m). When giving the strong interpretation of
problem (P), this functional setting allows us to prove that the unknown wu satisfies a
dynamic boundary condition on 0f2, whereas it was not possible to achieve it in [30],

due to the presence of the “fractal Laplacian” on the boundary.

The paper is organized as follows. In Section 1 we introduce the geometry and the
functional setting and we recall important general results, such that trace theorems,
Sobolev-type embeddings for extension domains and Nash inequality (see Proposition
1.9).

In Section 2 we introduce the time dependent operator B;l’t which governs the diffusion
in the bulk and we introduce the notion of fractional conormal derivative N, via a
generalized fractional Green formula (see Theorem 2.2).

In Section 3 we introduce the nonlocal operator ©f acting on 99 and the non-
autonomous energy form FE[t, u|, we prove its properties and that there exists a unique
evolution family U(t, 7) associated to E[t, u].

In Section 4 we prove some regularity properties of the evolution family, in particular

its ultracontractivity (see Theorem 4.3).



In Section 5 we consider the abstract Cauchy problem (P) and we prove that it admits
a unique local (mild) solution. We then prove that the unique solution is also global
in time under suitable assumptions on the initial datum. Finally, we prove that the

unique mild solution of (P) solves in a suitable weak sense problem (P).

1 Preliminaries

1.1 Functional spaces

Let G (resp. S) be an open (resp. closed) set of RY. By LP(G), for p > 1, we denote the
Lebesgue space with respect to the Lebesgue measure dLy, which will be left to the
context whenever that does not create ambiguity. By LP(0G) we denote the Lebesgue
space on 0G with respect to a Hausdorff measure p supported on 9G. By D(G) we
denote the space of infinitely differentiable functions with compact support on G. By
C(8S) we denote the space of continuous functions on S and by C%?(S) we denote the
space of Holder continuous functions on S of order 0 < ¢ < 1.

By H*(G), where 0 < s < 1, we denote the fractional Sobolev space of exponent s.

Endowed with the norm

u(y))
fulf = Nl + [ 2R azywiacyio)
gxg

it becomes a Banach space. We denote by |u|pgs(g) the seminorm associated to ||u]

Hs(G)
and by (u,v)pgs(g) the scalar product induced by the H*-norm. Moreover, we set

)= [ [ =D =20 g (e

gxg

In the following we will denote by |A| the Lebesgue measure of a subset A C RY.
For f € H*(G), we define the trace operator vy as

nof () = ! / F(y) dLw(y)

M Ba.rng
B(z,r)NG

at every point € G where the limit exists. The above limit exists at quasi every
r € G with respect to the (s, 2)-capacity (see Definition 2.2.4 and Theorem 6.2.1 page
159 in [2]). From now on, we denote the trace operator simply by f|g; sometimes we
will omit the trace symbol and the interpretation will be left to the context. Moreover,
we denote by £(X — Y') the space of linear and continuous operators from a Banach
space X to a Banach space Y. If X =Y, we simply denote this space by £(X).

Throughout the paper, C' denotes possibly different constants. We give the dependence

of constants on some parameters in parentheses.
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1.2 (g,0) domains and trace theorems

We recall the definition of (g,0) domains. For details see [20].

Definition 1.1. Let F C RY be open and connected. For z € F, let d(x) := i if [z —
yere

y|. We say that F is an (g,0) domain if, whenever x,y € F with |z — y| < J, there
exists a rectifiable arc v € F of length £() joining = to y such that

1 — _
l(y) < -|lr—y| and d(z)> el | z||y| i for every z € 7.
5 T—y

We now recall the definition of d-set, referring to [28] for a complete discussion.

Definition 1.2. A closed nonempty set S C RY is a d-set (for 0 < d < N) if there
exist a Borel measure p with supp u = S and two positive constants ¢; and ¢; such
that

cart < pu(B(x,r)NS) < cor? for every z € S. (1.1)

The measure p is called a d-measure.

In this paper, we consider two particular classes of (g,d) domains Q@ C RY. More
precisely, €2 can be a (¢,d) domain having as boundary either a d-set or an arbitrary
closed set in the sense of [27]. For the sake of simplicity, from now on we restrict
ourselves to the case in which 0f2 is a d-set.

We suppose that  can be approximated by a sequence {2, } of domains such that,
for every n € N,
(Qn is bounded and Lipschitz;

(’H) Qn C Qn+1;

Q= G Q.
\ n=1

The reader is referred to [12] and [13] for examples of such domains.

We recall the definition of Besov space specialized to our case. For generalities on

Besov spaces, we refer to [25].

Definition 1.3. Let F be a d-set with respect to a d-measure p and 0 < o < 1.

B22%(F) is the space of functions for which the following norm is finite,

lutz) — ()
gy = laloir + [ 0 dute) auy).

le—y|<1



In the following, we will denote the dual of the Besov space B2%(F) with (B2%(F))’;
we point out that this space coincides with the space B2 (F) (see [29]).

From now on, let

= N; 4 (0,1). (1.2)

We now state the trace theorem for functions in H*(£2), where € is a bounded (e, 9)
domain with boundary 09 a d-set. For the proof, we refer to [28, Theorem 1, Chapter
VII).

Proposition 1.4. Let Y4 < 5 < 1 and a be as in (1.2). B>2(0S)) is the trace space
of H*(Q2) in the followmg sense:

(i) o is a continuous linear operator from H*(Q2) to B2*(0N2);

(ii) there erists a continuous linear operator Ext from B>2(0Q) to H*(Y) such that
70 o Ext is the identity operator in B2?(05).

We point out that, if @ C RY is a Lipschitz domain, its boundary 02 is a (N — 1)-
set. Hence, the trace space of H*(2) is Bj’i (092), and the latter space coincides with
H2(89). 2

The following result provides us with an equivalent norm on H*(2). The proof can

be achieved by adapting the proof of [13, Theorem 2.3].

Theorem 1.5. Let Q C RY be a (g,0) domain having as boundary a d-set, and let

%l < s < 1. Then there exists a positive constant C = C(, N, s,d) such that for

every u € H*(2)

2 Cn,s |u(z) — u(y)|? 2
lu*dLy < C : dly(z)dLy(y) + [ [ul>dp | . (1.3)

2 |l‘—y|N+25
QxQ o0

Here, Cy s is the positive constant defined in Section 2. Hence, from Theorem 1.5 and

Proposition 1.4, the following norm is equivalent to the “usual” H?®(2)-norm:

Cns [ lu(z) —uy)?
2 — ) 2

QxQ

[l

Finally, we recall the following important extension property which holds for (g, 0)
domains having as boundary a d-set. For details, we refer to Theorem 1, page 103 and

Theorem 3, page 155 in [25].

Theorem 1.6. Let 0 < s < 1. There exists a linear extension operator Ext: H*(Q) —
H*(RY) such that
|Ext w]

He@yy < Ol
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where C'is a positive constant depending on s, where Extw = w on €.

Domains € satisfying property (1.4) are the so-called H?*-extension domains.

1.3 Sobolev embeddings and the Nash inequality

We now recall some important Sobolev-type embeddings for the fractional Sobolev
space H*(§2) where Q) is a H*-extension domain with boundary a d-set, see [16, Theorem
6.7] and [28, Lemma 1, p. 214] respectively.
We set

2N - 2d

2 = d 2:= )
N — 2s an N — 2s

Theorem 1.7. Let s € (0,1) such that 2s < N. Let Q@ C RY be a H*-extension
domain. Then H*(QY) is continuously embedded in LI(QY) for every q € [1,2%], i.e.
there exists a positive constant Cy = C1(N, s,Q) such that, for every u € H*(Q),

ull Loy < Cillullms)- (1.5)

Theorem 1.8. Let s € (0,1) be such that N —d < 2s < N. Let Q C RY be a
H?#-extension domain having as boundary OS2 a d-set, for 0 < d < N. Then H*(Q)

is continuously embedded in L1(ONY) for every q € [1,2], i.e. there exists a positive
constant Cy = Cy(N, s,d, Q) such that, for every u € H*(£2),

[ullzaon) < Collullms)- (1.6)

We point out that 2* > 2 > 2.
For 1 < p < oo, we denote by LP(Q2,m) the Lebesgue space with respect to the

measure

dm = d/:N + d/J, (17)

where p is the d-measure supported on 0. For p € [1,00), we endow LP(€2, m) with
the following norm:
HuHiP(QJn) = Hu|‘§,P(Q) + Hu’fﬁﬂuip(ag)-

For p = oo, we endow L*(2,m) with the following norm

[l oo (m) 1= max {{ul| oo (0, [u]oqll oo o0 } -

With these definitions, LP(€2,m) becomes a Banach space for every 1 < p < oo.

We now prove a version of the well known Nash inequality adapted to our setting.



Proposition 1.9. Let u € H*()). Then there exists a positive constant C =
C(N,s,d,Q) such that the following Nash inequality holds,

oy < Cll? ) 1.8
HUHL2 Q,m) | ul HS(Q)HuHLl(Q,my (1.8)
2d
where A = =~
- . . 2d
Proof. We adapt the proof of Proposition 4.5 in [15] to our context. We set A = -— 7L
From interpolation inequalities (see e.g. [19, Section 7.1]), we have that
lullz2y < ulljzf lull7sg,), (1.9)
with u = zdd:]}[vf;s =1- 2d+\lf+25 and w is either Q or 0f2. Hence, from Theorems 1.7
and 1.8 we obtain . ]
lulzzmy < Callull 25T [l sy 23 (1.10)

where C5 = C3(N, s,d, Q) = max{C,Cy} and C; and Cy are the constants appearing

in (1.5) and (1.6) respectively. Therefore, since M%]j”s = ﬁ =1+3 2 from Theorem

1.5 we have that there exists a positive constant C' depending on N, s, d and  such
that

].+/\
L2(Q,m)

[kl < Cllull=@ [l 71 m

i.e., (1.8) holds. O

2 The time dependent generalized regional frac-

tional Laplacian

From now on, let T" > 0 be fixed. We introduce a suitable measurable function
K:[0,7] x Q x Q@ — R such that K(t,-,-) is symmetric for every ¢t € [0,7] and
there exist two constants 0 < k; < ky such that ky < K(t,x,y) < ks for a.e. t € [0,T]
and x,y € €.

For u,v € H*(2), we set

uls 5 = Cnis //K 1y|1]fr(+y2)s) dLy(z)dLn(y)

OxQ

and

(o= 22 [ it B DD 00 1,

‘ZL‘ _ y‘N+2$
QxQ

We point out that |uls; = |u ?{S(Q) and (u,v)s1 = (u,v)s.
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We introduce now a time dependent generalization of the regional fractional Lapla-
cian (—A)§,. For the definition of regional fractional Laplacian, among the others we
refer to [5, 8, 22, 23, 24].

Let s € (0,1). For every fixed t € [0,T], we define the operator B’ acting on H*(Q)

in the following way:

s,t U(t, ib') B U(t, y)
BQ U’(ta 93') = ON,SP'V' / K(tv T, y) ’.CC _ y’NJrQs d*CN(y)
Q

(2.1)
. u(t, x) — ult,
= Cy;s lim / K(t,z,y) <|:c _) y|NJ(r2Sy> dLn(y).

e—0F
{yeQ:|z—y|>¢}

The positive constant Cy s is defined by
§22T(M2s
On, = 21
7z [(1 —s)
where I is the Euler function. If K = 1 on [0, 7] x Q x €, the operator B’ reduces to

the usual regional fractional Laplacian (—A)g,.

We now introduce the notion of fractional conormal derivative on (g,0) domains
having as boundary a d-set and satisfying hypotheses (#) in Section 1.2. We will gener-
alize the notion of fractional normal derivative on irregular sets, which was introduced
in [12] (see also [13, 10] for the nonlinear case).

We define the space
V(B Q) = {ue H*(Q) : B5'u € L*(R) in the sense of distributions},
which is a Banach space equipped with the norm

ol gy 2= sy + 1Bl
We define the fractional conormal derivative on Lipschitz domains.

Definition 2.1. Let 7 C RY be a Lipschitz domain. Let u € V(B¥,T) := {u €
H(T) : By'w € L*(T) in the sense of distributions}. We say that u has a weak
fractional conormal derivative in (H* 2(9T))" if there exists g € (H*2(8T)) such
that

e —/B?tuvdﬁN (2.2)
T
Cns (u(z) = u(y))(v(z) —v(y))
+= T[ZK(t,x,y) PR ALy (2)dLx (y)



for every v € H*(T). In this case, g is uniquely determined and we call C,NE, u =g

the weak fractional conormal derivative of u, where

C s 1 1-2s __ V1 1-2s
pa—— / el CA i
s(2s — 1) 2272

We point out that, if K(¢,x,y) = 1, we recover the definition of fractional normal
derivative on Lipschitz sets introduced in [12]. Moreover, if in addition to that we let

s — 17 in (2.2), we obtain the Green formula for Lipschitz domains [0].

Theorem 2.2 (Generalized fractional Green formula). There exists a bounded linear
operator N, from V (B, Q) to (B>*(09))'.
The following generalized Green formula holds for every u € V(B5',Q) and v € H*(Q),

s,t
Cs <-/\/’21225U, v|8Q>(Bi’2(6ﬂ))’,32’2(8§2) = — /BQ UUd,CN
Q

(2.3)
Ons (u(z) — uly))(v(z) —v(y))
QxQ
Proof. We adapt to our setting the proof of Theorem 2.2 in [10], which we recall for

the sake of completeness. For u € V(Bg', Q) and v € H*(Q), we define

(l(u),v) = —/Bs’t C;V’S (U, 0)s k-

Q
From Hélder’s inequality, the trace theorem and the hypotheses on K (¢, x,y), we get
C’N s

| (U(w), )| < 1B5ull 2oy vl 220y + ko

< CHUHV(B;’t,Q)H’U‘

[l s [0l 75 )

me) = C HUHV(BSt,Q)HUHBg/Q(aﬂ)' (2.4)

We prove that the operator [(u) is independent from the choice of v and it is an element
of (B2%(0R2))". From Proposition 1.4, for every v € B*2?(9Q) there exists a function
w = Extv € H*(Q2) such that

[0y < Cllvll 220, (2.5)
and W|pq = v p-almost everywhere. From (2.3) we have that

C <N2 25Uy U> B22 (99))/ B§2(8Q) (l(u),u?)

The conclusion follows from (2.4) and (2.5).
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We now recall that €2 is approximated by a sequence of Lipschitz domains §2,,, for

n € N, satisfying conditions (#) in Section 1.2. From (2.2) we have that

K s,t
Cs <N2‘25u’U"m>(HS*%(aQn))’,HS*%(aQn) - /XQnBQn“Ud['N

Crs (1) — u()((2) = 0(»))
=5 [ [, (e I EEE = agy (@)L )

QxQ

From the dominated convergence theorem, we have

= lim —/BgiuvdﬁN

: K
,}520 Cs (N2t U’aﬂ>(Hs—%(aﬂn))',HS—%(mn) n—00
Qn
COns (u(z) —u(y)(v(z) —v(y))
55 [ Kty M= = gy i)
QpXQp,
s,t C’Ns
= —/BQ’ uvvdLly + 2’ (u,v)s.x = (l(u),v)
Q

for every u € V(B5',Q) and v € H*(Q2). Hence, we define the fractional conormal

derivative on €2 as

(CaNe2 5, vlo0) (522(00)y 2% (062) = _/B;ituvdﬁN +
Q

CN,S
2

(u,v)s k-

]

Remark 2.3. As in the Lipschitz case, when K(¢,z,y) = 1, we recover the notion of
fractional normal derivative on an irregular set introduced in [12]. Moreover, from [12,
Remark 3.1], when s — 1~ and K(¢,z,y) = 1 in (2.3), we recover the Green formula

proved in [34] for fractal domains.

3 The non-autonomous energy form and the evolu-

tion family

From now on, let us suppose that s € (0,1) is such that N —d < 2s < N. Let
b: (0,7) x 02 — R be a function such that

be L([0,T] x ),
inf b(t, P) > by >0 for every (t, P) € [0,T] x 092, (3.1)
there exists n € (3,1) : [b(t, P) — b(7, P)| < c[t — 7|7 for every P € OX.
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Let ¢: [0,T] x 02 x 092 — R be such that ((t, -, ) is symmetric for every fixed ¢ € [0, T
and ¢; < ((t,z,y) < ( for suitable constants 0 < (; < (3 and for a.e (t,z,y) €
[0, T] x 092 x ON).

We now introduce a bounded linear operator O, : B2?(9) — (B*2?(99))" defined

by
— [[ st =D Gy ui), 32

19195°¢2]9)
where (-,-) denotes the duality pairing between (B*2?(99))" and B2%(0Q2) and « is

defined in (1.2). From our hypotheses on ¢, this nonlocal term on Jf2 is equivalent to

the seminorm of B22?(92); moreover, we point out that, if { = 1, it can be regarded as

a regional fractional Laplacian of order o on the boundary.

We suppose that the kernels K (t,x,y) and ((t,z,y) appearing in the nonlocal terms
in the bulk and on the boundary respectively are Holder continuous with respect to ¢.
More precisely, we suppose that there exists n € (%, 1) such that

[K(tz,y) = K(r,2,y)| < Clt = 7[7 and  [C(t,2,y) — ((1,2,9)[ < Clt — 7|7 (3.3)

for a.e. x,y € Q and a.e. x,y € 0N respectively. Obviously, one can take different
Holder exponents in (3.1) and (3.3). For the sake of simplicity, we suppose that the
third condition in (3.1) and (3.3) hold for the same exponent n € (3,1).

For every u € H := L*(Q,m), we introduce the following energy form, with effective
domain D(E) = [0,T] x H*(Q),

'CNS//K () |’7V(+2>‘ ALy ()AL (y)

QxQ
Elt,u] = +/b(t, P)ulaa|* dp + (OL (ulan), uloq) if u e D(E),
o0
oo if ue H\ D(E),

\

(3.4)
We remark that, if w € H*(Q2), from (1.2) and Proposition 1.4, its trace ulsq is well-
defined.

We now prove some properties of the form FE.

Proposition 3.1. For every t € [0,T], the form Elt,u] is continuous and coercive on
H*(Q).

Proof. We start by proving the continuity of E. Since b € L>([0,T] x Q) and K and

12



¢ are bounded from above, for every ¢ € [0,T] we have

(ule) — u(y)?
Eltu] < lulfp + Moo elsony + G [ [ 72— dute) ()

ONx 00

< kolu

1+(0 T max{||bl| = o.ryxa0), C2Hul 22 50,

< max{ka, C||b|| Lo (j0,11x00), CCa} ||u]

2
Hs(Q)

where the last inequality follows from the trace theorem.
We now prove the coercivity. By using again the hypotheses on b, K and (, for every
t € [0,T] we have

Elt,u] > ki |ulfsq) + bollullZ2a0) + (0% (u), u)

> min{ky, by } (|u %{s(Q),

b + Nulaom ) = Bllul
for a suitable constant S > 0, where the last inequality follows from Theorem 1.5. [J
Proposition 3.2. For every t € [0,T], E[t,u] is closed on L*(2,m).

Proof. For every fixed t € [0, T], we have to prove that for every sequence {u,} C H*(Q2)
such that
Elt,ur, — u;] + |lug — ujl|r2gom) — 0 for k, j = 400, (3.5)

there exists u € H*(2) such that
Elt,ur, — u] + ||ug — ul|p2@m) = 0 for k — +o0.

This means that we should prove that

|u, — uls i + /b(t, P)lug, — u*dp

G (3.6)

+ (Oh (u — w), up — u) + [Jug — ul|r2@m) — 0 for k — 4o0.
We point out that (3.5) infers that {uy} is a Cauchy sequence in L*(€2,m) and, since
L?(Q,m) is a Banach space, there exists u € L*(2,m) such that

HUk — UHLQ(Q,m) m 0.

Moreover, since |uy — ;s x + [|ur — ;]| L2(q) is equivalent to the H*(€2)-norm of uj, —u;,

(3.5) implies that {uy} is a Cauchy sequence also in H*(2). Since H*(f2) is a Banach

space, then also ||ur — ul

%{S(Q) — 0 when & — +o00. Hence, since |up — uls x <
ko |uy — u|§{s(9), the first term on the left-hand side of (3.6) vanishes as k& — +oo.
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From hypotheses (3.1), for every fixed t € [0, 7] the thesis follows from [12, Proposition
4.1] for the second term on the left-hand side of (3.6). As to the term (O (uy —u), uy —
u), we point out that from the hypotheses on ¢ and the trace theorem we have

(O (u, — u),up —u) = // ¢(t,x,y) () — u() — (un(y) — uly))[ du(z) dp(y)

‘x _ y|d+2a

DOX09
< Gllur — ulljp2 50y < Clluw — ullis (@),

and the last term tends to 0 when k& — +o00 because up, — u in H*(2). O

Theorem 3.3. For every t € [0,T], E[t,u] is Markovian, hence it is a Dirichlet form
on L*(Q,m).

The proof follows by adapting the one of Theorem 3.4 in [7], see also [14, Lemma 2.7].

By E(t,u,v) we denote the corresponding bilinear form

E(t,u,v) = (u,v)sx + /b(t, P)ulag v|aa du + (0% (ulan), v]aq) (3.7)
B!

defined on [0, T] x H*(Q2) x H*(Q).

Theorem 3.4. For every u,v € H*(Q) and for every t € [0,T], E(t,u,v) is a closed
symmetric bilinear form on L?*(Q,m). Then there exists a unique selfadjoint non-

positive operator A(t) on L*(Q2,m) such that

E(t,u,v) = (—A(t)u,v)2@m) for every u € D(A(t)), v € H*(Q), (3.8)
where D(A(t)) C H*(Q) is the domain of A(t) and it is dense in L*(Q2,m).
For the proof we refer to Theorem 2.1, Chapter 6 in [30].

Proposition 3.5. For everyt € [0,T], the form E(t,u,v) has the square root property,
i.e. D(A(t))z = H*(Q). Moreover, there exists a constant C' > 0 such that, for every

nei1),

|E(t,u,v) - E(T,U,U)| < C’t - 7—|TI||u|

ms@llvllms@), 0<7,t<T. (3.9)

Proof. The square root property follows since the form is symmetric and bounded. As

14



o (3.9), we have that

|E(t, u,v) — E(1,u,v)|

(T,.’L’,y)||u< )_u( )HU( ) /U(y)’ dEN(x)dEN(y)

| y|N+2s

l/th b(r, P)| [u(P)] [o(P)]

|\U( ) = u(y)fv(r) = v(y)|

+//Kaww»—anaw T du(a)dp(y)
OO0 xO0N
< Ot = 7" ull s |V ),

where the last inequality follows from the hypotheses (3.1) on b, from (3.3) and the
trace theorem. O

Proposition 3.6. For every t € [0,T] and 7 > 0, A(t): D(A(t)) — L*(Q,m) is the

TA(t)

generator of a semigroup e on L?(Q, m) which is strongly continuous, contractive

and analytic with angle way > 0.

Proof. The analyticity follows from the coercivity of E[t, u] (see Theorem 6.2, Chapter
4 in [11]). The contraction property follows from Lumer-Phillips Theorem (see Theorem

4.3, Chapter 1 in [39]). The strong continuity follows from Theorem 1.3.1 in [18] [

Proposition 3.7. For every t € [0,T], the operator A(t) satisfies the following

properties:
1) the spectrum of A(t) is contained in a sectorial open domain
o(A(t)) C X, ={p e C: [Argp| <w}

Jor some fized angle 0 < w < 7. The resolvent satisfies the estimate

_ M
(= A®) " lezz@umy) < 7

for M > 1 independent from t and p ¢ ¥, U0; moreover, A(t) is invertible and
|A()~Y| < My with M, independent from t;

2) D(A(t)) € D<A(T))% = H*(Q), 0< 71 <t <T;in particular, D(A(t)) C
D(A(7))" for every v such that 0 < v < 1

15



3) A(t)~t is Holder continuous in t in the sense of Yagi, i.e.,

1

HA )2 (AL — A(r)Y) <Ot — 1|, (3.10)

‘S(L2(Q,m))
with some fixed exponent n € (%, 1] and C' > 0.

Proof. The first two properties follow from Propositions 3.5 and 3.6. In order to prove
the Holder continuity, one can proceed as in [18, Chapter 3, section 7.1]

Let A(t): H°(2) — H*(Q2) denote the sectorial operator with angle w ) < wa <
7 associated with E(t,u,v),

E(t,u,v) = —(A(t)u, v) g-s),1: Q)

with u € D(A(t)) = H*(Q).
Let ¢ € H*(Q) and u € H*(€2). We have that

(ABA®) " = A(r)” 1]¢> ) =2(9), (@)
) = A(T)]A(T) ™ > (Q).H(Q)
=E(t, A(1)""¢,u) — E(r, (T) "6, u).
From (3.9), we obtain

A A®) ™ = A(T) ol < Clt = 7"IIAT) " e+ =@ |0l -+

From [31, page 190], we have that || A(7) ™|l ¢(z-s(@)-ms(a) < C for a suitable positive

constant C'. Hence, we conclude that

JA@)[A@) ™ = A(T) ol r-+0) < Clt = 7" 9l -0

In order to prove condition (3.10), we note that for every z € H*(2) it holds that
Az(-)z = A~2(-)A(-)z. Therefore, we have

(AWDHAWD) ™ = A7) 16, 0)ram = E (£ A6, (AD)3)')
~E (7, A(r) 76, (A(®)#)u)
Since adjoint operators have the same norm, taking into account [31, page 190], con-
dition (3.10) holds. O
From the above results we deduce the following.

Theorem 3.8. For every t € [0,T], let A(t): D(A(t)) — L*(Q2,m) be the linear un-
bounded operator defined in (3.8). Then there exists a unique family of evolution op-
erators U(t,7) € £(L*(Q, m)) such that
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1) U(r,r)=1d, 0<7<Ty
2) U(t, ) U(1,0)=U(t,o), 0<o<7<t<T;
3) for every 0 < 17 <t <T one has
U sy < 1, (3.11)
and U(t,7) for 0 < 7 <t < T is a strongly contractive family on L*(2,m);

4) the map t — U(t,7) is differentiable in (7,T] with values in £(L*(2,m)) and

L = AU 7);

5) AU (t,7) is a L(L*(2,m))-valued continuous function for 0 < 7 < t < T.

Moreover, there exists a constant C' > 0 such that

C

, 0<7t<t<T. (3.12)
t—1T1

AU, )l er2@my) <

For the proof, see Section 5.3 in [18].
We now consider the abstract Cauchy problem

ag(tt) = A(t)u(t) fort e (0,T],

u(0) = uo,

(3.13)

with ug € L?(Q, m).

Theorem 3.9. For every ug € L*(2,m) there exists a unique u € C'([0, T]; L*(Q,m))N
CY((0,T); L*(2,m)), such that A(t)u € C((0,T]; L*(Q,m)) and

Ou(t)
ot

+ tA@®)u(t)] L2 (m) < Clluol|L2(@m);
L2(Q,m)

()] L2(0,m) + t‘

for 0 <t <T, where C is a positive constant. Moreover, one has u(t) = U(t, 0)uy.

For the proof, see Theorem 3.9 in [18].

4 Ultracontractivity property

In this section we investigate the regularity of the evolution family U(t,7). We set
E:={(t,7) e (0,7) : 7 <t}
We recall some useful definitions, specialized to our setting.

Definition 4.1. An evolution family {U (¢, 7)},r)ez on L*(Q,m) is
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1) positive preserving if for every 0 < u € L*(2,m) one has U(t,7)u > 0 for every
(t,7) €5

p < +oo, if U(t,7) maps the set {u € L*Q,m) N
1} into itself for every (¢,7) € Z;

2) LP-contractive, for 1 <

Lr(€,m) + Jullr@m) <
3) completely contractive if it is both L'-contractive and L*-contractive;
4) sub-Markovian if it is positive preserving and L*>-contractive;

5) Markovian if it is sub-Markovian and [|U (¢, )| ¢(zee(@,m)) = 1.

We point out that, since for every t € [0,7] the energy form Elt,u| is Markovian by
Theorem 3.3, the associated evolution family U(¢, ) is Markovian. In particular, this
implies that the evolution family U(¢, ) is positive preserving and L°°-contractive.
Moreover, since for every ¢ € [0,7] the bilinear form E(¢,u,v) is symmetric, it
follows that U(t,7) is also L'-contractive, hence the evolution family is completely
contractive. Therefore, by the Riesz-Thorin theorem, {U(t,7)} r)ez is LP-contractive

for every p € [1,+o00] and the following result holds.

Theorem 4.2. For every p € [1,+00] there exists an operator U,(t,7) € £(LP(Q2,m))
such that

Uy(t, T)ug = U(t, T)ug for every (t,7) € =, for every ug € LP(2, m) N L*(Q, m).

Moreover, for every T > 0 the map U,(-,7) is strongly continuous from (7,00) to
L(LP(2,m)) for every t > T and

NUp(t, )|l ezrmy < 1 for every p > 1. (4.1)

We now prove the ultracontractivity of the evolution family U(¢, 7).

Theorem 4.3. The evolution operator U(t,T) is ultracontractive, i.e., for every f €
LY (Q,m) and (t,7) € =,

N>

ACH 2 2
1O (8, 7) f (T)]] oo m) < (%) & =7)2 [ (D)l @m)s (4.2)
where we recall that N = d_]%,—dHS, C' is the positive constant depending on N, s, d and

Q appearing in (1.8) and B > 0 is the coercivity constant of E.
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Proof. We adapt to our setting the proof of [32, Theorem 4.3], see also [, Proposition
3.8].

Let f € H*(Q) and let 7 € [0,T") be fixed. From [!1, Proposition III.1.2] it holds
that 4 AP

aHF()H%Q(Qm) =2 (%,F()) for every F' € H*(Q).
L2(Q,m)

We remark that, if f € H*(Q2), then f € L'(Q,m). Hence, for every f € H*() and
a.e. (t,7) € E, from Theorem 3.8, (3.8) and the coercivity of E[t,u] we have that
S0 M =2 (G 000r) =AU

L2(Q2,m)

= —2E[t, U(t,7)f] < =28|U(t, 7)f |17

Ho(@)

where [ is the (positive) coercivity constant of E. Then, from Nash inequality (1.8),

recalling that A\ = it follows that

dN+2’

0 2B 24 4 _4
N oy < — VA g 0D Iy (43

where C is the positive constant in (1.8) depending on N, s, d and €. Therefore, since

U(t, ) is completely contractive, from (4.3) we have

2

by —2-14

0
O (WA Bam) = = W0y o 107

(4.4)
> DN Ay 2 21 e
AT “@m'—Ac L,
Then, integrating (4.4) between 7 and ¢, we get
1U (& 7) fll 20m) _.chﬂfH Liam = 7),
which in turn implies that
AC\ T
|U(t, T)||L(L1(Qm)—>L2(Qm) < (45) (t— 7)_%. (4.5)

In order to complete the proof, we need to prove an analogous bound by considering
U(t,7) as an operator from L?*(2,m) to L>(2,m). We point out that, since E(t,v,u) =
E(t,u,v) for every t € [0,T] and u,v € H*(2), the evolution operators associated with
the two forms coincide with U(t, 7). Then, from (2.22) in [15], we have that for p > 1
the adjoint operator (U,(t,7))" is equal to Uy (T — 7,T —t) for every 0 <7 <t <T.

19



We now compute

Ut )| ez m)y—re=@m)) = |(U2(T — 7, T — 1)) e(12(0,m)— Lo (9,m))
= [[Uo(T — 7, T — t) || o1 @m)—r2(m)) = U(T — 7,7 — 1) || 211 (m)— L2 (2,m))

S (4.6)
<(25) -
— 4/6 T Y
where the last inequality follows from (4.5).
Now, from 2) in Theorem 3.8, combining (4.5) and (4.6), it finally holds that
t+7 t+7
NUL(t, T) || enr (m)— Lo (@m)) = HU1 (t, 5 ) Uy ( 5 ;T)
£(LH(2,m)—L>(2,m))
t t
< HU (t, +T) Ui ( +T,T> (4.7)
2 £(L2(Q,m)—L>(2,m)) 2 S(LH(Qm)—L2(m))
A
< (29) -
<\23 T) 2.
[l

Theorem 4.4. Under the hypotheses of Theorem 3.8, the evolution operator U(t,T)
associated with the family A(t) satisfies the following properties,

1) foreverszuchthat0§9<n+%and0§7<t§T,

R(U(t, 7)) € D(A®)");

2) for0 <7t <t<T,

HA(t)OU < Cyt—1)7°,

(t,7) HS(LQ(Q,m))
3) f0r0<§<7<17+%,

AUt m)A <O (t—1)E,

=€
(7) HE(LQ(Q,m)) =
4) fort>0and 0 < <1,

MU+ 7,8) = UEDIAD ™ gy < CT

Qm)) —
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Proof. For the proof of properties 1) to 3) we refer to Section 8.1 in [18]. We prove 4).
From Theorem 3.8, for every ¢ > 0 we have

t+7
_ oU(o,t _
[Tt +7,8) = Ut + e, )] AG) ™| o p2my) = /%A(t) $do

o
t+e £(L2(Q,m))
t+T1 t+T1
= / A(o)U(o,t)A(t) "¢ do < / HA(J)U(U, t)A(t)_gHS(LQ(Q’m)) do
t+e 2(L2(Q,m)) t+e
t+7 C
< C’/ lo —t)*'do = E(Tg — ),
t+e
where the last inequality follows by property 3). The conclusion then follows by passing

to the limit as e — 0% and taking into account that U(t, 7) is strongly continuous. [

Remark 4.5. The above properties still hold for the family of evolution operators ex-
tended to LP(Q, m).

5 The semilinear problem
We recall the properties of the abstract inhomogeneous Cauchy problem
248 — A(tyu(t) + f(t) fort e (0,7,
u(0) = ¢,
where A(t) satisfies Theorem 3.7, ¢ € L?(2,m) and f € C%?([0,T], L*(£2,m)).

Theorem 5.1. For every ¢ € L*(Q,m) and f € C°([0,T], L*(Q,m)) there
exists a unique u(t) € C([0,T]; L*(Q,m)) N C*((0,T]; L*(Q2,m)), with A(t)u €
C((0,T); L*(2,m)), which satisfies (5.1). Moreover, for 0 <t < T, one has

ou(t)
ot

[ (t)]] 2 (m)+t ‘ +A@®)u()] 22 m) < CUIDl L2 m)+ fllco2 o.11,22(2m)) )

L2(Q,m)

where C' is a positive constant depending on the constant in (3.12). Finally,

u(t) = U(t,O)¢+/U(t,a)f(U) do.

For the proof, see Theorem 3.9 in [18].
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5.1 Local existence

We now consider the abstract semilinear Cauchy problem

u(t) _
(P) 2D — A(tyu(t) + J(u(t)) fort e [0, 7], -

u(0) = ¢,

where A(t): D(A(t)) C L*(Q,m) — L*(Q,m) is the family of operators associated to
the energy form E[t,u] introduced in (3.4) and ¢ is a given function in L?(2,m). We
assume that for every t € [0, 7] J is a mapping from L?(2,m) to L*(Q,m) for p > 1
which is locally Lipschitz, i.e., it is Lipschitz on bounded sets in L2 (€, m),

1 () = J() ][ 2(@m) < Ur)l[u = vl 2e@.m) (5.3)

whenever |[u||2r(om) < 7, ||| 22r@,m) < 7, Where [(r) denotes the Lipschitz constant of
J. We also assume that J(0) = 0. This assumption is not necessary in all that follows,
but it simplifies the calculations (see [10]).

In order to prove the local existence theorem, we make the following assumption
on the growth of [(r) when r — 400,

A 1 —a
Let a := 1 (1 - —) ; thereexists 0 <b<a : I(r) = O(TlT), r— 400, (5.4)
p

where A is defined in Proposition 1.9. We note that 0 < a < 1 for N — 25 < g and
p>1.
Let p > 1. Following the approach in Theorem 2 in [16] and adapting the proof of

Theorem 5.1 in [33], we have the following result.

Theorem 5.2. Let condition (5.4) hold. Let k> 0 be sufficiently small, ¢ € L*(Q, m)

and
limsup [|t°U (¢, 0)|| 120 (0m) < K- (5.5)

t—0t+

Then there exists a T > 0 and a unique mild solution
w € C([0,T], LS, m)) N C((0, T, L#(2, m)),

with u(0) = ¢ and ||[t*u(t)|| L20(m) < 2k, satisfying, for everyt € [0,T],

t

lmpdmﬁw+/U¢ﬂﬂmﬂmﬁ (5.6)

0

with the integral being both an L?*-valued and an L*-valued Bochner integrall.
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Proof. The proof is based on a contraction mapping argument on suitable spaces of
continuous functions with values in Banach spaces. We adapt the proof of Theorem
5.1 in [33] to this functional setting; for the reader’s convenience, we sketch it.
Let Y be the complete metric space defined by

Y = {u e C(0,T), L*(Q,m)) N C((0.T], L#(2,m)) : u(0) = ¢,

~ (5.7)
[u(t)|| L2v (@,m) < 2k for every t € [0,T]},

equipped with the metric

d(u, U) = max {HU, - UHC([O,T},LQ(Q,m))’ SUP thU,(t) — U<t>HL21’(Q,m)} .
(0,T]

For w € Y, let Fw(t) = U(t,0)¢ + f; U(t,7)J(w(r))dr. Then obviously Fw(0) = ¢

and, by using arguments similar to those used in [15, proof of Lemma 2.1], we can prove
that, for w € Y, Fw € C([0,T], L3(2,m)) N C((0,T], L?>*(2,m)). Then, by proceeding
as in the proof of Theorem 5.1 of [33], we prove that
limsup ||t*Fw(t)|| p2r@m) < 2x for every t € [0, 7). (5.8)
t—0t

Hence, F: Y — Y and, by choosing suitably 7' and , we prove that it is a strict

contraction. O

Remark 5.3. If J(u) = |u|P"'u, then I(r) = O(r?~!) when r — +o00. Thus condition

(5.4) is satisfied for b = p%l — % with p > 1+ 1.

We recall that, from Theorem 4.4, we have that R(U(t,7)) C D(A(t)) for every
0 < 7 <t and we can prove that the following regularity result holds (see also [33,
Theorem 5.3]).

Theorem 5.4. Let the assumptions of Theorem 5.2 hold.

a) Let also condition (5.4) hold. Then, the solution u(t) can be continuously extended

to a mazimal interval (0,Ty) as a solution of (5.6), until ||u(t)|| r2r@m) < 00;
b) one has that
u € C([0,Tp), L*(Q,m)) N C((0, Tp), L*(Q,m)) N CH((0, T), L*(2,m)),
Au(t) € C((0,Ty); L*(92,m))

and u satisfies

ag—(tt) = A(t)u(t) + J(u(t)) for every t € (0,Ty)

and u(0) = ¢ (that is, u is a classical solution).
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Proof. For the proof of condition a), we follow [10, Theorem 2]. From the proof of
Theorem 5.2, it turns out that the minimum existence time for the solution to the
integral equation is as long as [[t°U (¢, 7)¢|| 20(m) < K (see also Corollary 2.1. in [10]).
To prove that the mild solution is classical, we use the classical regularity results for
linear equations (see Theorem 5.1) by proving that J(u) € C%Y((0,T], L*(Q,m)) for
any fixed T' < Tj.

Taking into account the local Lipschitz continuity of J(u), it is enough to show that
u(t) is Holder continuous from (e, T') into L?(Q, m) for every € > 0. Let 1 = u(e) and
we set w(t) = U(t,0)y + f(f U(t,7)J(w(r))dr. If we prove that

w(t) € C°([0,T]; L*(Q,m)) N C*([0,T]), L*(Q,m))
and
Alw € C([0,T]; L*(Q,m)),
then, as u(t + €) = w(t) due to the uniqueness of the solution of (5.6), we deduce that
u(t) € CY[e, T +¢€); L*(Q,m))NC([e, T + ¢€), L** (2, m))
and
At)u(t) € C(le, T +¢); L*(2,m))

for every € > 0, hence u(t) is a classical solution (see claim b)).
Let supye(o7y [|wll z2r(my < 7. Since U(t,0) is differentiable in (¢, 7'), then it is Holder

continuous for any exponent v € (0,1). We now prove that

is Holder continuous too. Let 0 <t <t + o < T'; then

t+o t

v(t+o)—o(t) = /U(t—i—a,T)J(w(T))dT—/U(t,T)J(w(T))dT

0

[e=]

:/(U(t—l—o,T)—U(t,T))J(w(T))dT+ / U(t+0,7)J(w(r)) dr =: vy(t) + va(t)
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For the function vy, for 0 < v < 1 it holds that

t

[0 (8) ] 22p (c2.m) S/H(U(HUJ)U(M) = U(t,7))J(w(7))]| 2e(@.m) T

=/II(U(t+0,t)—Id)A(t)_”A(t)”U(t,T)J(w(T))IILw(Q,m) dr

t t+o

- / / AQU(E ATV AE | A@) Ut 7)J (w(T)) dr
o I\ L20(0,m)

S/t 70”14(5) U(E A1) HQ(L% (Q,m)) g

: HA(t)”U (t, T;t) U (T;t,7> J(w(7)) . dr.

From the ultracontractivity of U(¢,7) and the Riesz-Thorin theorem, one has

a3
U, 7)|ler2m)— L2 (@m)) < C ((t —7) 4) , (5.9)
where we recall that A = % and C'is a positive constant depending on N, s, d, p

and €.
Then, taking into account (5.9) and parts 2) and 3) of Theorem 4.4, we have

s (8) 200y < C / / €~ 1P de HA (T“)

ozt

£(L2P(Q,m))

dr

L2pr(Q,m)

A

/ (5 (5) O ) o dr
of2 (5 ()

where C is a positive constant depending on the constant in (5.9) and . If we choose

| /\

| /\

v < 1—a, we obtain [|vy(t)|L2r(a,m) < Co7, for a suitable positive constant C' depending

also on 71" and r.
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As to the function vy, using again (5.9) we have

t+o

[[02(#) | 22v (c2m) S/HU(HU,T)J(w(f))llmmm dr
t

t+o
= / U (t + o, 7) || ez2(@m)— 220 @)y | T (W (7)) || L2(02m) d7 < C
t

1-a
10 I(r)r < Co'™,

a

for a suitable positive constant C' depending on the constant in (5.9), r and a. There-

fore, if v < 1 — a, v(t) is Holder continuous on [0, 7] with exponent ~. O

5.2 Global existence

We now give a sufficient condition on the initial datum for obtaining a global solution,
by adapting Theorem 3 (b) in [17].

Theorem 5.5. Let condition (5.4) hold. Let q := ,\3:11;1)7 ¢ € LU, m) and ||d|| Laa,m)
be sufficiently small. Then there exists uw € C([0,00), LY(2,m)) which is a global solu-

tion of (5.6).

Proof. Since g < 2p, as in (5.9) from the ultracontractivity of U(t, ) and the Riesz-
Thorin theorem it follows that U (¢, 7) is a bounded operator from L?(£2, m) to L* (€2, m)
with

A1

WU, 7) || 2(La(@,m)—L2v(@m)) < M(t — T)_f(r%) =M(t—1)"

where M is a positive constant depending N, s, d, p, b and §2. Hence, we have that

11U (¢, 0)0 || 2o 0my < M|B]| La(m);

by choosing ||@||Le(q,m) sufficiently small, from Theorem 5.2 we have that there exists
a local solution of (5.6) u € C([0,T], L9(2,m)). Furthermore, from Theorem 5.2 we
also have that v € C((0,T], L*(Q,m)) and |[t*u(t)|| r20(,m) < 2M ||@|| La(r,m)-

From Theorem 5.4 a), if we prove that ||u(t)||L2r(,m) is bounded for every ¢ > 0,
then u(t) is a global solution. We will prove that |[t®u(¢)| 20 (,m) is bounded for every

t > 0, and we will use the notations of the proof of Theorem 5.2.
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We choose A > 0 such that {(r) < Ar's* for 7 > 1. Then

t
[E°u(t) | 220 my < M|l La(m) +tb/ U, 7) |l ez2@m)—r2r@mp | (w(T)) | L2 (@m) AT
0

t
1-a
< M||0llzs@my + MA (2M]|¢]| o(@m)) ° tb/(t —7) T () [ 2w 0 my AT
0

1
1—a
S MHngL‘I(Q,m) —+ MA (2M”¢||L‘1(Q7m)) b sup ||tbu(t)||L2p(Q?m) /(1 — T)_aTa—l—b dT.

t€[0,T] J

We point out that the integral on the right-hand side of the above inequality is finite.
Let now f(T) = sup;co [t°u(t)||z2p(m)- Then f(T') is a continuous nondecreasing
function with f(0) = 0 which satisfies

1—a

F(T) < M¢lla@m + (2M|¢l|s@m) * ABMf(T),

l1—a+b
b

ABMe 5" < 1,

" ABM,

where B := fol(l — 7)1 dr > 0. If M||¢]|pam) < € and 2
then f(7T') can never be equal to 2¢. If it could, we would have 2¢ < e+ (2¢)
l—a+b

€ < (2¢) 5 ABM, which is false if € > 0 is small enough.

This proves that, for |¢||Lem) sufficiently small, |[t®u(t)||20(0,m) must remain

bounded and the claim follows. OJ

5.3 The strong formulation

We now give a strong formulation of the abstract Cauchy problem (P) in (5.2).

Theorem 5.6. Let v be as defined in (1.2) and s € (0,1) be such that N—d < 2s < N.
Let u be the unique solution of problem (P). Then for every fized t € (0,T], one has

%(t, z) + Bglu(t, ) = J(u(t, ) for a.e. v €9,
Qu t CNE u+bu+OL(u) = J(u)  in (B2}09)), (5.10)
u(0,2) = ¢(z) in L?(Q, m).

Proof. For every t € (0,T], we multiply the first equation of problem (P) by a test
function ¢ € D(§2) and then we integrate on Q. Then from (3.8) we obtain

Srt) )ALy = [ AWt ple) ALy + [ Iult. ) ole) ALy

Q

——B(t.ug)+ [ J(ulta)) ole) dLx.
Q
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Since ¢ has compact support in €2, after integrating by parts we get

0

a—? LB =J(u) in (DQ)). (5.11)
By density, equation (5.11) holds in L?(f2), so it holds for a.e. = € Q. We remark that,
since J(u(t,-)) € L?(Q,m), it also follows that, for each fixed t € (0,7T), u € V(Bg', Q).
Hence, we can apply Green formula (2.3).

We now take the scalar product in L?(£2,m) between the first equation of problem

(P) and ¢ € H*(S2). Hence we get

ou
(5r¢) = 0uezam + W e (5.12)
L2(Q,m)
By using again (3.8), we have that
ou ou
[ Seneacy+ [ St o o
Q B!
Cns u(t, x) — ul(t, x) —
- [[ e M= =20 4 ()

OxQ

- / b(t, 2) ult, 7) () du — (O (), o) + / J(u(t, 7)) o(x) ALy + / J(u(t, 2)) o(z) d.

o0 Q o0

Using (2.3) and (5.11), we obtain for every ¢ € H*(Q2) and for each t € (0,7

/%(t, x)p(x)dy =— <C’5j\/’21525u, 90> - /b(t’ z)ult, z) p(w) dp
a0

80
(5.13)
— (@4 w.e) + [ Tult,a)) olo)
a0
Hence the boundary condition holds in (B%*2(99))’. O
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