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Abstract

We study the asymptotic behavior of anomalous fractional diffusion processes in
bad domains via the convergence of the associated energy forms. We introduce
the associated Robin-Venttsel’ problems for the regional fractional Laplacian. We
provide a suitable notion of fractional normal derivative on irregular sets via a
fractional Green formula as well as existence and uniqueness results for the solu-
tion of the Robin-Venttsel’ problem by a semigroup approach. Submarkovianity

and ultracontractivity properties of the associated semigroup are proved.
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Introduction

In this paper we study a heat equation for the regional fractional Laplacian with Robin
(Venttsel’) boundary conditions in irregular domains (e.g. Jones domains [20]). This
type of problems belongs to the large class of anomalous diffusion processes. In the
recent years there has been an increasing interest in their study due to the different

application fields.



The anomalous diffusion is an important topic in physics, finance and probability
([1, 19, 36, 38]; for a tutorial see [10]). Mathematically it is described by a nonlocal
operator. Several models appear in the literature to describe such diffusion, e.g. the
fractional Brownian motion, the continuous time random walk, the Lévy flight as well
as random walk models based on evolution equations of single and distributed fractional
order in time and/or space [3, 15, 35, 38, 39].

In these different frameworks, if the regional fractional Laplacian is considered (see
(2.1)), the corresponding diffusion processes take place across irregular interfaces or
boundaries, possibly of fractal type. A key point is to give a rigorous mathematical
formulation for these processes as well as to study their “smoother approximations” in
view of concrete numerical simulations.

In the literature, results for boundary value problems for the regional fractional Lapla-
cian with Dirichlet, Neumann and more general non-standard boundary conditions,
such as dynamical boundary conditions of Venttsel’ or Robin type for piecewise smooth
(Lipschitz) domains, can be found in [12], [I3] and [11] along with the physical moti-
vations.

To our knowledge, the case of Robin-Venttsel’ problems for the regional fractional
Laplacian in irregular domains (studied e.g. for second order elliptic operators in
divergence form in [33]) is here investigated for the first time.

Our aim, in this paper, is twofold; the former is to give a rigorous formulation of
a parabolic problem for the regional fractional Laplacian with dynamical boundary
conditions in irregular domains and in suitable smoother approximating domains. The
latter is to prove that the approximating processes converge in a suitable sense to the
diffusion process of the irregular case.

More precisely, in this paper we consider the following evolution problems for the
regional fractional Laplacian with dynamical Robin-Venttsel’ boundary conditions in
an irregular domain ) as well as in the corresponding approximating domains @,,.

The problems can be formally stated as:
Gi(t.a) + (=A)yu(t,z) = f(t,x) in (0,T] x Q,
(p) W +N2_25U + bu|aQ = f on (07T] X 8@,
u(0, ) = uo(z) in @,

and, for every n € N,



Bn (b, 1) + (= Ay, un(t, ©) = fult, ) in (0, 7] x Qn,
( ~n) 5n% +N2_257J/n + (Snbun’aQn = (Snfn on (07 T] X a@n’

un (0, ) = ufl” () in Q.

where @) is a bounded (g,0) domain having as boundary a d-set (see Definitions 1.1
and 1.2) possibly of fractal type and {@,} is a sequence of suitable smooth domains
approximating Q. Here (—A)g and (—A)f, denote the regional fractional Laplacians
(see (2.1)), s € (0,1), Na_osu is the fractional normal derivative to be suitably defined,
fy fn, b, up and u(()") are given functions, while 7" and 9,, are positive numbers.

We introduce a suitable notion of fractional normal derivative on irregular sets, via a
generalized fractional Green formula, and we prove that it is an element of the dual of
a suitable Besov space defined on 0@ (see Theorem 2.2).

We consider the fractional energy form Fy defined in (3.2), which turns out to be a
closed nonlocal Dirichlet form in L?(Q, m) (see (3.1)), and the corresponding associated
generator A;. In Theorem 4.1 we prove, via a semigroup approach, existence and
uniqueness of a classical solution for a suitable abstract Cauchy problem (P) for the
operator A,. We prove regularity properties of the semigroup, i.e. markovianity, order
preserving and ultracontractivity in Theorems 3.5 and 3.6. In Theorem 4.2 we prove

that problem (P) is the strong formulation of the abstract problem (P). Similar results
for the approximating problems (P,) hold.

In order to study the asymptotic behavior of the approximating solutions, we consider
the case of a three-dimensional Koch-type cylinder ¢ and its corresponding polyhedral
approximating domains (),,. We consider the fractional energy forms F, and E™ on
L*(Q,m) and L*(Q,m,,) respectively (see (5.4) and (5.7)). In the pre-fractal case, exis-
tence and uniqueness of a classical solution of the associated abstract Cauchy problem
(P,) as well as a strong interpretation are given respectively in Theorems 5.2 and 5.3.
In the fractal case, these results follow from Theorems 4.1 and 4.2 specialized to this
case. In Theorem 7.3 we study the asymptotic behavior of the solutions of problems
(P,); the functional setting is that of varying Hilbert spaces (see Section 1.2). The
Mosco-Kuwae-Shioya convergence of the fractional energy forms, proved in Theorem
6.5, and that of semigroups, given in Theorem 6.6, yield the convergence of the so-
lutions in a suitable sense. The choice of the factor §,,, which accounts for the jump
of dimension between 0@ and 9Q),, is crucial in the proof of the energy convergence.
Finally, in Theorems 7.6 and 7.9, we prove the convergence of the time derivatives and
the convergence of the fractional normal derivatives in a suitable weak sense.

The plan of the paper is the following.



In Section 1, we recall some preliminary results on traces and varying Hilbert spaces.
In Section 2, we recall the definition of fractional regional Laplacian and we introduce
the notion of weak fractional normal derivative by proving a generalized fractional
Green formula for irregular domains.

In Section 3 we introduce the nonlocal fractional energy form on ). We prove that
it is closed, symmetric and Markovian and that the associated semigroup is positive
preserving, L°°-contractive and ultracontractive.

In Section 4 we prove existence and uniqueness of a classical solution for the corre-
sponding abstract Cauchy problem and we give a strong interpretation.

In Section 5 we consider as @ a Koch-type cylinder, i.e. @ = x [0, 1], where Q is the
snowflake domain. We introduce the corresponding approximating domains @,, the
corresponding fractional energy forms E™ defined in (5.6), the associated semigroups
and Cauchy problems.

In Section 6 we recall the notion of Mosco-Kuwae-Shioya convergence of the forms and
we prove the M-convergence of the energy forms E™ to E;.

In Section 7 we prove the convergence of the solutions in the framework of varying
Hilbert spaces as well as the convergence of the time derivatives. The convergence of

the fractional normal derivative is then achieved in a suitable weak sense.

1 Preliminaries

1.1 Functional spaces and trace theorems

Let G (resp. S) be an open (resp. closed) set of RY. By L?(G) we denote the Lebesgue
space with respect to the Lebesgue measure dLy, which will be left to the context
whenever that does not create ambiguity. By LP(9G, 1) we denote the Lebesgue space
on 0G with respect to a Hausdorff measure p supported on 0G. By D(G) we denote
the space of infinitely differentiable functions with compact support on G. By C(S)
we denote the space of continuous functions on §.

By H*(G), where 0 < s < 1, we denote the fractional Sobolev space of exponent s.

Endowed with the following norm

)
2o = lullZag + / / W) ALy (2)dLx(y),

gxg

Il

it becomes a Banach space. We denote by |u|gs(g) the seminorm associated to |[ul| g (g)

and by (u,v)pgs(g) the scalar product induced by the H*-norm. Moreover, we set

)= [ =D gy @)t

gxg




In the following we will denote by |A| the Lebesgue measure of a measurable subset
A CRYN. For fin H*(G), we define the trace operator ~y as

wf@) = lim e [ )AL (1)

B(z,r)NG

at every point x € G where the limit exists. The limit (1.1) exists at quasi every x € G
with respect to the (s,2)-capacity (see [2], Defnition 2.2.4 and Theorem 6.2.1 page
159). In the sequel we will omit the trace symbol and the interpretation will be left to
the context.

We now recall the definition of (,d) domain. For details see [20].

Definition 1.1. Let 7 C RY be open and connected. For z € F, let d(x) := in}f T —
yEF©

y|. We say that F is an (g,0) domain if, whenever x,y € F with |z — y| < J, there

exists a rectifiable arc v € F joining x to y such that

1 _ _
ly) < =|lz—y| and d(z)> el | ZHy| ?| for every z € 7.
€ T —y

In this paper, we consider two particular classes of (g,d) domains Q@ C RY. More
precisely, () can be a (g,0) domain having as boundary either a d-set or an arbitrary
closed set in the sense of [21]. For the sake of completeness, we recall the definition of

d-set given in [22].

Definition 1.2. A closed nonempty set M C RY is a d-set (for 0 < d < N) if there
exist a Borel measure p with supp 4 = M and two positive constants ¢; and ¢y such
that

ar® < u(B(z,r) N M) < cor? Vo e M. (1.2)

The measure p is called d-measure.

We recall the definition of Besov spaces on an arbitrary closed set F specialized to our
case. For generalities on these Besov spaces, we refer to [21]. Let us suppose that there
is a measure [z on F satisfying the following condition: for 0 < d; < dy < N, there

exist two positive constants ¢; and ¢, such that
&1 k15 (B(w,1)) < pp(Bla, kr)) < & k% puy(Bla,r) (13)
for all z € F, r > 0, k > 1 such that kr < 1.

Definition 1.3. Let F C RN be an arbitrary closed set and f7 be a measure defined
on F satisfying (1.3). The Besov space 332(./%) with respect to pz is the space of

functions such that the following norm is finite:

el e wmm+zw%m// “MAMMM,OM

lz—y|<3~7
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where m;(z) := pz(B(x,377)).

From Proposition 2 in [21], it follows that this norm is equivalent to the following norm:

2 () — u(y)]? 3 3
Wl = Wt + [ st Y e 0
le—y|<1
For further purposes we state a trace theorem for functions in H*((Q)) where @ is a
bounded (¢, d) domain with boundary dQ) an arbitrary closed set satisfying (1.3) (see

Theorem 1 in [21]).

Proposition 1.4. Let 3 < s < 1. B22(0Q) is the trace space of H*(Q) in the following

sense:
(i) Yo is a continuous linear operator from H*(Q) to B>*(0Q);

(i) there exists a continuous linear operator Ext from B>?(0Q) to H*(Q) such that
Yo 0 Ext is the identity operator in B**(9Q).

By (B22(dQ))" we denote the dual space of B>*(0Q), see [23].

In order for the trace to be well defined, from now on we suppose that

1
—<s<l1
5 s

1.2 Varying Hilbert spaces

In this subsection, we introduce the notion of convergence of varying Hilbert spaces.
We refer to [20] and [25] for definitions and proofs. The Hilbert spaces we consider are

real and separable.

Definition 1.5. A sequence of Hilbert spaces {H,}, .y converges to a Hilbert space
H if there exists a dense subspace C' C H and a sequence {Z,}, .y of linear operators
Z,: C C H— H, such that

nh—glo | Znully, = |lull for any u € C.

We set H = {U,,H,} U H and define strong and weak convergence in 4. From now on

we assume that {H,}, .y, H and {Z,}, . are as in Definition 1.5.

Definition 1.6 (Strong convergence in H). A sequence of vectors {uy},  strongly
converges to u in H if u, € H,, u € H and there exists a sequence {ﬂm}meN e C
tending to u in H such that



A Km {12t = tnll, =0

Definition 1.7 (Weak convergence in #H). A sequence of vectors {uy,}, . weakly con-
verges to v in H if u, € H,, u € H and
(U, V), — (u,0) g
for every sequence {v,}, .\ strongly tending to v in H.
We remark that the strong convergence implies the weak convergence (see [20]).

Lemma 1.8. Let {u,}, .y be a sequence weakly converging to u in H. Then
sup [[unllp, < oo, ully < lim [jun |, -
n n—oo

Moreover, u, — u strongly if and only if ||u||g = 7}1_{20||“n||Hn
Let us recall some characterizations of the strong convergence of a sequence of vectors
{un},en in H.
Lemma 1.9. Let u € H and let {u,}, € N be a sequence of vectors u, € H,. Then
{un},en strongly converges to u in H if and only if

(U, V), — (U, 0) g
for every sequence {v,}, o with v, € H, weakly converging to a vector v in H.

Lemma 1.10. A sequence of vectors {un}, .y with u, € H, strongly converges to a

vector w in H if and only if

lunlly, —  lully and
(Uns Zn(©))H, — (u,0)m  for every p € C.

Lemma 1.11. Let {uy,}, .y be a sequence with w, € H,. If ||uy||lg, is uniformly

bounded, then there exists a subsequence of {un}, oy which weakly converges in H.

Lemma 1.12. For everyu € H there exists a sequence {u,} with v, € H,, strongly

neN’
converging to u in H.
We now introduce the notion of strong convergence of operators. We denote by £(X)

the space of linear and continuous operators on a Hilbert space X.

Definition 1.13. A sequence of bounded operators {B,}, .y, With B, € £(H,),
strongly converges to an operator B € £(H) if for every sequence of vectors {u,}, oy
with u, € H, strongly converging to a vector u in H, the sequence {Bju,} strongly

converges to Bu in H.



2 The regional fractional Laplacian and the Green

formula

We introduce the so-called “ regional” fractional Laplacian, for the defnition we refer

to [ Y ) Y ) ]'
Let s € (0,1). We define the space

L£1(G) = { u: G — R measurable : /%dﬁj\,(@ < 00

The regional fractional Laplacian (—A)g is defined as follows, for z € G:

s u(r) — u(y) : u(z) — u(y)
(—A)QU(JZ‘) = CN,SP-V- / m d['N(y) = CN,s gli)l(l)l+ / m dﬁN(Z]),
{yeg:|lz—y|>e}

(2.1)
provided that the limit exists for every function u € L1(G). The positive constant Cly

is defined as follows:

7 72 [(1 —s)
where I' is the Euler function.
We refer to the Introductions of [12] and [11] for detailed discussions on the relation

between the fractional Laplacian and the regional fractional Laplacian (see e.g. Section
2 in [12]).

We now give a suitable definition of fractional normal derivative on non-smooth do-
mains. In the literature (see [14]) there are different definitions of fractional normal
derivatives on Lipschitz domains. Our aim is to prove a fractional Green formula, in-
spired by Definition 2.9 (b) of [11], for (g,0) domains @ with fractal boundary. A key
tool is the use of a limit argument. More precisely, () is approximated by an increasing

sequence of non-convex domains @),, with Lipschitz boundary.

Definition 2.1. Let 7 C RY be a Lipschitz domain. Let u € V((—=A)5, T) = {u €
H(T) : (—A)5u € L*(T) in the sense of distributions}. We say that u has a weak
fractional normal derivative in (H*~2(97))" if there exists g € (H*"2(9T))’ such that

<g’U>(H5*%(8T))’,H5*%(BT) - _/(_A)fruvdﬁjv (22)
J
Ch,s (u(x) —u(y))(v(z) —v(y))
+ T/ l e ALy (o)



for every v € H*(T). In this case, g is uniquely determined and we call C\N5_o,u := g

the weak fractional normal derivative of u, where

Cy = dt.

Ols |t 1|1 2s tv1)172s
s(2s — 1) 1228

We point out that, when s — 1~ in (2.2), we recover the usual Green formula for
Lipschitz domains.

We now prove a “fractional” Green formula for (£,0) domains () having as boundary
0@ a closed set supporting a Borel measure satisfying (1.3). We suppose that @) can

be approximated by a sequence {Q,} of domains such that for every n € N:

1) @, is bounded and Lipschitz;

2) Qn g Qn+1;
n=1

We define the space
V((=A)%,Q) :=={ue H*(Q) : (—A)ju € L*(Q) in the sense of distributions},

which is a Banach space when equipped with the norm

all¥ (), = lullis ) + 1 (=A)gullZzq)

Theorem 2.2 (Fractional Green formula). There exists a bounded linear operator
Nogg from V((=A)3, Q) to (B2*(9Q)).
The following generalized Green formula holds for all u € V((=A)g, Q):

Cs Na—25u, ) (522 0)y, 822 (00) = — / —
Q

OJQV’S (u,v)s, v € H(Q).

(2.3)

Proof. For u € V((-=A)5, Q) and v € H*(Q), we define

012\7,5 (u,v)s.

From Cauchy-Schwarz Theorem and trace results we get

C’Ns
2

w @ < cllullvi-agollvllizz2

| (H(u), )] < [(=A)qull 2@Vl 2@ +

< cllullvagallv]

[l @1Vl s (@)

).



This shows in particular that the operator is independent from the choice of v and it
is an element of the dual space of B>2(9Q).

We now consider the sequence of domains @Q,, satisfying the properties 1)-2)-3) above.
We recall that for Lipschitz domains, the trace space of H*(Q,), for % < s <1,
is H"2(0Q,). On these Lipschitz domains, by (2.2) the following fractional Green

formula holds:

Co{Nomts0) oy by = | Xen(~ANGuvdLy
Q

+ 0]2\[75 // XQ. (2)X@. (V) ) = U(y))(lljv@s — ) ALy (z)dLn(y).

lz—y
OxQ

From the dominated convergence theorem, we have

lim Cy (No_gsu, v)

el =250 0 (5975 (0Qn)) HO 3 (0Qn)
: CNs y))(v(z) —v(y))
= nhj{.lo — /( A)puvdLy + // |x — | dLy(x)dLy(y)
Qn Qn XQn

= —/(—A)S 012\[78 <u7U)S = <l<u)7v>

Q

for every u € V((=A)3,Q) and v € H*(Q). Hence, we define the fractional normal
derivative on () as

(CalNa—asu, V) (522 0y, 522(00) = — / —
Q

Cn s
;V’ (u,v)s.

O

Remark 2.3. We remark that, when s — 17 in (2.3), we recover the Green formula
stated in [32] for fractal domains.

Let u € V(=A,Q) :={u € H(Q) : —Au € L*(Q) in the sense of distributions} and
v € HY(Q). Tt holds that

lim [ (=A)puvdLly :/VqudﬁN.

s—1—

Q Q
As first step, we take v = u and v € C°°(Q). In particular then v € C*>°(Q,,) for every

n and No_ssu = 0 on 9Q,, pointwise. From Theorem 2.2 we have

s—1— s—1— 1 — S

Q

. . (1=5)Cys U
tim [ vo,u(—AgudLy = tm L= / / =" aty(aaca(o)
(2.4
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Since the limit in the right-hand side of (2.4) is equal to / |Vul?dLy, passing to the

Qn
limit as n — 400 we get

: : AN _ 2 _ 2
nl—lgloosl_lglf XQnu (—A)judLly nl_l)rfoo/|Vu| dLy /|Vu| dLy.
Qn Q

Q

By density arguments we get the claim.

3 Energy forms and semigroups
We denote by L2(Q,m) the Lebesgue space with respect to the measure

dm =dLy + dy, (3.1)
where p satisfies (1.3) on 9Q. We endow L?*(Q,m) with the following norm:

1l (gmy = lullZ2(g) + 1ullZ200 -

Let b € C(Q) be a strictly positive continuous function on . We define the following
energy functional for every u € H*(Q):

C s C )8 u\xr) —uly 2
£ = |u|qu(Q)+/b|u|2du - // ( |§3 ) y|N(+21) d,CN(:z:)dﬁN(y)+/b|u|2du.
0Q QxQ oQ
(3.2)
Proposition 3.1. E,[u| is closed on L*(Q,m).
Proof. We have to prove that for every sequence {uy} C H*(Q) such that
Es[uk — Uj] + ”Uk — uj”LQ(Q,m) — 0 for k,] — +00. (33)

there exists u € H*(Q) such that
Elup — u] + |Jup — ul| r2@m) = 0 for k — +o0.

(3.3) states that {uy} is a Cauchy sequence in L?(Q, m) and, since L*(Q,m) is a Banach

space, there exists u € L*(Q, m) such that
— — 0.
e =l z2@m) k—+00

This immediately implies that

/b|uk Cufdp ——0
k——+o0
oQ

11



since b is a continuous function. Moreover, since |uy — w;|gs(Q) + ||ur — ;{20 is
equivalent to the H*(Q))-norm of u; — u;, (3.3) implies that {u} is a Cauchy sequence

also in H*(Q). Since H*(Q) is a Banach space, then also |uy — u
k — +o0. ]

%S(Q) — 0 when

We define the bilinear form associated to the energy form F[u| as follows: for every
u,v € H*(Q)

Cns
Es(u,v) = ;V (u,v)s+/buvdu.
0Q
The following result follows from [21].

Theorem 3.2. For everyu,v € H*(Q), Es(u,v) is a closed symmetric bilinear form on
L?(Q,m). Then there exists a unique self-adjoint non-positive operator A, on L*(Q, m)
such that

Ey(u,v) = (=Asu,v)2(0m) Yu € D(A;), Vv e H(Q), (3.4)

where D(A,) C H*(Q) is the domain of Ay and it is dense in L*(Q,m).

Moreover, since E,[u| is closed, by proceeding as in Section 3 in [11], we prove that Ay

is the generator of a strongly continuous semigroup {7%(t)}+>0 on L*(Q,m).

Proposition 3.3. FE,[u] is Markovian on L*(Q,m), hence the semigroup Ts(t) gener-
ated by A, is Markovian.

Proof. Since FElu| is closed, it is sufficient to prove (see [11]) that for every strictly
positive u € H*(Q), the function v :=u A 1 € H*(Q) and the following holds

Ey[v] < E[ul.

The result trivially follows for the boundary term in Fj; as to the other term, the result

follows from Lemma 2.7 in [11]. (]

We now prove some properties of the semigroup generated by Aj, following [11].

For the sake of completeness, we recall some definitions.

Definition 3.4. Let X be a locally compact metric space and i be a Radon measure
on X. Let {T'(t)}+>0 be a strongly continuous semigroup on L*(X, ji). The semigroup

is positive preserving if for every non-negative u € L*(X, 1)
Ttu>0 VYt>0.
The semigroup is L*™-contractive if for every t > 0

1T ullz= o) < lullzeen  Yu € L(X,3) 0 L¥(X, ).

12



Theorem 3.5. The semigroup {Ts(t)}i>0 generated by As is submarkovian on

L3(Q,m), i.e. it is positive preserving and L>-contractive.

Proof. The L*-contractivity follows from Theorem 1.4.1 in [11]. In order to prove that
it is positive preserving, we follow the proof of Proposition 2.14 in [11]. We prove that
EJ|ul]] < Eg[u] for every u € H*(Q); this condition is trivially fulfilled for the boundary
term.

By recalling that u = u™ — v~ and |u| = v + u~, where u* and u™ are respectively

the positive and negative part of u, the above condition reads as follows:
Eut +u] < Ejlu™ —u™] (3.5)

From Lemma 2.5 in [11] it follows that, if u € H*(Q), then u™ and v~ also belong to
H*(Q). This implies that |u| € H*(Q). It holds that

ule) = ) r) —ut )
(ul, . / L acy // e L)L)

// |x_y|N+2?J)) AL (x)dLN(y) + 2(u™, u™)s.

Analogously, by calculation it follows that

() // e _fﬁz‘?)) dn(@)dlnly // \N+2§”2d£N<x>d£N<y>—2<u+,u>s.

QxQ QxQ

Hence condition (3.5) can be written as follows
(u" u")s <0,

which is true by inspection. From Theorem 1.3.2 in [7], this implies that the semigroup

is positive preserving. O

Theorem 3.6. Let Ay > 0 be the first eigenvalue of —As. The semigroup {Ts(t)}i>o is
ultracontractive, i.e. Ty(t): L*(Q,m) — L>(Q,m). Moreover, for every 1 < q < p <
oo there exists a positive constant C' such that ¥ u € LY(Q, m) and for every t > 0

_ 1_1 _N
T (t)ullzo@umy < Ce™ ™27 21 ]| Lagum)- (3.6)

Proof. The proof follows from Theorem 2.16 in [11] with small suitable changes. [

13



4 The evolution problems

In order to study the problems (P) and (P,) stated in the Introduction, we first consider
the following abstract Cauchy problem, for 7" > 0 fixed:

@>zﬁ§:5w®+f® for t € (0,7, (4.1)

where f and ug are given functions in suitable spaces and Ay is the operator associated
to the energy form F,. From semigroup theory we get the following existence and

uniqueness result.

Theorem 4.1. Let o € (0,1), f € C%([0,T); L*(Q,m)) and ug € D(A,). We define

t

mw:ﬂ@w+/ﬂ@—ﬂﬂﬂ&, (4.2)

0

where T(t) is the semigroup generated by the operator As. Then u defined in (4.2) is the
unique classical solution of problem (P), i.e. a function u such that u'(t) = Asu(t)+f(t)
for all t € (0,T], u(0) = up and

u e CH(0,T); L*(Q,m)) N C((0,T); D(A,)) N C([0, T]; L*(Q, m)).

Moreover, the following estimate holds:

ulleo,rizz@my) < Cllluollzz@um) + [ fllcoeqo,riz2@um)))-

For the proof see Theorem 4.3.1 and Corollary 4.2.4 in [31]. We now give a strong
interpretation of the abstract Cauchy problem (P).

Theorem 4.2. Let u be the unique solution of problem (P). Then, for everyt € (0,77,
it holds that

Gu(t,x) + (—A)ult,x) = f(t,x) for ae. z€Q,
% + CNogsu+bu = f in (B22(0Q)), (4.3)

u(0,x) = ug(x) in Q.

Proof. For every fixed ¢t € (0,T], we multiply the first equation of problem (P) by a
test function ¢ € D(Q) and then we integrate on (). Then from (3.4) we obtain
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0
81;g0dLN—/Aug0d£N+/fgod£N—— u,gp)—i—/f(pdEN.
Q
Since ¢ has compact support in @, after integrating by parts, we get
ou 5 ) ,
E + (=A)gu=f in (D(Q))" (4.4)

By density, equation (4.4) holds in L?*(Q), so it holds for a.e. # € Q. We remark that
from this it follows that, for each fixed t € (0,77, u € V((—A)g, Q). Hence, we can
apply Green formula (2.3).

We now take the scalar product in L?(Q, m) between the first equation of problem (P)
and ¢ € H*(Q). Hence we get

ou
<E7 90) = (ASUJ @)LQ(Q,m) + (fa @)LQ(Q,m)- (45)
L2(Q,m)
Again by using (3.4), we have that
du Ou _ Cn,s y)(e(z) — »(y))
Xoacn+ [ 2 [ O gy @yacn(y) -
Q 0Q QxQ
/bugod,u—i— /fcpdﬁN + /fgod,u.
oQ Q oQ

Using (2.3) and (4.4), we obtain for every ¢ € H*(Q) and for each t € (0, 7]

ou
/ 5 Pdn=— (CsNa—gsu, @) — /busodu + /fcpdu- (4.6)
o0Q
Hence the boundary condition holds in (B22(9Q))’. O

We point out that, by introducing the Lebesgue space L*(Q,m,) with respect to the
measure
dm, = x,dLn + X80, dLN—1 (4.7)

and the energy functional £ [u], for v € H*(Q), with the obvious changes, the pre-
vious results hold also for the approximating domains (), introduced in Section 2.
In particular, since the Lipschitz boundary 0Q), is a (N — 1)-set, we can define the

fractional normal derivative Nj_osu on dQ, as an element of (H*2(9Q,))’.

5 The fractal problem

We now consider a particular (g, ) domain @) and its approximating Lipschitz domains

Q.. We will study problems (P) and (P,) specialized to this case. A crucial problem

15



is to understand whether the solutions of these problems exist and in which sense they
can be approximated. This is a step towards the numerical approximation, which will
be object of a further research.

We consider the case of a “fractal cylinder” of Koch type. More precisely, ) denotes
the open bounded set defined as the Cartesian product of the snowflake domain €2 and
the unit interval; the “lateral surface” S is the product of the Koch snowflake F' and
I =0, 1], and the bases are the sets 2 x {0} and Q x {1} (see Figure 1). For details
on the fractal sets, see [31].

Figure 1: The fractal domain Q.

We introduce on S the measure
dg = du x dL, (5.1)

where 4 is the dg-normalized Hausdorff measure on F' (see [9, 10]), dy := {23 is the

Hausdorff dimension of F' and L£; is the one-dimensional Lebesgue measure on I. We
remark that S is a (dy + 1)-set, while the boundary 0Q = S U (2 x {0}) U (2 x {1})
is neither a 2-set nor a (d; 4 1)-set; 9Q is a closed set of R?. We define the measure [
supported on JQ) as

dit = xsdg + xdLo,
where Q = (2 x {0}) U (2 x {1}). The measure ji satisfies condition (1.3) with dy = 2

and dy = dy + 1.
On this domain, we consider the following problem:
(
G+ (—A)pu=f in Q,
% + CNo_ssu+bu=f on S,
) (5.2)
u=>0 on €2,
u(0,x) = ug(x) in Q




Since we are considering mixed boundary conditions, by proceeding as in [27] and
following the patterns of Theorem 2.2, we can prove a fractional Green formula which
in turn allows to prove that No_osu € (Bf,f)(S))’, where

Bf,f)(S) = {we L*S) : Jve H*Q) st. v =0 on Q and yv = w on S}.

The fractal energy functional is defined as follows:

_Cou [ ) —uw)? o
B =2 Q[ Q/ @A)+ [P 63

S

with domain
D(E,) :={u € H*Q) : w=0on Q}.
We define the measure

dm = dL; + dg. (5.4)

The following result holds, by proceeding as in Section 3.

Proposition 5.1. The energy form E, with domain D(E;) is closed in L*(Q,m).

Following the patterns of Section 3, with the obvious changes, it can be proved that
the solution of the abstract Cauchy problem associated with the generator —A; of the
form (Es, D(Es)) solves the following problem for every ¢ € (0, T:

;

%(t,x) + (—A)zgu(t, x) = f(t,x) forae. z€Q@,
(P) % + CsNgfzsu + bu = f in (Bzzg(‘si))/? (55)
u(t,z) =0 in H°"3(),
\u(O,x) = ug(x) in L2(Q,m),

Wheren::s—1+d7f>0.

The fractal domain ) can be approximated by a sequence of invading Lipschitz domains
{Qn}nen; these sets are the so-called pre-fractal domains, and they satisfy the assump-
tions 1)-2)-3) of Section 2. These pre-fractal sets have as lateral surface S,, = F,, x I,
where F), is the n-th approximation of the Koch snowflake F'; since F}, is Lipschitz, we
can define in a natural way the arc length ¢ on F},. For details on the construction of

Qn, see [31].

We consider now the approximating pre-fractal energy functionals E™ for every n € N:

2

EM[u] = Ca / / X (%)XQ. (y) (“g)_;;(ifg) dLs(z)dLs(y) + 6, / blul?do, (5.6)
QxQ Sh,
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where do = df x d£; is the measure on every affine face of S,, and ¢, is a fixed positive

parameter, with domain

D(EM) = {uc HQ) : u=0o0nQ,},

where Q, = (Q, x {0}) U (Q, x {1}).
By E{" (u,v) we denote the bilinear form induced by the quadratic form E{" [u] in the
obvious way. Following the patterns of Section 3, we can prove that for every n € N the
energy functional 18 enjoys the same properties of the functional F as in Proposition
5.1; in particular, if we denote by L*(Q,m,) the Lebesgue space with respect to the
measure

dm,, = xg,dLs + xs,0,do, (5.7)

we can prove that there exists a unique self-adjoint non-positive operator Af!‘) on
L2(Q,m,,) having domain D(A™) c D(E™) dense in L2(Q, m,,) such that
EM (u,v) = (—AMu, ) 2(gmny  Vu € D(A™), Yo € D(EM). (5.8)

s

Moreover, this operator is the generator of a strongly continuous semigroup {7, () (t) }+>0
on L*(Q,m,), which as in the fractal case is submarkovian on L?(Q,m,,) and ultra-
contractive.

We now consider, for every n € N, the following abstract Cauchy problem:

The following analogue of Theorem 4.1 holds in the pre-fractal case.

Theorem 5.2. Let a € (0,1), f, € C*([0,T]; L2(Q, my)) and v € D(A™). We
define

wn(t) = T (8) ul® + / TOV (¢ — 7) £.(r) dr, (5.10)
0

where T™ () is the semigroup generated by the operator A" Then u, defined in
(5.10) is the unique classical solution of problem (P,), i.e. ul(t) = Agn)un(t) + fo(t)
for all t € (0,T), un(0) = ul” and

w, € CH((0,T]; LX(Q,ma)) N C((0,T); D(AM)) N O([0, T]; LX(Qy ).
Moreover, the following estimate holds:

(n)
0

|t lleorc2@ma)) < CUlug |2@ma) + 1 fullcoeqo,ryz2(@ma)))s (5.11)
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where C' is a constant independent of n.

We introduce the space

S—

1 -
Hy o2 (Sn) ={u € L*(S,) : Jve H*(Q) s.t. v=0o0n Q and yov = u on S,}.
By proceeding as in the proof of Theorem 4.2, we can prove the following result.

Theorem 5.3. For every n € N, let u,, be the unique solution of problem (P,). Then,
for every t € (0,T)], it holds that

(%@7%) + (—A)g, un(t, v) = fu(t,x) for a.e. v € Qn,

5#%" + CNo_gstiy, + 0pbuy, = 0, [y in (Hg’gi(sn))/7
(P.) - (512
up(t,z) =0 in H72(Q,),

(0, 2) = u" () in LA(Q) N LA(Qymy).

6 M-convergence of energy functionals

We study the convergence of the solutions of problems (P,) to the solution of problem
(P). Since {Q,} is a sequence of domains which converges to Q when n — +o0, the
natural setting for studying the convergence is that of varying Hilbert spaces introduced
in Section 1.2.

We set H = L?(Q, m), where m is the measure defined in (5.4), and the sequence
{H,},cn with H, = {L*(Q) N L*(Q, m,)} where m,, is the measure defined in (5.7),

with norms

lullfy = lullZ2g) + lullizs) Nullk, = lullizq,) + dullulzzs,).

The following results states the convergence of the sequence H, to H in the sense of

Definition 1.5. A key role is played by the choice of the factor 9,,.

Proposition 6.1. Let ¢, = (%)n Then the sequence {H,}, .y converges in the sense
of Definition 1.5 to H.

For the proof, we refer to Proposition 5.13 in [29], where C' and Z,, in Definition 1.5
are respectively C(Q) and the identity operator on C(Q).

We now introduce the notion of M-convergence. The definition of M-convergence of
quadratic energy forms is due to Mosco [37] for a fixed Hilbert space; it was then
adapted to the case of varying Hilbert spaces by Kuwae and Shioya (see Definition

2.11 in [20)).
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Definition 6.2. Let H, be a sequence of Hilbert spaces converging to a Hilbert space
H. A sequence of forms {ES“‘)} defined in H,, M-converges to a form F; defined in H
if the following conditions hold:

a) for every {v,} € H, weakly converging to u € H in H

lim £ [v,] > B [ul;

n—o0

b) for every u € H there exists a sequence {w,}, with w, € H, strongly converging
to u in H, such that
lim B [w,] < E,u).

n—oo

We extend the functionals F, and Es(n) to H and H,, respectively. We define

Coo ([ () = u())? o
7 // 7 — g dLs(x)dLs(y) + /b\u| dg  if u e D(E,),

Eglu] == QxQ S
+00 if u e H\ D(Ey),
(6.1)
and, for every n € N,
( 2
;”S / / XQ. (7)Xq. (Y) wff)_ y(;(f? dLs(x)dLs(y)
QxQ
EMu) = +5n/b\u|2da if u € D(E™),
Sn
| +o0 if ue H, \ D(EM).
(6.2)

We now prove two preliminary lemmas, before the main result (Theorem 6.5).

Proposition 6.3. If {v,}, . weakly converges to a vector u in H, then {v,}, oy weakly

converges to u in L*(Q) and lim 6, / ov, do = /gpu dg for every p € C(Q).
n—oo

Sn s
For the proof see Proposition 6.6 in [29].

Proposition 6.4. Let v, — u in H*(Q) and b € C(Q). Then

5n/b|vn|2da—> /b]u|2dg.
Sn S
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Proof. We adapt the proof of Proposition 3.7 in [5] to our case. It holds that

/b|vn| da—/byu\ dg| < |, /b|vn| do — 5, /b|uy do

Sn S Sn

+ 5n/b|u|2 da—/b|u|2 dg| =: A, + B,.

Sn S

For the term A,,, we have the following estimate:

An < Cballblleg o = s,y (lenllags,) + 1l s, ) -

Since v,, weakly converges to u in H*(Q) by hypothesis, v, is equibounded in H*(Q);
hence v,, strongly converges to u in H'(Q) for every 0 < [ < s.

Since @ has the extension property, we now consider the extension of v,, —u in H' (R3)
From Theorem 3.6 in [6] (see also [5]), it follows that, if w € HA(R?), for 1 <p< 3

C;
lwlZas,) < BIIwH (6.3)

HB (R3)’

where C is independent of n. Moreover, from Theorem 1 on page 103 in [22], it follows
that, for 0 < 3 < 1, there exists a linear extension operator Ext : HP(Q) — HP(R?)
such that

”gthHHﬁ(R3 S HwHHﬁ(Q)7 (64)
with CB depending on 3. Therefore we get
Op ||vn — UHLZ(SH) < Cllon — UHHI(R3) < Cllon — u“Hl(Q) ;
hence A,, — 0 when n — +o00.
We now focus on B,,. Since u € H*(Q), from [22, page 213] there exists a sequence

{wy,} € C(Q)N H*(Q) such that ||w,, — ul

waq) — 0asm — foo. We then get

B, < |0, /b\u| do — 6, /b|wm| do| + (5n/bywm12 da—/b\wm\Q dg
Shn Sn S
+ /b|wm|2 dg—/b|u|2 dg| .
S S

We proceed as above and estimate the first and the third term in the right-hand side
with [[u — win | (), hence for every € > 0 there exists m. € N such that these two
terms are less than ce. Since bw,, is a continuous function, if we take m > m., the

second term in the right-hand side goes to zero for n — +oo from Proposition 6.1. [
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We now prove the main Theorem.

Theorem 6.5. Let 6, = (3'-4)" = (3)". Let E, and E™ be defined as in (6.1) and
(6.2) respectively. Then £ M-converges to the functional E.

Proof. We have to prove conditions a) and b) in Definition 6.2.
Proof of condition a). Let v, € H, be a weakly converging sequence in H to u € H.

We point out that we can suppose that v, € D(Egn)) and

lim E[v,] < oo,
n—o0

otherwise the thesis follows trivially. These hypotheses imply that there exists a con-

stant independent of n such that

2 |z —yl**?

S [ o oa. 2O agy@acyw) + 6, [l ao <o 69
0xQ Sn

In particular ||v,| ms(,) < C. From Theorem 1 page 103 in [22], for every n € N there
exists a bounded linear operator Ext: H*(Q,) — H*(R?) such that

|Ext vp || s msy < Crxet |Vnllas(@n) < Crxt C,

with Cgy¢ independent of n.
We define v,, = Extv,|g. Then 9, € H*(Q) and ||0,|

exists a subsequence (which we still denote by ©,,) weakly converging to some v in

m5(Q) < Cpxt C. Therefore there

H*(Q) and strongly converging in L*(Q). From Proposition 6.3, v, weakly converges
to u in L?(Q). We now prove that o = u in L?(Q), that is

/(f} —u)pdLs =0
Q

for every ¢ € L*(Q).

We first note that

/(@—u)gpdﬁg = /(@—f)n+ﬁn —u)pdLs

N N (6.6)
= /(@ — Up)pdLs + /(vn —u)pdLs + / (O, — u)p dLs.
Q Qn Q\Qn

We claim that each term on the right-hand side of (6.6) tends to zero as n — +oc.

From the strong convergence of ©,, to © in L*(Q) and the weak convergence of v, to u
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in L*(Q), we deduce our claim for the first two terms. As to the third, from Holder

inequality we deduce that

/ (0 = w)pl ALy < [l@ll2@\u) (1Pl r2@) + lullz2@) 772 0
Q\Qn
since |@Q \ @,| — 0 as n — 400 and 0, is equibounded. Then we have that v,, — w in
H(Q).
We now prove that

i ([ 0.0, 0z wyacyy / [t gy

n—00 ‘x

QxQ

(6.7)
We prove a preliminary fact. We recall that 0, converges to u weakly in H*(Q) and
strongly in L?(Q).
We now set . .
() — Un(y)

2s+3
2

U (7, ) = X@u ()X, (V)

|z —y
Since ¥, belongs to H*(Q) and is equibounded, @,, belongs to L?(Q x Q) and is equi-
bounded. Hence there exists a subsequence (still denoted by ©,,) which weakly converges
to ¥ in L?(Q x Q). We claim that

u(z) — u(y)

o(x,y) = a(x,y) = o A.e., (6.8)
[z —y| >
where wu is the weak limit of v, in H*(Q)). We have to prove that
[ @) = atwp)etay) Attt =0 Ve QX Q). (69)

QxQ
We point out that we can suppose that ¢ € C(Q x Q); the thesis will then follow by
density. We add and subtract the following two terms on the left-hand side of (6.9):

[ o eta) ds@its(y) and / [ =y ‘ ) o0, 9) ALy(a)0Lofy).
x —
QxQ
Hence the following holds:

// 2. 9)o (@, y) dLs(x)dLs(y // 5 — )z, y) dLs(x)ALs(y)

QxQ QxXQ

/ / " __ 3113 (X@. (#)x@. (¥) — xo(@)xey)e(x,y) dLs(x)dLs(y)

/ | ( ) “(5”)‘223%))so<:c,y>dcg<:c>dcs<y> SRS 2R

lz —y
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We study these three terms separately. As to ]f")

, since v, weakly converges to v in

M ——o.

n—-+4o0o

As to I{", we point out that xo(2)XQ (%) — X@. ()X@. (1) = X(@x@)\(@nx@u) (¥, 1), since
@, C Q. Hence, from Holder inequality it follows that

- Un(y) N
// |x B o(r,y) dLs(2)dL3(y) < [[0nlms@ el 2 (@xQ)\(@nxQu))

(@xQ\(QnxQn)

and the right-hand side tends to zero as n — +oo since 9, is equibounded in H*(Q).

As to I én), we can rewrite it in the following way:

// ( E __ g?+3y>gp($,y) - Lﬁiﬁ&?gp(@y}) dLs(x)dLs(y)

x_
3o |z —y

// ]x—y]23+3 90($ y) dLs(z)dLs(y // \x—y|23+3 go(x y) dLs(x)dLs3(y)

- / (6,(2) — ua))n () dLa(x) — / (6u(y) — u(y))aly) ALs(y),

Q Q

where
/ 2s+3 d£3( /
o — 9l o -

We point out that both ¢ and ¢y belong to L*(Q). Hence, since v,, converges strongly
to u in L*(Q), from Hélder inequality also I, én)
(6.9).

We remark that v,, = v, on ),,. Hence we have that

vn () — v (y)

2s+3
[z —y|™2 [z —y

2s+3 L3(x).
2

tends to zero as n — 400, thus proving

u(x) — g(ys)

—\

X@n (2)Xq. (v)

in L?(Q x Q). From the lower semicontinuity of the norm, we get (6.7).
The thesis then follows from (6.7), Proposition 6.4 and liminf properties of the sum.
Proof of condition b). We prove that for every u € H we can construct a sequence

{wn}, .y strongly converging to u in H such that

E,u] > Tim EM™[w,].

n—oo
We suppose that u € D(E;), otherwise E;[u] = 400 and the thesis follows trivially
from Lemma 1.12.
We set w,, := ulg,. We have to prove that w, strongly converges to u in H; we use the

characterization given in Lemma 1.9, i.e.
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(Wn, vn)m, — (u,v)g for every sequence {v,} weakly converging to a vector v in H.

By recalling the definitions of scalar products in H, and H, from straightforward

calculations it follows that

|(wn, V) i, — (u,0) | = /wnvndﬁg—i—én/wnvnda—/uvdﬁ;»,—/uvdg
Q 5

n S, n

= |(wn — u,vn) 2(Q,) + On / w)vp do + (u, v g, — (u,v) g

= (v, vn) 1, — (u,v)H| 0 0,

as w, = u on @, and v, weakly converges to v in H.

We now prove condition b) of Definition 6.2 for w,,. We have that

2
T EO[w,] = Tm | S / / w"|x_y|2;§)) dLs(x)dLs(y) + b, / b, do

n—00 n—00 an ) d
— [ Css — u(y))” 2
:nh_{rolo // |gj—y|25+3 dﬁg( )d£3( ) + 0, /b|u| do
C13 s y 2 _
|2 e dﬁg(ﬂf)dﬁs(’y) + [ bludg = E;lul,
QxQ S

where the last equality follows from Proposition 6.4 and conditions 1)-2)-3) in Section
2. This implies condition b) of Definition 6.2. O

The M-convergence of the energy functionals implies the convergence of the semigroups,

as stated in the following result.

Theorem 6.6. Let E" and E, be the energy functionals defined in (6.2) and (6.1)

respectively. The sequence of semigroups {Ts(n) (t)} associated with B converges

neN
to the semigroup Ty(t) associated with Es in the sense of Definition 1.13 for every

t>0.
For the proof see [25, Theorem 2.8] and [26, Theorem 2.4].

Remark 6.7. All these results can be easily extended to the more general case of fractal

mixture cylinders in R3, see e.g. [25] with obvious changes.
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7 Convergence of the solutions of the abstract

Cauchy problems

We consider the abstract Cauchy problems (P) and (P,) introduced in Section 3 and 5
respectively. We recall that, from Theorem 4.1 and Theorem 5.2, these problems admit
a unique classical solution respectively. We are interested in the asymptotic behavior
of the sequence {u,} as n — +o0.

Let m and m,, be the measures defined in (5.4) and (5.7) respectively. We denote
by dt the one-dimensional Lebesgue measure on [0,7]. We observe that L*([0,T] x
Q,dt x dm,,) is isomorphic to L?([0,T]; H,) and L?([0,T] x Q,dt x dm) is isomorphic
to L*([0,T]; H). If we define

K, = L*([0,T); H,) for every n € N and K = L*([0,T]; H),

K, converges to K in the sense of Definition 1.5, where the set C'is now C([0,7] x Q)
and Z, is the identity operator on C.

We denote by K = {U,, K,,}JUK. We define strong and weak convergence in K according
to Definition 1.6 and 1.7 respectively. In the following we use either the characterization
of strong convergence in I given in Lemma 1.9 or the one given in Lemma 1.10. For

the sake of clarity, we recall them.

Proposition 7.1. A sequence of vectors {uy,}, .y strongly converges to u in K if one
of the following holds:

Jun ), 0t > [ u(o)Fy o
R (7.1)
(un(t)7 Qo(t))Hn dt —_— (u(t)v ¢(t>>H dt

n—-+00
0

£
ST

for every ¢ € C([0,T] x Q);

(un (t), () i, At ——— [ (u(t),v(t)) g dt (7.2)

n—-+00

b)

St~

0
for every sequence {v,}, o strongly converging to v in K.

Remark 7.2. We point out that, by proceeding as in Proposition 6.3, the weak conver-

gence in K implies the weak convergence in L*([0,T] x Q).
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Theorem 7.3. Let u and u,, be the classical solutions of problems (P) and (P,) given
by Theorems 4.1 and 5.2 respectively. Let 6,, = (%)n. If for everyt € [0,T] fu(t) — f(t)
strongly in H, uén) — ug strongly in H and there exists a constant C' such that

lug” Iz + Mallco oy, < € Jor everyn €N, (7.3)

D(
then:

i) {un(t)} converges to u(t) in H for every fixed t € [0,T];
ii) {u,} converges to u in K.

Proof. Since ué") — ug and f,(t) — f(t) in H for every ¢t € [0,T], from Theorem 6.6
we have that for every t € [0, T

T @) folt) — To()f(t) and TP ul” —— Tu(thuy in H.  (7.4)

s n—-4o00 n—+400

In order to prove i), we use the characterization of the strong convergence given in

Lemma 1.9. More precisely, we prove that for every t € [0, T
(Un, vn)m, — (U, 0)m

for every sequence {v,}, . weakly converging in H to v € H.
From (5.10), we get

t

(Un, Vn), = / / T (= 7) folr, ) d7 | v, (x) dLs

Qn \O

t

+6, / / Tt —7) folr, 2(0) AT | v (2(0)) do + (T () ul”, v,

Sn 0

= @010, A7+ TP O U v
0

From (7.4) and the weak convergence of v,, to v, we deduce for every t € [0, 7]

(T g 0, (T = ) Jal(), 00) g, o (L) w0, )+ (T(E = T)F(7), )

Hy n—+oo

We recall that, for every n € N, T, S(n) (t) is a contraction semigroup. Hence, from Lemma

1.8 and (7.3) there exists a constant C' independent from n such that

’(T(n)(t) ud” va)m, + (T (¢ — T)fn<7)’U”)Hn‘ =

S

27



The claim then follows from the dominated convergence Theorem.

We now prove ii). From Proposition 7.1, this amounts to prove

[enlle, = [l (7.5)

and
(n, )k, = (u,9) ¥d € C([0,T] x Q). (7.6)
We note that from (5.11) and (7.3), for every ¢t € (0,7 it holds that

tn (). < CUUS 2@ mm) + [ full oo o722 @mn)y) < C

where C' is independent from n. Thus the sequence {u,} is equibounded in [0, 7], and

from i) we get
[n (O] z,, = Nl

Hence, from the dominated convergence Theorem we have that (7.5) holds.

We come to (7.6). From i), it follows in particular that for every ¢ € [0, T

(un(t), (1)), — (u(t), o())r V¢ € C((0,T] x Q).

Since
[(un(t), 9(8) .| < C 9l o150 -

again from the dominated convergence Theorem we deduce

(una ¢)K7L — (’LL, ¢)K,

n—-+o0o

thus proving (7.6). O

Remark 7.4. We point out that the convergence of f, to f in H, together with the
equiboundedness property (7.3), imply the convergence of f,, in K.

Remark 7.5. Since we assumed ué") € D(Ag")), the solution is only classical. Hence

duy _ Qun o Ou
%= can blow up for £ = 0 and one cannot have the weak convergence of { %=} to &

in K and the convergence of {A{u,} to A, in K. If we restrict to [, T], the solution
u, belongs to the space C([e, T]; D(AM™)) N CY([e, T); L*(Q,my,)) and the following a

priori estimate holds (see Theorem 4.3.1 in [34]):

ltnllen e miazi@ama) + lnlogeypiaey < € (16”]

s+ I falleveemizz@m )

where C' is a constant independent of n.

We now define for € > 0
K = L2([e,T); H,), K© = L*([e, T); H) and K& = {U, KV} U K©),
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and we endow these spaces with the obvious scalar products.
Theorem 7.6. Let the assumptions of Theorem 7.3 hold. We have

i) {8“” (t.2) } weakly converges to % in K,

i) {Agn)un} weakly converges to Agu in K

Proof. We first prove 7). From Theorem 5.2 and (7.3) we have for every n € N

ou,,

<C.
ot ¢

Hy

sup
tele,T)

This implies in particular that 2% € L*([e, T]; H,) and from Remark 7.5 there exists

a constant C' independent from n such that

From Lemma 1.11 we deduce that there exists a subsequence (still denoted by a“”)

Ju
ot

From the definition of weak convergence in K (which can be trivially extended to X))
it follows that

ou,,

< (C.
ot =¢

L3([e,T;Hn)

weakly converging in K to a function v € K©). We have to show that v =

uy, s ()

n—-+o0o
n

for every sequence {w,} € K, such that w, — w in K.
We take w, = ¢, where ¢ is an arbitrary function of C*([e, T]; C{Q)). We have

T T
liIJ’I_l //W@(lﬁ,x} dmndt://v(t,x)go(t,x) dmdt.
Q € Q €

Proceeding as in Theorem 5.3 in [30], we integrate by parts in time and we get

// o(t, x) dtdm,, = / (un (T, 2) (T, ) — un(e, z)p(e, x)) dmy,

Q

/ / 2202 (7.7)

Passing to the limit in the first term on the right-hand side of (7.7) as n — +o0, from

condition ¢) in Theorem 7.3 we get
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/(un(T, 2)o(T,x) — up(e, z)p(e, x)) dm, —— [ (u(T,2)p(T,z) — u(e, x)p(e, z)) dm.

n—-+4o0o

Q Q

T
: Op(t, x)
nl_lgloo//un(t,x) B dm,dt. (7.8)
e Q

It remains to study

We observe that

// )d Ll = ( (t),a“g—it))ﬁ).

From i7) in Theorem 7.3 we have

(0. 257) o (0. %57)

Hence, passing to the limit as n — 400 in (7.7) we have

//v(t,x)tp(t,x) dtdm :/(u(T, x)o(T,z) —ule,z)p(e, x)) dm
g Q

[ oo

ou

Therefore v = 37, i.e.
ou ou
n 22 in K@) 7.9
o o (7.9)
The proof of ii) can be done as in Theorem 5.3 of [30] taking into account Remark 7.4

with the obvious modifications. It holds

lim (Agn)uny un)K(S) = (Asu7 u)K(E)7

n—-4oo
hence
T T
lim / EM[u, ()] dt = / E,Ju(t)]dt. (7.10)
n——+0oo
Hence the thesis follows. O

Remark 7.7. From i) and i) of Theorem 7.6 and Remark 7.2 we have:
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a) 8un} weakly converges to ?;: in L2([5 T] Q)7

b) {Ag")un} weakly converges to Agu in L*([e, T] x Q).
We now focus on the fractional normal derivative. We prove this preliminary result

Proposition 7.8. Let {w,}, with w, € K,(f), be weakly convergent in KC
Then for every v € L*([e,T]; H*(Q))

T

T
/(wn,SO)m(s ono) At ——— [ (w, @) r2(s) dt.

n—-+00
€

©) towe K.

Proof. We point out that, from Remark 7.2, for every ¢ € L?*([e,T]; H*(Q)) we have
that

T

T
/(wm @)L? dt m (w, SO)L2(Q) dt.
1> &€
From this it follows that
T T T T
/(wn, QO)L2(Q") dt = /(’wn, SD)L2(Q) dt — /(wn, (p)L2(Q\Qn) dt m (w, QD)L2(Q) dt,
€ 15 & €
(7.11)
since {w, } is equibounded. Moreover, by hypothesis we have that
T T
/ ((wn, ) r2(@u) + (W ©) 225, 000) U —— [ (W, @)1z + (W, P)12(s) dt.
(7.12)
The thesis then follows from (7.11) and (7.12). O
Theorem 7.9. Under the assumptions of Theorem 7.3
T T
/ Womasttns @0 oot g b s.) wreme e e P G

3

s _ d
for every ¢ € L*([e,T); H*(Q)), where n=s— 1+

Proof. We take the scalar product in L?*(S,, §,,0) between the second equation in prob-
lem (P,) and ¢ € L%([e,T]; H*(Q)) and then we integrate for ¢t € [e, T):

T T
//(5n gododt—i—/(C Noostin, p) //(5 bu,,p dodt = // On fnip dodt.
& ( 002(Sn (Sn)

e Sp
(7.14)
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Since f, — f strongly in H, from Remarks 7.4 and 7.2 in particular it follows that
fn — fin L*([e,T] x Q). Hence, from Proposition 7.8 the following holds for every

¢ € L*([e, T]; H¥(Q)):

T
li _
R340 (CuNy 28“"’¢>(H§;%(sn))/,H§5%(sn)
T T T
. Ouy,
= lim | — O0p——@dodt — Onbu,p dodt + Onfnp dodt
n—+o0 ot
3 Sn [ Sn € Sn
T T T T
—— [ [ Sregar- / / bugdgdt + [ [ fodgdt = [(CNoait o) iy mais
e S e S €

since u solves problem (P).

]
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