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The p-curl system in extension domains
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Abstract

In this paper we prove well-posedness result for a parabolic p-curl system on
a three-dimensional bounded extension domains. In view of the numerical ap-
proximation, we investigate the asymptotic behavior of the solutions to suitable
approximating problems. Crucial tools are a Stokes formula and a Gaffney in-
equality for extensions domains.
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Introduction

The aim of this work is to investigate the magnetic properties of irregular structures.
This is a rather recent and challenging research field, where the mathematical literature
is not so huge.

Irregular structures occur in many natural phenomena, thus fractals turn out to be a
good model to describe such geometries. Hence, they can be used in some industrial
applications.

Due to this fact, many papers appeared in the literature dealing with scalar BVPs, for
instance modeling heat transfer, on domains with irregular boundaries or interfaces.

Among the others, we refer to [11,15-17,29], [10,35,36] and the references listed in.

To the authors’ knowledge, vector BVPs in domains with irregular boundary have been
firstly studied in [30], [12] and [13], while the study of linear magnetic operators in frac-
tal sets has been developed in [22], [20], [21] and [23]. As to the case of nonlinear vector

BVPs, the literature on the so-called p-curl systems arising from electromagnetism in
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the case of smooth domains goes back to the last 15-20 years: we refer to [32,12—11]
and the references listed in.

In this paper, we consider a time-dependent quasi-linear vector boundary value
problem for the p-curl operator in three-dimensional irregular domains, possibly with
fractal boundary. In view of its numerical approximation, we investigate the asymptotic
behavior of the solutions to suitable approximating problems.

More precisely, we consider the following parabolic nonlinear vector problem in a 3D
(¢,0) domain ) with boundary a d-set (see Section 1.1 for the definitions) formally
stated as

(—augt’x) + curl (| curlu(t, z)|P~2 curlu(t, z)) = F(t, z) in [0,7] x Q,
. divu(t,z) =0 in [0,7] x Q,
(Pyp) { 1) 0,7]
vrxu=_0 on [0,T] x 0Q,
\11(0, x) = U.o(SL’) on @,

where F and uy are given data and the “tangential trace” v x u has to be suitably
defined on such an irregular set.

This problem can be deduced from the generalized Maxwell equations in the time-
dependent 3D case:

( oD
IH=J+4+ —
;ur + o
B
(M) E—i—curlE:F,
divD = p,
(divB =0,

where E is the electric field, H is the magnetic field, D = €E is the electric flux
density, € > 0 is the permittivity, B = pH is the magnetic flux density, 1 > 0 is the
permeability, J is the total current density, F is a given internal magnetic current and
p > 0 is the charge density.

We make the following assumptions. We suppose that () is a highly conductive medium.
In this setting, D is very small in comparison with the eddy currents J (see [31]), hence
it is negligible.

Moreover, we assume that the following nonlinear extension of Ohm’s law holds:

|J|P~2J = oE,

where o > 0 is the electric conductivity. This assumption is usually made by physi-
cists in order to simplify the numerical discretization or to account for the thermally
activated creep of the magnetic flux; see [0] and the references listed in.

We remark that, under the above hypotheses, problem (]53 p) gives a good approxima-
tion of Bean’s critical-state model for type-II superconductors [7,18]. Without loss of
generality, from now on we suppose = o = 1.
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The interest in studying the motion of the magnetic field in highly conductive media
with possibly fractal structure is due to the fact that many experimental results show
that in superconductors oxygen crystal defects form fractal structures that seem to
promote high—temperature superconductivity (see [15] and the references listed in).

We attack problem (p3D> via a nonlinear semigroup approach and we prove ex-
istence and uniqueness results of a “strong” solution (in the sense of Definition 2.2)
under suitable assumption on the data. A key tool for the proof of this result is a
nonlinear version of Stokes formula (see Theorem 1.7), whose proof relies on suitable
limit arguments and trace and extension theorems. Moreover, Stokes formula (1.6)
allows us to give a rigorous interpretation of the boundary condition of problem (p3 D)
These results generalize to the parabolic quasi-linear framework the results obtained
in [13] in the stationary linear fractal case.

In order to consider the asymptotic analysis, we first consider an axial-symmetric case,
where problem (}53 p) reduces to a scalar parabolic problem for the p-Laplace operator
with homogeneous Dirichlet boundary conditions in a two-dimensional (e,§) domain
) with boundary a d-set. We also study the corresponding problems in the Lipschitz
domains €2,, which approximate {2 in the sense of Lemma 1.5. In Theorem 3.1 we prove
the strong convergence of the approximating solutions to the limit irregular one.

To tackle the full 3D problem, a key tool is the use of a Gaffney inequality proved in [14]
for irregular domains. By proceeding as in the axial-symmetric case, we construct a
sequence of approximating problems (]53 p.n) and we prove the Mosco convergence (or
M-convergence) of the associated functionals ®™ defined in (3.5) (see Theorem 3.6).
This, in turn, allows to deduce the G-convergence of the associated subdifferentials (see
Theorem 3.7), and hence to prove the convergence of the approximating solutions.

In a forthcoming paper, we will focus on the numerical approximation of problem
(pgD) by a finite element scheme which will deeply relies on regularity results for the
weak solution of the problem.

The paper is organized as follows.

In Section 1 we introduce the geometry of the problem and the functional setting and
we recall some inequalities and trace results.

In Section 2 we give a strong formulation to problem (153D) via nonlinear semigroup
theory and we prove that it admits a unique “strong” solution in the sense of Definition
2.2.

In Section 3 we consider the asymptotic behavior of the solutions to suitable approxi-
mating problems (]%Dn) In Section 3.1 we first consider the axial-symmetric case in
which Q = Q x I, where Q C R? is a (¢,d) domain with boundary a d-set, we consider
scalar corresponding problems in €2 and in the approximating Lipschitz domains §2,,,
for n € N, and we prove that the approximating solutions converge to the irregular
one. Then, in Section 3.2 we analyze the asymptotic behavior of the solutions for the
general 3D case under the assumptions on () of Section 1. A key tool is a suitable
Gaffney inequality for irregular domains, see Theorem 1.8.
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1 Preliminaries

1.1 (e,0) domains and functional spaces

Throughout the paper, C' denotes possibly different constants. We give the dependence
of constants on some parameters in parentheses.

Let G (resp. S) be an open (resp. closed) set of RY. By LP(G), for p > 1, we denote
the Lebesgue space with respect to the Lebesgue measure dLy, which will be left
to the context whenever that does not create ambiguity. By LP(0G) we denote the
Lebesgue space on 0G with respect to a positive Borel measure p supported on 9G. By
D(G) we denote the space of infinitely differentiable functions with compact support
in G. By W#P(G), where s € R*, we denote the usual (possibly fractional) Sobolev
spaces (see [1], [37]); W5*(G) is the closure of D(G) with respect to the || - |lwsw»-
norm. W~=*?(G) denotes the dual space of WJ*(G). By C(S) we denote the space
of continuous functions on S. We write B(P,r) = {P' € RY . |P' - P| < r},
P e RN r >0, for the euclidean ball of radius r centered at P, and we denote by |A|
the Lebesgue measure of a subset A C RV,

In the following, we consider a wide class of possibly very irregular domains, the
so-called (e,d) domains. These domains have been introduced by Jones in [24]. For
the sake of clarity, we recall the definition.

Definition 1.1. Let Q C RY be open and connected and let €,6 > 0. For x € Q, let
d(x) == ing |lx —y|. We say that Q is an (,6) domain if, whenever x,y € Q with
yer*

|z —y| < 9, there exists a rectifiable arc v € Q joining x to y such that

1
() < g]x —y| and d(z)> for every z € .

|z =y
Examples of (g, ) domains are Lipschitz domains and the Koch snowflake domain.
As pointed out by Jones [21], (g, J) domains can have a highly non-rectifiable boundary.

In particular, we will consider bounded (&, §) domains having as boundary a d-set.

Definition 1.2. A closed nonempty set S C RY is a d-set (for 0 < d < N) if there
exist a Borel measure p with supp p = S and two positive constants ¢y and co such that

art <pu(B(x,r)NS) <cr? VreS, 0<r<l. (1.1)
The measure p s called d-measure.

We now recall the definition of Besov space specialized to our case. For generalities
on Besov spaces, we refer to [20].

Definition 1.3. Let S be a d-set, 0 < o <1 and 1 < p < 0o. BPP(S) is the space of
functions for which the following norm is ﬁm’te:

fu(e) ~ ()P
lolEgrs) = Dl + [ 2= 0F duta) duty),

lx—y|<1

4
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In the following, we will denote the dual of the Besov space B2P(S) with (B2P(S))";
we point out that this space coincides with the space BY* (S), where p’ is the Holder
conjugate exponent of p (see [27]).

We now state the trace theorem for functions in W?(Q) specialized to our case,
where @ is a bounded (g, ) domain with boundary 0@ a d-set.
From now on, we assume that

N —d
p

<1

and we set N d
ai=1-—— (1.2)
p
Proposition 1.4. Let N -1 <d < N, 1<p<oo and o be as in (1.2). BEP(9Q) is
the trace space of WP(Q) in the following sense:
(i) there exists a continuous and linear operator o from WHP(Q) to B2F(9Q);

(ii) there exists a continuous and linear operator Ext from BEP(0Q) to W'P(Q) such
that vo o Ext is the identity operator in BEP(0Q).

For the proof, we refer to [26, Theorem 1, Chapter VII|, see also [1], Theorem 1].
We point out that, if @ is a Lipschitz domain, its boundary 9@ is a (N — 1)-set.
Hence, the trace space of W'?(Q) is B, (0Q), and the latter space coincides with

WP (0Q).
We pass to vector valued functions. If G C RY is open, we denote by LP(G)V the

space of vector-valued functions u = (ug,us, ..., uy) such that u; € LP(G) for every
1=1,...,N. If we endow it with the following norm

P

N
[allzrgyy = (Z ||Uz'||’£p(g)> 7 (1.3)
=1

it becomes a Banach space.
We define the following spaces:

We(div,G) := {u € LP(G)N : divu e L*(G)},

W?(curl,G) := {u € LP(G)" : curlu € L(G)V} .

We endow these spaces with the following norms:

[l g =l g + 1 divall, g,

[l = Il gn + llcurlul, g s
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1.2 Integral theorems

In this section we state some important results and integral theorems.

First, we recall the following important approximation result for irregular domains
by Sohr. For arbitrary A, B C RY, we define

dist(A, B) := inf |z —y|.

z€AyeB

Lemma 1.5. Let Q@ C RY, with N > 2, be an arbitrary domain. Then there exist
a sequence {Qn}>2, of bounded Lipschitz subdomains of QQ and a sequence {€,}>>, of
positive numbers such that:

a’) @an-H VTLGN;
b) diSt(aQn+1, Qn) Z €En+1 Vn € N,

¢) lim €, =0;

n—-+0o0o
n=0
See [39, Lemma 1.4.1, Chapter I1.1.4]. Concrete examples of irregular domains

enjoying the properties above are Koch-type fractal domains, where the approximating
sequence {@Q,} is given by the so-called pre-fractal domains, see e.g. [13,29].

From now on, @ will denote a bounded simply connected three-dimensional (e, 9)
domain with boundary 9@ a d-set. We remark that all the results of this paper can be
extended to the case in which 0Q) is an “arbitrary closed set” in the sense of [25].

We now state Stokes and Green formulae. Let u € W?(div, Q) and v € W' (Q). We
define the following quantity:

L,(u)[yv] :== /u-Vvd£3+/vdivud£3.
Q Q

Theorem 1.6 (Green formula). Let u € W?(div,Q), 2 < d < 3,1 < p < o0 and
a be as in (1.2). Then l,(u) is a linear and continuous operator from WP(div, Q) to

BV (0Q).
By setting u - v = [,(u), the following generalized Green formula holds for every
ve W (Q):
(u- 1/,VOU)ngp/(BQ),7Bg/,p/(aQ) = /u -VodLs + /vdivudﬁg. (1.4)
Q Q
The proof can be achieved by proceeding as in [28, Theorem 3.7].



1 Let now u € W?(curl, Q) and v € W' (Q)3. We define the following quantity:

L-(u)[yv] := /u ~curlvdLs — /V -curludls. (1.5)
Q Q

> Theorem 1.7 (Stokes formula). Let u € WP(curl,@Q), 2 < d < 3,1 < p < o0 and
s« be as in (1.2). Then l.(u) is a linear and continuous operator from WP(curl, Q) to
o (BEP(0Q)) .

s By setting v x u := [.(u), the following generalized Stokes formula holds for every
s veWh(Q)3:

(v x u,70V>(Bg/,p/(aQ),)37Bg/,p/(6@3 = /v ccurludfls — /u -curlvdLs. (1.6)
Q Q

7 Proof. We adapt the proof of Theorem 15.5 in [13] to this more general setting.
Let I;(u) be as defined in (1.5). Then Holder inequality and Proposition 1.4 lead us to

|L-()[yoVv]| = /u ~curlvdLs — /V -curludfls
Q Q
< [lullze@p l cwrl vl 1o gys + [Vl o e el u]| Logys

< Clvilwir @pllullene < C vl gy agsllullen,o- (1.7)

8 This shows that [.(u) is an element of (B?*(9Q))?. We now prove that the
o operator [-(u) is independent from the choice of v. From trace theorem 1.4, for every
w0 v € B (0Q)? there exists a function W := Ext v € W' (Q)? such that

Wl @) < ClIvl] (1.8)

BY ¥ (9Q)?

n and YW = v p-almost everywhere. Thus we have that

(W) (g ooy 2 o = e (W) Y0W) (o oy (o

12 The independence follows from (1.7) and (1.8).
We now consider the sequence of approximationg domains @), given by Lemma
1.5, which in particular are bounded Lipschitz domains such that Q, C Q.41 and
Q= Uzozl Qn-
By the vector Stokes formula for Lipschitz domains (see e.g. [19, §2, Theorem 2.11}),
together with the dominated convergence theorem, we have

lim (v x u,vVv)

n—+oo w P

|

/ = lim /v-curludﬁg—/u-curlvdljg

_(1—1
(1 P,Lp( 1 (0Qn)? nos-too

AQn)3W

n Qn

:/v~curlud£3—/u-curlvd£3
Q Q
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for every u € W(curl, Q) and v € W' (Q)?. Thus the previous considerations allow
us to define the generalized “tangential trace” as

(v xu, 70V>(Bg',p/(3@)/)3’35/,[,/(8@3 = /v ~curludfls — /u ~curl vdLs.
Q Q

We point out that, if we set for p > 2
ueV,:={ueW?(cul,Q) : curl (| curlul’?curlu) € L”(Q) in the sense of distributions},

then for every u € V, and v € W'?(Q) Stokes formula (1.6) takes the following form:

(v x v, |curlul’* curlu)

(BE 7 (0Q))3,BE ¥ (0Q)F — / | curluf’~2 curlu - curl vdZs
Q

- /curl (| curlu/’~? curlu) - vdLs.

Q
(1.9)

We now introduce the following Banach spaces:
WE(div, Q) := {u € WP(div,Q) : v-u=0 on dQ},

Wl (curl, Q) := {u € WP(curl, Q) : v x u=0 on 9Q},

where the boundary conditions have to be interpreted in the sense of the above The-
orems 1.6 and 1.7 respectively. We refer [10] for the smooth case and to [19] for the
Lipschitz case. We stress the fact that W' (div, Q) C W?(div, Q) and W{(curl, Q) C
W?(curl, @) and we endow W' (div, Q) and W' (curl, Q) with the natural norms.

We conclude by recalling Gaffney inequality for irregular domains. We refer to
Theorem 3.10 in [11].

Theorem 1.8 (Gaffney inequality). Let Q C R3 be a bounded simply connected (g, 6)
domain with 0Q a d-set, with 0 < d < 3. Let v.€ WYP(Q)? be such that v €
WP(div, Q) N W{(curl, Q). Then there exists C = C(p,Q) > 0 such that

[v]lwiegp < C (| curl v gy + || div v eg)) - (1.10)

2 Well-posedness of the 3D problem

In this section we provide existence and uniqueness results for the weak solution to
problem (Psp) stated in the Introduction. From now on, we set p > 2 and H := L*(Q)3.

8
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We introduce the following energy functional on H:

1/‘curlu\p dLs if ue D(®,),
D fu] — pQ (2.1)

Foo ifue H\ D(®,),

where the effective domain is D(®,) := {u € W{(curl, Q) : divu =0 in Q}.

We point out the boundary condition encoded in D(®,) (¥ x u = 0 on 0Q) has
to be interpreted in a weak sense, i.e. as an identity in (BE* (9Q)')* as defined in
Theorem 1.7.

Proposition 2.1. ®, is a weakly lower semicontinuous, proper and convex functional
in H. Moreover, its subdifferential 0®, is single-valued.

Proof. The functional @, is clearly proper and convex, and the weak lower semiconti-
nuity follows from the properties of the norms. Finally, from Proposition 2.40 in [5],
0, is single-valued. [

We point out that Proposition 2.1 can be proved also for 1 < p < 2.

Let T be a fixed positive number. We now consider the abstract Cauchy problem

ou ul =
i { Gy = e

where 0®,, is the subdifferential of ®, and F and u, are given functions.

According to [1, Section 2.1, Chapter I1I], we give the following definition.

Definition 2.2. A function u : [0,T] — H is a strong solution of problem (Psp)
if u € C([0,T]; H), u is differentiable a.e. in (0,T), u(t) € D(—0®,) a.e. and
9u 4 9®,lu] = F for a.e. t €0,T).

From [, Theorem 2.1, chapter IV] the following existence and uniqueness result for
the strong solution of problem (Psp) holds.

Theorem 2.3. If ug € D(—0%,) and F € L*([0,T]; H), then problem (Psp) has
a unique strong solution u € C([0,T); H) such that u € W((6,T); H) for every
5 € (0,T). Moreover u(t) € D(—0®,) for a.e. t € (0,T), Vt2% € L*(0,T;H) and
®,[u] € L(0,T).

Moreover, from Theorem 1 and Remark 2 in [3] (see also [1]) we have the following
result which will be crucial in order to prove the convergence results (see Section 3.2).

Theorem 2.4. Let ¢ : H — (—00,400] be a proper, convex, lower semicontinuous
functional on a real Hilbert space H, with effective domain D(p). Then the subdiffer-
ential O is a mazximal monotone m-accretive operator. Moreover, D(p) = D(0p) and
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—0p generates a nonlinear Co-semigroup {T'(t) }+>0 on D(p) in the following sense: for
each ug € D(y), the function u = T(-)ug is the unique strong solution of the problem

ue C(Ry; HYNWLES((0,00); H) and u(t) € D(p) a.e.,

loc
0
a—?—kf)gp(u) 50 ae on Ry,

u(0,2) = up(x).

In addition, —0¢ generates a nonlinear semigroup {T(t)}tzo on H where, for every
t >0, T(t) is the composition of the semigroup T(t) on D(yp) with the projection on
the convex set D(¢p).

From Proposition 2.1 and Theorem 2.4, we have that the subdifferential 0®, is
maximal, monotone and m-accretive operator on H, with domain dense in H.

We now denote by 7),(t) the nonlinear semigroup generated by —0®,. From Propo-
sition 3.2, page 176 in [38] the following result holds.

Proposition 2.5. T),(t) is a strongly continuous and contractive semigroup on H.

We now prove that the strong solution of problem (Ps;p) actually solves problem
(Psp). We first need a characterization of the subdifferential of ®,,.

Theorem 2.6. Letu(t) € D(®,) and let F(t) € H fora.e. t € (0,T]. ThenF € 09,[u]
if and only if u solves the following problem:

curl(| curlu/P~2 curlu) = F in L7 (Q),

(Psp) § divu =0 a.e. in Q,
(v xu,v)perogypaeregr =0 Vv e BEP(OQ).
Proof. Let F € 0®,[u], i.e.
®,[v] — ®,u] > (F,v—u)y forevery ve D(D,). (2.2)
We choose v =u+tw, with w € D(®,) and 0 <t <1 in (2.2) and we obtain

1 1
t/F-wdﬁ;; < 5/|curl(u—|—tw)|pd£3 - —/|curlu|pd£3 (2.3)
p
Q Q Q

By dividing by ¢ and passing to the limit for ¢ — 0% in (2.3), we obtain

/F-Wdﬁg < /|cur1u|p_2 curlu - curl wdZCs.
Q Q

By taking —w in (2.3) we obtain the opposite inequality, and hence we get
/F -wdLly = / | curluf’~2 curlu - curl w d.s. (2.4)
Q Q

10
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We first take w € D(Q)?. We point out that, since p’ < 2, in particular F € L” (Q)>.
Then, from Stokes formula (1.6) it follows that

curl (Jcurluf’?curlu) =F in L7 (Q) (2.5)

and in particular in L?(Q).
Moreover, Stokes theorem for irregular domains (Theorem 1.7) yields that the boundary
condition in (P) holds in the sense of the dual space of BEP(9Q)3.

In order to prove the converse, let u € D(®,) be the weak solution of problem
(Psp). We have to prove that ®,[v] — ®,[u] > (F,v —u)y for every v € D(®,). By
using the inequality

1
5(|&Ip = [BI”) = [BI""*b(a = b)

and the hypothesis that u is the weak solution of (Psp), the thesis follows (see e.g. [17,
Theorem 3.6]). O

Theorem 2.6 implies that the unique strong solution u of the abstract Cauchy
problem (P3p) solves the following problem (Ps;p) on @ for a.e. ¢t € (0,7] in the
following weak sense:

( %—‘:(t, z) 4 curl (| curlu(t, z)[P~2 curlu(t, z)) = F(t,z) in LP(Q),
P diva =0 a.e. in @,
(Psp) 3
(v X, v) e gy Brr 0 = 0 Vv e BEP(0Q)°,
\11(0,.1') :u0<£L'> in H.

Hence, the above problem (Pyp) is the strong interpration of (Psp).

3 The asymptotic behavior

3.1 The axial-symmetric case

We now consider the case of a axial-symmetric domain. We suppose in this section
that Q = Q x I, where 2 C R? is a 2D (g,d) domain with boundary a d-set and
I =la,b] CR.IfF(t,x) = (0,0, f(t, z1,22)), then we assume that u = (0,0, u(xy, x2)).
Problem (Psp) then reduces to finding a function u = u(zy, z2) on  such that

9u — div (|[VuP?Vu) = f  in[0,T) x €,
(Poap) §u=0 on [0, 7] x 09, (3.1)
u(0, P) = uo(P) in Q.

The domain Q = {(z1,72) € R? : (21, 22,0) € Q} is a cross section of Q, i.e. 2 x {0} =
QN{zx eR?: z3=0}.

11
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The energy functional associated with (Pyp) is

1/\VUPD dL, if u e D(®,),
®pfu] = q P ) (3.2)

oo if u € L*(Q)\ D(®,),

where D(®,) = W, (Q).

For f € L*([0,T); L*(R?)) and uy € D(—0®,), existence and uniqueness of the weak
solution of problem (Pyp) follows by nonlinear semigroup theory as in Theorem 2.3 by
following the patterns of Section 2.

We now consider approximating problems on the Lipschitz domains €2,, which approx-
imate the (¢,d) domain € in the sense of Lemma 1.5.

We now come to the problems on the approximating Lipschitz domains. For every

fixed n € N, we consider the following problems (]52 Dn)

Wo — Apu, = f in [0,7] x Q,

(Papn)  tn =0 on [0,T] x 98, (3.3)

u, (0, P) =ud(P) in Q,.

We set

Wy (Q,) = {u € CH(RQ) : suppu C Qn}W e,

Again from nonlinear semigroup theory, for every n € N, given f € L?([0,T]; L*(2))

and 1’ € D(—9dJ") there exists a unique weak solution u, € WeP(€,) of problem
(PQD,n)-

The following result states the convergence of the pre-fractal solutions u, to the
solution u of problem (P,p) in a suitable sense.

Theorem 3.1. Let u and u,, be the solutions of the homogeneous problems associated to
(Pap) and (Pap,,) respectively. Then u, strongly converges to u in Wy (Q) asn — 400
for every t € [0,T].

Proof. The result follows from [33, Corollary 2, p. 557] since 2, is an increasing
sequence of sets invading (2 and cap, o(E \ €2,) — 0 when n — +o0o for any compact
subset F of 0, where, for any compact subset £ C (), its relative p-capacity with
respect to €2 is defined by

cap, (&) = inf {H@Haﬂ,p(m :p€D(Q) and ¢ > 1 on E} ,

see [33, p. 531]. O
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3.2 The general 3D case

We now investigate the approximation of the solution of the homogeneous 3D problem
associated to (Psp) in terms of smoother solutions, as in the axial-symmetric case in
Section 3.1. A crucial tool in this asymptotic study will be Gaffney inequality (see
Theorem 1.8).

We introduce the new energy functional on H = L?(Q)3:

P, [ul :

1 .
- / | curlul? dLs if u e D(®,),
7] (3.4)

400 ifue H\ D(®,),
where in this case the effective domain is D(®,) := D(®,) N W?(Q). We point
out that, for irregular domains, in general D(®,) is not a subspace of W'?(Q); for a
counterexample in the Lipschitz case, see [2, page 832].

The natural norm on D(®,) is the following:

p

HuHD(&)p) = ||u|I€V1,P(Q)3 + || Curlu”iﬁ(@)%

which is equivalent just to || curlqup(Q)g, thanks to Gaffney inequality (1.10).
Proceeding as in Section 2, the following result holds.

Proposition 3.2. ('l:Dp 1s a weakly lower semicontinuous, proper and convex functional
in H. Moreover, its subdifferential 0P, is single-valued.

From nonlinear semigroup theory, by using the techniques of Section 2, it follows
that the following problem admits a unique weak solution:

( 9u (¢, ) + curl (| curlu(t, z) P2 curlu(t, ) = 0 in LF(Q),
_ |diva=0 a.e. in @,
(P) 3
<l/ X u, V>(Bg/p(aQ)/)37Bgﬁp(aQ)3 =0 Vv e Bg’p(aQ) ,
(u(0,z) = u(z) in H.

We now consider corresponding problems on the approximating Lipschitz domains
Qn, for n € N, given by Lemma 1.5. We point out that, if u € L*(Q), then u € L*(Q,,)
for every n € N. We denote by v, the normal outward unit vector to @),,. Moreover,
we recall that, since @, is Lipschitz for every n € N, the trace space of W'?(Q,) is
W rP(Q).

Let W be the space of restrictions to (), of functions u defined on @) for which the
following norm is finite:

lalliy = allfyrniq,ye + Il curlullz, g, -
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We introduce the energy functionals on @,, defined on H = L?*(Q)3:

1 ~
] —/\cur1u|Pd£3 if ulo, € D(®JM),
O] = Py (3.5)

+00 if ue H\ D(®),

where in this case the effective domain is

D((IDI()”)) ={ueW:divu=0in @, and v, x u= 0 on 9Q,}.

As in the previous case, the norm of D(fl:)l()")) is equivalent to || curlull}, (@)

Again using the techniques of Section 2, we prove that for every n € N the following
problem admits a unique weak solution u,,:

( %(t, x) + curl (| curlu, (¢, z)[P~2 curlu,(t,z)) =0 in Lp/(Qn),

_ |diva, =0 a.e. in @y,
(Fn)

(U X Uy, V) =0 Vv e Wl_%’p(ﬁQn)‘g,

(W52 (0Qn)) W PP (9Qn)?
| 1,(0,2) = ul” (z) in H.

For the sake of completeness, we explicitly write the existence and uniqueness theorems
for problems (P) and (F,). Let 0®, and 8<I>§,n) denote the subdifferentials of ®, and

®™ respectively. Let also T,(t) and e () denote the nonlinear semigroups generated
by —Q:)p and —CI:);”) respectively.

Theorem 3.3. Ifug € D(—?ép), then problem (P) has a unique strong solution u €
C([0,T]; H) defined by u = T,(-)ug such that u € WY2((6,T); H) for every 6 € (0,T).
Moreover u € D(—9®,) for a.e. t € (0,T), Vt22 € L*(0,T; H) and ®,[u] € L'(0,T).

Theorem 3.4. For every n € N, if u(()n) = D(—a@,”)), then problem (P,) has a
unique strong solution wu, € C([0,T]; H) defined by u, = Tén)()uo such that u, €
WL2((8,T); H) for every § € (0,T). Moreover u, € D(—9®) for a.e. t € (0,T),
Vi € [2(0,T; H) and ®5”[u,] € L}(0,T).

We are now interested in proving a convergence result similar to the 2D axial-
symmetric case given in Theorem 3.1. In order to do so, we will use the notion of
M-convergence of energy functionals.

We recall the definition of M-convergence adapted to our case. This definition was first
introduced by Mosco in [33]; here we recall the definition given in [34, Definition 2.1.1].

Definition 3.5. A sequence of proper and convex functionals {q),()n)} defined on an
Hilbert space H M-converges to a functional ®, in H if the following hold:

a) for every {v,} € H weakly converging to u € H

lim @Z()”) V] > @,[ul.

n—o0

14
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b) for every w € H there ezists a sequence {w,} € H strongly converging to u in
H, such that
7}1_)11()10(1)](9") [w,] < &,[ul.
Theorem 3.6. Let ®, and O be defined as in (3.4) and (3.5) respectively. Then
é;(,") M-converges to the functional (fp.

Proof. We have to prove conditions a) and b) in Definition 3.5.
Proof of condition a). Let v,, € H be a weakly converging sequence to u € H. We
can suppose v, € D(®'") and

%@;”) (V] < 00,

otherwise the thesis follows trivially. Thus there exists a constant independent from n
such that

1/|qu[1 v,|PdLs < C. (3.6)
an
In particular, we have that anHD(é;n)) < C.
We remark that, since @), is Lipschitz, it enjoys the extension property. We now
consider the trivial extension v,, of v,, to (). By direct inspection, it holds that

Vel ps,) = ||Vn||D(.i>§7n)) <C.

Therefore, there exists a subsequence (which we still denote by v,,) weakly converging

to some v in D(®,); moreover, v,, strongly converges to v in LP(Q)? (and hence also
in L*(Q)? since p > 2). We now prove that v =u in L?(Q)3, that is

/(G—u)-godﬁgzO

Q

for every ¢ € L?(Q)3.
We first note that

/(ff—u)-cpdﬁg—/(ff—ffn+\~fn—u)~god£3

Q Q
—/(f/—{/n)-cpdﬁg—i-/(vn—u)-cpdﬁ;;—i— /(f/n—u)-cpdﬁg.
Q Qn Q\Qn

(3.7)

We claim that each term on the right-hand side of (3.7) tends to zero as n — +oc.
From the strong convergence of v,, to v in L?*(Q)? and the weak convergence of v,, to
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uin L*(Q)3, we deduce our claim for the first two terms. As to the third, from Holder
inequality we deduce that

/ (Vo =) [ dLs < [loll 2@ @up(IVall 2@ + [lullz2@) -0
Q\Qn

since @ is bounded, |@ \ @, — 0 as n — +o00 and v, is equibounded in D(ip) and in
L*(Q)®. Hence v,, = u in D(®,) and v,, — u in L?(Q)>. The thesis then follows from
the lower semicontinuity of the norm.

Proof of condition b). We prove that for every u € H we can construct a sequence
{wn},en strongly converging to u in H such that

O u] > Tim &0 [w,).

n—o0

We suppose that u € D(®,), otherwise ®,[u] = 400 and the thesis follows trivially.
We set

u in @,
W, =
0 nQ\Q.
We point out that w,, strongly converges to u in H. Indeed, it holds that
lwn = a2 = [Wn = ullZ2g, s + [Wn = ullZzigrqs = lulizgrqus —2 0-

We now prove condition b) of Definition 3.5 for w,,. We have that

lim Q>(") [w,] = lim — / | curlw,|P dLCs

n—o0 n—oo p

— 1 1 ~
= lim - [ |cuwrlufPdLs = 5/|curlu|p dLs = @, [u],

n—oo p

n

where the second-to-last equality follows from Lemma 1.5. [

The M-convergence of the energy functionals is equivalent to the G-convergence of
the associated subdifferentials, as stated in the following result.

Theorem 3.7. <1:>,()n) M-converges to Cﬁp in H if and only if 8(151(;") G-converges to 8@,.

For the proof see Theorem 3.66 in [3].

Theorem 3.8. Let <I> ) and d, be as in Theorem 3.6. Let T ( ), T,(t), u ) and ug
be as in Theorems 3.3 and 3.4. If uO ) = g strongly in H, then {u,(t)} com;e’rges to
u(t) strongly in H for everyt € [0,T].

This convergence result follows from Theorem 3.6, Theorem 3.7 and Theorems 3.16
and 4.2 in [9].
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