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Introduction

The aim of this dissertation is to study local and nonlocal Venttsel’ problems in fractal
domains. Venttsel’ problems appear in different field, e.g. engineering problems of
hydraulic fracturing, water wave theory, phase-transition phenomena, fluid diffusion,
as well as models of heat transfer, some climate models or non-isothermal phase sepa-
ration in a confined container; among the others, we refer to [11], [77], [18], [28], [31],
[75], [27], [35] and the references listed in.

From the physical point of view, such as e.g. in the framework of heat propagation, it
turns out that the boundary or the interface acts as a preferential fast absorbing trail
for the heat stream. It could be important for industrial applications (see [79], [30]) to
enhance the surface effects with respect to the surrounded volume, by increasing the
surface (or the length); hence fractal boundaries and interfaces turn out to be a good
tool.

From the mathematical point of view, a Venttsel” problem is described by an evolution
equation in the bulk coupled with an evolution equation on the boundary where the
operators appearing in the bulk and the boundary equations are of the same order.
These boundary conditions, known in literature also as dynamical boundary conditions,
were first introduced by Venttsel” in his pioneering work of 1959 (see [$8]); they are
the most general ones in literature, since they include Dirichlet, Neumann and Robin
boundary conditions.

There is a huge literature on Venttsel’ problems in regular, irregular, and fractal dom-
ains, in both local and nonlocal case; for the local case, among the others we refer to
2], [3], [31], [4], [86], [84], [90], [58, 59, 60, 61, 62] and the references listed in, while
for the nonlocal case we refer to [50], [35], [91], [27] and the references listed in.

In view of concrete applications to real world problems, such as the ones mentioned
above, the ambitious aim of this thesis is to study both theoretically and numerically
Venttsel” problems in 2D and 3D fractal domains, such as Koch-type domains, which
are prototypes of irregular domains.

More precisely, in addition to the study of the “continuous” problem (P) at hand, we

are also interested in considering its numerical approximation as well as in carrying



out some numerical simulations to interpret the physical results.

This goal is achieved in 3 steps.

i) We prove existence and uniqueness of the “weak” solution of the “continuous”
problem (P) in the 2D or 3D fractal domain.

i1) We construct a sequence of smoother approximating problems (P,) in the corre-
sponding natural pre-fractal (polygonal or polyhedral) domains which are non-
convex.
After proving existence and uniqueness results for the weak solution, we study
the asymptotic behavior of the approximating solutions as n goes to infinity.
This is a crucial step because there is a jump of dimension when passing from
the pre-fractal boundaries (which have dimension 1 or 2) to the fractal boundary

(which has an Hausdorff dimension greater than 1 or 2 respectively).

i7i) For any fixed n, we consider the numerical approximation of problem (P,) by a
FEM in space and a finite difference scheme in time. In order to obtain a priori
error estimates and an optimal rate of convergence, it is crucial to have a priori
regularity results for the weak solution as well as a suitable mesh which takes into
account the geometrical singularities of the domain. It is still an open problem
also in the local case to prove that the “approximated numerical solution” does

converge to the fractal one.

We point out that this is a long term project and the research is still ongoing.

Steps i)-iii) for the case of linear nonlocal Venttsel’ problems in 2D Koch-type dom-
ains are dealt by in Chapters 2 and 3. The M-convergence of the energy forms in the
nonlocal case is still an open problem.

The quasi-linear case is more delicate. Step i) is completely analyzed both for the
2D and 3D case in Chapters 4 and 5. Step i) is analyzed only in the local case; the
nonlocal case is object of further investigations, as well the regularity issues and hence
its numerical approximation.

We now give a detailed description of the first two chapters in which we consider a
nonlocal Venttsel’ problem in a piecewise smooth domain 2. For the reader’s conve-
nience we describe the nonlocal boundary condition.

The (parabolic) nonlocal linear Venttsel’ boundary condition on 052 is defined as fol-

lows:

du ou
_A bl —
& U+ ey + bu + 05(u) = f,



where u is the unknown of the problem, b and f are given function in suitable Banach
ou

spaces, 5 is the outward normal derivative, A, is the piecewise tangential Laplace
operator on J{2, and the nonlocal term 64(u), for s € (0,1), is a linear and continuous
operator on H*(0N2) defined as a double integral on the boundary (see (2.1.1) below).
The presence of the nonlocal term in the boundary condition, in the framework of heat
flow, accounts for a non-constant conductivity K(z,y) on the boundary which scales
according to a certain law:
-1
i < K(z,y) < ﬁ
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where z,y € RV, s € (0,1) and k > 1 (see [9] for more details and for a probabilistic
interpretation of the associated process).

It has to be pointed out that a nonlocal term already appears (in a different form) in
the original paper of Venttsel’. In any case a nonlocal term is important in all those
diffusion models in which one wants to emphasize the interaction between the boun-
dary and the bulk such as e.g. in the diffusion of sprays in the lungs.

More precisely, in Chapter 2 we consider an elliptic equation for the Laplace opera-
tor in a two-dimensional piecewise smooth domain {2 coupled with a nonlocal linear
Venttsel” boundary condition. We prove existence, uniqueness and regularity results
for the weak solution in weighted Sobolev spaces, which will turn out essential in the
next Chapter.

The regularity in weighted Sobolev spaces of the weak solution of local Venttsel” pro-
blems in pre-fractal domains has been dealt in [63]. The presence of the nonlocal term
requires to adopt new tools. The techniques used deeply rely on the fact that the
nonlocal term can be regarded as a sort of “regional” fractional Laplacian of order s.
To our knowledge, these are the first regularity results obtained for nonlocal Venttsel’
problems in piecewise smooth domains. We first prove a priori estimates, by means of
the so-called Munchhausen trick (see Section 2.2), and only after proving the existence
and uniqueness of the weak solution, we prove that it has the desired regularity.

In Chapter 3, we consider the numerical approximation of a heat equation with nonlo-
cal Venttsel’ boundary conditions in a Koch-type pre-fractal (non-convex) domain €2,,,
for n € N fixed.

We prove existence and uniqueness of the weak (strict) solution via a semigroup appro-
ach. We perform the numerical approximation by mixed methods: we first approximate
the problem in the space variable by using a finite element method and then we use a
finite difference scheme in time. Since the domain is not convex, the lack of the usual
H?-regularity of the weak solution deteriorates the rate of convergence.

In order to obtain a priori error estimates and an optimal rate of convergence, it is cru-



cial to obtain regularity results of the weak solution as well as an ad-hoc mesh refined
near the singular points.

By following the approach developed by Grisvard [37] for non-convex plane domains
in the case of the Laplace operator and by adapting the results of Chapter 2, we prove
regularity results of the strict solution in weighted Sobolev spaces.

We use an ad-hoc mesh, satisfying the so-called Grisvard conditions (see Section 3.6)
[21]. We then approximate the problem also in the time variable by a 6-method for
% < # < 1. Thanks to the regularity results of Sections 3.2 and 3.4, we achieve the
optimal rate of convergence of our numerical scheme, i.e. we obtain the same rate of
convergence as in the case of convex domains as well as in the linear local case (see
20]).

We present also some preliminary numerical results. We study the heat flow across a
pre-fractal boundary where the nonlocal term is active only on a portion of its. As
shown in Figures 3.5 and 3.6, the nonlocal term is responsible of a larger heat flux in
the part of the boundary where it is active. From the point of view of the applicati-
ons, this fact, as well as the irregular geometry, turn out to be important to drain or
increase the heat in a prior: fixed areas. These simulations show that the presence of

the nonlocal term actually helps the process of heat flow through the boundary.

In Chapters 4 and 5, we consider local quasi-linear Venttsel’ boundary conditions on
fractal (and pre-fractal) sets in the 2D and 3D case respectively, involving a “fractal”
p-Laplace Beltrami-type operator on the boundary for p > 2.

In the two-dimensional case, the existence and uniqueness in the fractal case has been
dealt in [56]. In Chapter 4, in view of numerical approximation, we consider also the
associated pre-fractal problems (P,), for every n € N fixed. We give existence and
uniqueness results for the solution w,, of problem (P,) via a nonlinear semigroup ap-
proach. We then prove the convergence (in a suitable sense) of the sequence {uy, }nen
to the unique solution of the fractal problem (P).

More precisely, we denote by 0 C R? the bounded domain with boundary K the Koch
snowflake and by €2,,, for n € N, the natural corresponding approximating domains
with boundary K, (the n-th approximation of K). We introduce two suitable nonli-
near energy functionals in the fractal and pre-fractal case. These functionals are the
sum of a nonlinear p-energy term in the bulk, a nonlinear fractal p-energy term on the
boundary plus lower order terms. These functionals are proper, lower semicontinuous
and convex on L*(2,m) and L?*(2,m,) respectively, where m and m,, are the mea-
sures defined in (1.4.1) and (1.4.2) respectively. By a nonlinear semigroup approach,
we get existence and uniqueness of the “strong” solution of the corresponding abstract

homogeneous Cauchy problems, involving the subdifferentials of the nonlinear energy



functionals.

In order to study the asymptotic behavior of the pre-fractal solutions {u,}, the na-
tural setting is that of varying Hilbert spaces. To this end, we use the notion of
M-convergence, first introduced by Mosco [71, 72] in the case of a linear energy form
defined on a fixed Hilbert space; this notion was later generalized to the case of varying
Hilbert spaces by Kuwae and Shioya [51], and then adapted to the case of nonlinear
energy functionals by Télle [32].

The proof of the M-convergence of the energy functionals is divided in two parts and
it is quite technical, since it is based on delicate tools like decimation and harmonic
extensions.

The M-convergence of the functionals is equivalent to the G-convergence of their sub-
differentials which in turn is equivalent to the convergence of the nonlinear semigroup
generated by the subdifferentials (we refer to the pioneering papers [5] and [12] for the
case of a fixed Banach space).

At last, we prove that the solutions of the abstract Cauchy problems solve, in a suitable
sense, a quasi-linear PDE with quasi-linear local Venttsel’ boundary conditions.

We stress the fact that the Koch snowflake domain is a prototype of a domain with
irregular boundary for which it is possible to construct a p-energy form. The con-
struction of a p-energy form as limit of suitable discrete energy forms (defined on the
pre-fractal sets) is possible only for the Koch curve and its variants. In the other cases,
such as the Sierpinski Gasket, it is not possible due to the lack of an explicit value of
the renormalization factor in the energy, which for the Koch curve is il

In Chapter 5 we consider the quasi-linear local Venttsel’ problem in a three-dimensional
“fractal” cylindrical domain @ having as lateral surface S = K x I, where I = [0, 1]
(see Figure 1.3). We introduce a new quasi-linear p-energy functional Eg on the fractal
“manifold” S, with domain D(S), as well as the nonlinear energy functionals associated
with the Venttsel” problem both in the fractal and pre-fractal case.

Following the standard patterns in the proof of the M-convergence, one has to ap-
proximate the functions in the domain of the energy functional in terms of smoother
functions.

In the 2D case, a key tool is the Holder regularity of the functions in the domain of
the energy functional on the boundary. In the 3D case, we prove new density results
in order to achieve the convergence. This is obtained by using delicate tools, such as
trace and extension theorems for Besov spaces on arbitrary closed subsets of R?.

We then consider the quasi-linear evolution Cauchy problems with nonlocal Ventt-
sel” boundary conditions both in the fractal and pre-fractal case. We prove existence

and uniqueness results by nonlinear semigroup theory. As in the 2D case, the M-



convergence of the functionals allows us to prove (in a suitable sense) the convergence

of the solutions of the pre-fractal problems to the limit fractal one.

The plan of the thesis is the following.

Chapter 1 is devoted to preliminaries. We introduce the notations, the geometry and
the relevant functional spaces, both on fractal and pre-fractal sets. We state trace
results in both cases. We also recall some results on the convergence in varying Hilbert
spaces. We then introduce nonlinear fractal energy forms, which appear in the energy
functionals in Chapters 4 and 5.

In Chapter 2 we focus on a nonlocal linear elliptic Venttsel’ problem in an arbitrary
two-dimensional piecewise smooth domain. The results of this chapter are contained
in [241].

In Section 2.1 we state the problem. In Section 2.2 we give an a priori estimate for the
solution of the nonlocal linear Venttsel’ problem. Finally, in Section 2.3 we give an
existence and uniqueness result for the weak solution of the problem and we prove that
the second derivatives of the solution belong to a suitable weighted Lebesgue space.
In Chapter 3 we consider a nonlocal linear parabolic Venttsel’ problem in a fixed
pre-fractal domain having boundary K,. The results of this chapter are contained in
[19].

In Section 3.1 we introduce the energy form and we prove some properties. In Section
3.2 we adapt the results of Section 2.2 to the parabolic problem, in order to obtain a
suitable a priori estimate. In Section 3.3 we prove via standard semigroup theory the
existence and uniqueness of the weak solution of the nonlocal linear parabolic Venttsel’
problem, and we prove that it satisfies the a priori estimate stated in Section 3.2. In
Section 3.4 we give other regularity results for the weak solution of the problem; in
particular, we prove that it belongs to a suitable weighted Sobolev space, and moreover
we prove that it is in particular continuous up to the boundary. In Section 3.5 we
prove some a priori estimates which ensure the stability of our numerical scheme. In
Section 3.6, we introduce a suitable family of triangulations of the domain and we
perform the numerical approximation of the problem as explained above. We stress
the fact that we obtain an optimal rate of convergence of our numerical method. In
Section 3.7 we show some numerical simulations. It turns out that the nonlocal term
has a key role in the process of heat flow through the pre-fractal boundary K,,.

In Chapter 4 we consider quasi-linear local Venttsel’ problems in fractal and pre-fractal
two-dimensional domains and we investigate the convergence of the pre-fractal soluti-
ons to the fractal one. The results of this chapter are contained in [25].

In Section 4.1 we introduce the quasi-linear energy functionals in both the fractal

and pre-fractal case and we prove some properties. In Section 4.2 we prove the



M-convergence of the pre-fractal energy functionals to the fractal one. In Section 4.3
we consider abstract Cauchy problems involving the subdifferentials of the fractal and
pre-fractal energy functionals, we present existence and uniqueness results for these
problems, and we prove that the solutions solve quasi-linear local Venttsel” problems
for the p-Laplace operator, respectively. Finally, we prove that the pre-fractal solutions
converge to the limit fractal one.

In Chapter 5 we extend the results of Chapter 4 to the three-dimensional case of a
cylindrical Koch-type domain ) = €2 x [ having as lateral surface S = K x I, where
I =[0,1]. The results of this chapter are contained in [20].

In Section 5.1 we generalize the results of Section 1.2 to the 3D case. In Section 5.2 we
introduce the energy functionals considered in the three-dimensional case. In Section
5.3 we prove some key density results, which will play a crucial role in the proof of
the main result of Section 5.4. In Section 5.4, we prove the M-convergence of the
pre-fractal energy functionals to the fractal one and we prove analogous existence,

uniqueness and convergence results.



Chapter 1
Preliminaries

In this chapter we introduce some notions and some results which we will use throug-
hout this thesis. In the first section we give some notions on fractal sets, and in
particular on the domains we will consider in dimension two and three. In the second
section we recall generalities on Sobolev spaces and we give some results on traces of
functions on both the fractal and pre-fractal sets. In the third section we introduce
Besov spaces on fractal sets. In the fourth section we present the notion of convergence
of variable Hilbert spaces. In the fifth section, we give some generalities on nonlinear
fractal energy forms.

Throughout this thesis, C' will denote possibly different constants.

1.1 Fractal sets

1.1.1 The Koch snowflake

We denote by P = (x1,z9) points in R?, by |P — Ppy| the Euclidean distance and by
B(Py,r) ={P € R*: |P — Py| < r}, Py € R*r > 0 the Euclidean ball. By the Koch
snowflake K, we will denote the union of three com-planar Koch curves (see [30]) Kj,
Ky and K3. We assume that the junction points A;, A3 and As are the vertices of a
regular triangle with unit side length, i.e. |A; — A3| = |A; — A5| = |A3 — A5] = 1.
K, is the uniquely determined self-similar set with respect to a family ¥! of four
contractions %1)’ ...,wil), where ¢§1>; C—C,i=1,...,4, with respect to the same
Lipschitz constant L = 5 (see [32]):

1 z 1 2 ir 1
W=z )=zt
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Let V" == {4y, A3}, vy i i= i, 0--- 01y, VI =D (V) and

11...0n 11...0n

4
n._ 1)
1. in=

We set iln = (iy,da,...,0n), V.V = UpsoV. Y. It holds that K, = "M Now let K

*

denote the unit segment whose endpoints are A; and As. We set K, ;, = ¥4, (Ko)
and V(K 4.,) =V
In a similar way, it is possible to approximate K, and K3 by the sequences {V71(2)}n20

and {Vn(S)}nZO respectively, and denote their limits by V@ and V.

1..4%n 1.odn

In order to approximate K, we define the increasing sequence of finite sets of points
V= UL, Vi, n > 1 and V, i= Uy V™. Tt holds that V, = U3, V") and K =V,
The Hausdorff dimension of the Koch snowflake is given by dy = %. This fractal is
no longer self-similar and, hence, not nested.

One can define, in a natural way, a finite Borel measure y supported on K by

poi= pa + po + s, (1.1.1)

where pi; denotes the normalized dj-dimensional Hausdorff measure, restricted to K;,

1 =1,2,3. Further, for any n > 1, we define a discrete measure on /A% by:

; 1
peVit”
where dy,) denotes the Dirac measure at the point p. In [64], the following result is

proved.

Proposition 1.1.1. The sequence of measures {u' }n>1 is weakly convergent to the

measure ;.

In the following we denote by

3
Ko = [J K™ (1.1.3)

i=1
the closed polygonal curve approximating K at the (n + 1)-th step, where Ki("ﬂ)

denotes the so-called pre-fractal (polygonal) curve approximating K.

We now recall the definition of d-set.

Definition 1.1.2. A closed nonempty set M C R is a d-set (for 0 < d < D) if there
exist a Borel measure ji with supp it = M and two positive constants ¢; and co such
that

ar < (B(P,r)NM) < cr VP e M. (1.1.4)

9



The measure [i is called a d-measure.

We remark that, from Definition 1.1.2, it follows that K is a d-set with d = dy and the
measure [ is a dg-measure (see [32]). Moreover, since p is supported on K, it is not
ambiguous to write u(B(P,r)) in place of u(B(P,r) N K) in (1.1.4).

We remark that the Koch snowflake can be also regarded as a fractal manifold (see

[32])-

Let 2 denote the (open) two-dimensional domain with boundary K, and for every
integer n > 1 let €2, be the bounded non-convex pre-fractal polygonal domain approxi-
mating € with boundary K, (the corresponding closed polygonal curves approximating
K). We denote the vertices by P; for j = 1,...,3N, where N = 4" and, for each fixed
P;, we denote by n; the interior angle of €2,, at P;. We denote by M every side of the

polygonal curve, by ]\c}[ the corresponding open segment (i.e. the segment without its
endpoints) and by V(M) its vertices. Let R = {j = 1,...,3N : n; > w}. The set

Q = {P;}ecr is the subset of vertices whose angles are "reentrant” (see Figure 1.1).

Figure 1.1: A zoom of the curve K, with n = 2. The reentrant corners are circled in
red.

We remark that the sequence {2, },cn is an increasing sequence of sets exhausting €.
We denote by T the open equilateral triangle whose midpoints are the vertices A;, As
and Aj of K (see Figure 1.2).

1.1.2 The three-dimensional domain

In this section we introduce the three-dimensional domain which will be considered in
Chapter 5.
Let Q be the open bounded two-dimensional domain with boundary K introduced in

the previous Section. By S we denote the cylindrical-type fractal surface
S=KxI,

where I = [0, 1].
We introduce on S the measure

dg = dp x dLy, (1.1.5)

10



Figure 1.2: The Koch snowflake K.

where d£; is the one dimensional Lebesgue measure on /. The measure g is supported
on S.

We point out that, in the sense of Definition 1.1.2, S is a (dy + 1)-set and the measure
g is a (dy + 1)-measure.

By @) we denote the open cylindrical domain having S as “lateral surface” and the sets
Q x {0} and Q x {1} as bases (see Figure 1.3).

Figure 1.3: The fractal domain Q.

We denote by P = (z,y) € S, where x = (x,x2) are the coordinates of the orthogonal
projection of P on the plain containing K and y is the coordinate of the orthogonal
projection of P on the interval [0, 1], that is (z1,22) € K and y € I (see Figure 1.4).

In a natural way, we define for every n € N the approximating pre-fractal domains @,

which are an increasing sequence exhausting ). We also denote by S, = K,, x I the

11



Figure 1.4: P = (z,y): x € K,y € I.

lateral surface of (),,, where K, is the pre-fractal approximation of K introduced in
Section 1.1.1. As in the fractal case, we denote points in S,, by the couple (x,y), where
x = (r1,22) € K, and y € I. In the notations of Section 1.1.1, we denote by R the
open prism T x [0, 1] with bases T x {0} and T x {1}.

1.2 Sobolev spaces

By LP(-) we denote the Lebesgue space with respect to the Lebesgue measure d£y on
subsets of R?, which will be left to the context whenever that does not create ambiguity.
By LP(K) we denote the Banach space of p-summable functions on K with respect to
the invariant measure . By ¢ we denote the natural arc length coordinate on each
edge of K, and we introduce the coordinates x1 = z1({), xo = x2(f), on every segment
M of K,,.

Given § a closed set of R? by C(8) we denote the space of continuous functions on 8.
Let G be an open set of R?2. By D(G) we denote the space of infinitely differentiable
functions with compact support on §. By W*P(G), where s € Rt we denote the usual
(possibly fractional) Sobolev spaces (see [74]); W5*(9) is the closure of D(G) with
respect to the || - [[sr-norm. W~ (G) denotes the dual space of W;?(9).

In the following, we will make use of trace spaces on boundaries of polygonal domains
of R?. We give a characterization of Sobolev spaces on polygonal domains which is the

most useful for our aim. By W*P(K,,), for s > 1, we denote (see [13]) the set

{ue C(K,):u

S,p °
o €WPP(M)}-

In the sequel, in the case s = 1, we consider W?(K,,) with the norm

1
lullwiseny = (Il e,y + DUl )

By W*P(K,), for 0 < s < 1, we denote the Sobolev space on K,, defined by local
Lipschitz charts as in [74]. We point out that, for s = 1, the two definitions coincide

with equivalent norms.
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In the following we will denote by |A| the Lebesgue measure of a subset A C RY. For
fin W*P(G), we define the trace operator 7y as

. 1
W (P) = i | r@ac. (1.2.1)

B(P,r)NS

at every point P € G where the limit exists. It is known that the limit (1.2.1) exists at
quasi every P € G with respect to the (s, p)-capacity [1].
We now recall the results of Theorem 2.24 in [13], referring to [30] for a more general

discussion.

Proposition 1.2.1. Let 2, and K,, be as above and let s > %, with s — 110 not integer.

Then WSi%’p(Kn) is the trace space to K, of W*P(§2,) in the following sense:

(1) 70 is a continuous and linear operator from W*P(Q,,) to WSi%’p(Kn),

(i) there is a continuous linear operator Ext from Ws_%’p(Kn) to W*P(Q,,), such

that vy o Ext is the identity operator in WS_%’p(Kn).

omit the trace subscript and the interpretation will be left to the context.
The following theorem characterizes the trace on the polygonal K, of a function be-
longing to the Sobolev space W5P(R?) (for the definitions and the main properties of

Sobolev spaces, see [1]).

Theorem 1.2.2. Let K, denote Q. Let u € WPP(R?) for 8> 0 and 6, = (3)" =
(3145)". Then, for =< f< p,

5
||U’||LP (Kn) — 5 ||U’||W,Bp (R2)? (122)
where Cy is independent of n.

Proof. We point out that every u € W5?(R?) can be expressed in the following way:
u=Gsxg, g€LP(R?), with |lullwsnmz) = [lg]lrr@e),

where G is the Bessel kernel of order § (see [13]). Then by Hélder inequality we have
p

s ) = /ruwpow—//em— () dy| de <

Kn IR?

D
Iy

Gl — )| l9(y)P dy / Gz — )| dy | de,

13



where 0 < a < 1 will be chosen later. Now, by using Lemma 1 on page 104 in [13], we
get

/ |Galz — )|~ dy < O,
R2
with C] independent of n, if

2-8)1—a)y <2 (1.2.3)

Moreover, since K, is a 1-set with constant ¢, = C3 ! (see (1.1.4)), again from Lemma

1 on page 104 in [13] we get

/|G6(x —y)|rdl < Cyd, ",
K,

with Cy again independent of n, if
(2—B)ap < 1. (1.2.4)

Hence, by choosing a in order to satisfy (1.2.3) and (1.2.4), it has to be

2 1
l———<a<

2-p)r (2-Bp
2 1

and, by imposing that 0 < a < 1 and that 1 — <
-8 2-Pp

we get the desired

bounds on £.

Hence, by using Fubini’s Theorem we get

lullZo s,y < 01/(‘R Gz —y)|" |g(y)|Pdy | dt =
Ky 2

Cl/(< |Gz —y)|"dl | [g(y)]" dy < CrCa8; |91l ge) = C 0 1ullfy s g2y
R

where Cj3 is a constant independent of n. O

In order to introduce the notion of trace on suitable fractal sets, we give the definition
of (¢,0) domain (see [11]).

Definition 1.2.3. Let ¥ C R™ be open and connected. For x € F, let d(z) =
ing |z —y|. We say that F is an (g,d) domain if, whenever x,y € F with |z —y| < 6,
yege

there exists a rectifiable arc v € F joining x to y such that

ele — =lly — 2|

1
() < g]x —y|  and d(z) > for every z € .

14



The following theorem is a consequence of Theorem 1 in Chapter V of [13] as the fractal
K is a d-set.

Theorem 1.2.4. Let u € WP?(R?). Then, for % < B,

[ullZo iy < Callulliysmge)- (1.2.5)

It is possible to prove that the domains €2, are (g,d) domains with parameters € and ¢
independent of the (increasing) number of sides of K,,. Thus by the extension theorem
for (&,0) domains due to Jones (Theorem 1 in [11]) we obtain the following Theorem
1.2.5, which provides an extension operator from W1?(,,) to the space WP (R?) whose

norm is independent of n.

Theorem 1.2.5. There exists a bounded linear extension operator Exty : WhP(Q,,) —
WhP(R?) such that
HEXtJUHWlp (R2) = OJHUHW1 () (1‘2'6>

with C'y independent of n.

We now present an extension theorem for fractional Sobolev spaces W5P(Q). We
observe that if 0 < 8 < 1, estimate (1.2.7) can be deduced from Theorem 1 on page
103 in [13] (see also Theorem 3 on page 155 in [13]).

Theorem 1.2.6. There exists a linear extension operator Ext such that, for any B > 0
Ext: WPP(Q) — WPHP(R?),

It ol < Callolfysnie, (1.27)
with C depending on f3.
We now recall the Friedrichs inequality, see [69, page 24] for more details.

Proposition 1.2.7. Let u € H*(S,). There exists a positive constant C' such that

lulea,y < € (DU, + lulae,y) - (1.238)
To conclude this section, we introduce weighted Sobolev spaces following [73].

Let r = r(z) be the distance from the set of vertices. For vy € Rand s =0,1,2,..., we
denote by H3(€2,) the weighted Sobolev space of functions such that the norm

2

H2(Qn) = Z r2O0=sFleD| DYy ()2 ALy

ol <s Qn,

[l

15



s 1
is finite, and, for s > 0 integer, by H, *(K,) the trace space of H3(€2,) equipped with

the norm
lul HE(K u:ggm ol @n-
For the details see (2.17), Chapter 2 in [73]. We introduce also the weighted Lebesgue

space L?Y(Qn), for v € R, as the space of functions for which the norm

(NI

20y = / u? 7 L,

Qp

is finite. We point out that this space coincides with the space H S(Q) We define also,

for o € R, the composite space

VA (Q,, K,) == {u e H'(Q,) : r°D*u € L*(Q,), vou € H*(K,)}. (1.2.9)

1.3 Besov spaces

We now come to the definition of the Besov spaces B?? with « positive and non-integer
(see [93] and [13]). Let 8 be a d-set in RP, a > 0 non integer, k = [a] the integer part
of a, j a D-dimensional multi-index of length |j| < k.

If fand {f¥} are functions defined ji-a.e. on 8, we set

, (G+i) ( p! ,
Rp )=o) - Y e py

lj+il<k
where f(©) = f and i denotes a D-dimensional multi-index.

Definition 1.3.1. We say that f € BPP(8) if there exists a family {fV} with || < k,
as above, such that f9) € LP(8,fi) and ||{a,}|l;, < oo where a, is the smallest number
such that

1/p

3" / / |R;(P, P")|Pdfi(P) diu(P') < 3-nla=lihg,

|P—P!|<3—n

The norm of f in BEP(8) is

1 lszrs) = I flles. + [H{an} i, -

The family {f“)} in the previous definition is uniquely determined by f, as shown in
[43], for d-sets with d > D — 1.
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Let us note that for 0 < o < 1 the norm || f|| gr(s) can be written as

1/p

fPHP .
lan+ | [[ g (P dalr)

|P—P'|<1

We now state the trace theorem specialized to our case.

Proposition 1.3.2. Let K be the Koch snowflake. Let s > 2%1 and s — 2%1 ¢ N. Then
BY?, 4 (K) is the trace space to K of W*P(Q) in the following sense:

(i) Y0 is a continuous linear operator from W*P(§2) to BY?, ,(K),
P

(ii) there is a continuous linear operator Ext from BY?, ,(K) to W*P(2) such that
p

o o Ext is the identity operator in Bf’_pﬂ(K).
For the proof we refer to Theorem 1 of Chapter VII in [13], see also [33].

From Proposition 1.3.2 it follows that when s = 1 the trace space of WHP(Q) is
Bi’ f’ﬂ (K).

In thepsequel we denote by the symbol f|x the trace 7o f to K. For the sake of simplicity
we will omit the subscript.

In the following, we denote the dual of the Besov space on K with (B?P(K))’. In
[11] the authors proved, in the general framework of d-sets, that the space (B2P(K))’

coincides with the space BY /,’lp I(K ), where p’ is the conjugate exponent of p.

1.4 Convergence of Hilbert spaces

We introduce the notion of convergent Hilbert spaces that we will use in the next
sections. For further details and proofs of the theorems see [51] and [10].

The Hilbert spaces we consider are real and separable.

Definition 1.4.1. A sequence of Hilbert spaces {H,}, .y converges to a Hilbert space
H if there exists a dense subspace C C H and a sequence {Z,}, . of linear operators
Z,: C C H— H, such that

lim || Z,ully = ||ullg for any ue C.
n—00 "

We define the space H = {U,,H,,} U H and define strong and weak convergence in .

From now on we assume {H,} H and {Z,}, .y are as in Definition 1.4.1.

neN?
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Definition 1.4.2 (Strong convergence in ). A sequence of vectors {u,}, . strongly
converges to u in H if u, € Hy, w € H and there ewists a sequence {Up}, .y € C

tending to u in H such that

i T 17—l =0

Definition 1.4.3 (Weak convergence in H). A sequence of vectors {u,}, .y weakly

converges to u in H if u, € H,, w € H and
(Un, vn)m, = (U, 0)m
for every sequence {vy,}, o strongly tending to v in 3.

Remark 1.4.4. We note that the strong convergence implies the weak convergence

(see [01]).

Lemma 1.4.5. Let {uy,}, .y be a sequence weakly converging to u in 3. Then

sup ||“n||Hn < 00, ”uHH < lim ||un||Hn

Moreover, u,, — u strongly if and only if ||u||g = lUm ||u,| &, -
n—oo
Let us recall some characterizations of the strong convergence of a sequence of vectors

{un},en in H.

Lemma 1.4.6. Let u € H and let {u,} oy

{un} pen strongly converges to w in I if and only if

be a sequence of vectors u, € H,. Then

(Um U’I’L>Hn — (u7U)H
for every sequence {v,}, oy with v, € H, weakly converging to a vector v in H.

Lemma 1.4.7. A sequence of vectors {u,}, .y with u, € H, strongly converges to a

vector u in I if and only if

lunllg, = luly — and

(tn, Zn(@))m, — (w,0)n  for every p € C.

Lemma 1.4.8. Let {un}, .y be a sequence with u, € Hy. If ||uy|lg, is uniformly

bounded, then there exists a subsequence of {un}, oy which weakly converges in 3.
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Lemma 1.4.9. For every u € H there ewists a sequence {un}, .y, un € Hy strongly

converging to u in JH.

We now define the G-convergence of operators (see Definition 7.20 in [32]).

Definition 1.4.10. Let n € N, A,: H, — 28 A: H — 27 be multivalued operators.
We say that A,, G-converges to A, A, G, A, if for every [xz,y] € A (i.e. x € D(A) and
y € A(x)) there exists [x,,yn] € An, n € N such that x,, — = and y, — y strongly in
.

In the following we denote by L?(Q2, m) the Lesbegue space with respect to the measure

m with
dm = dLs + dp, (1.4.1)

and by the space L%(§2,m,,) the Lebesgue space with respect to the measure m,, with
dm, = xq,dL2 + Xk, 0,dY, (1.4.2)

where xq, and g, denote the characteristic function of 2, and K, respectively.
Throughout this thesis we consider H = L?(Q), m) where m is the measure in (1.4.1),
and the sequence {H,},y with H, = {L*(Q) N L*(Q, m,)} where m, is the measure
n (1.4.2) with norms

lull = el Z ) + Nulxc T2 s Mullf, = lullZa@,) + el 220k, 600

Proposition 1.4.11. Let 6, = (2)". Then the sequence {H,}, .y converges in the
sense of Definition 1.4.1 to H.

For the proof, see Proposition 4.1 in [63], where C' and Z, in Definition 1.4.1 are
respectively C'(Q) and the identity operator on C'(€Q).

1.5 Nonlinear fractal energy forms
For f: v — R, 7=1,2,3, we define for 1 < p < oo and n € N,
e[ = —4®r Z > W€ = FWian )P (15.1)

and

EMf] = e[f]. (1.5.2)
We note that the form &5 in (1.5.2) can be also written as

19



eMf] = f(s)P. (1.5.3)
MeKy, rseV(M
It has been shown in [10] that the sequence e [ f] is non-decreasing; by defining for
F V9 SR
VLS = lim €71, (1.5.4)
the set
FO = {f: VD 5 R:E[f] < o0} (1.5.5)

does not degenerate to a space containing only constant functions.
Each f € ffg-) can be uniquely extended in C(K;). We denote this extension on K;
still by f and we define the space

D(ED) = {f € C(K,) = e0[f] < oo}, (156)
where E;i)[f] = 81(9i)[f|v*<i)]- Hence D(Ez(oi)) Cc C(K;) C LP(K;,p). Moreover,

(Ez(f), D(c‘l,(f))) is a non-negative energy functional in LP(K;, i;) and the following result
holds (see [16]).

Theorem 1.5.1. The following properties hold.

i) D(E,(f)) is complete in the norm HfHD(S(z)) Il Lo ) + (8,(3i)[f])1/p.
i) D( ' ) is dense m LP(K;, ;).

m)D( )CD( ) for1<p<g<oo.

By proceeding as in Section 4.1 and 4.2 in [32] one can define on K a p-energy form
(€, D(Ep))
3
Eplu) = EWulx] (1.5.7)
i=1

for every u € D(E,), where D(E,) = {u € C(K) : u|g, € D(EY fori=1,2,3}.
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Chapter 2

Regularity of the solution of
nonlocal Venttsel’ problems in

piecewise smooth domains

In this chapter, we consider an elliptic nonlocal Venttsel’ problem in a piecewise smooth

domain Q C R? formally stated as follows:

—Au=f in €,
(2.0.1)
—ANpu= =8 —bu—0,(u) +g on 012,

2

where b, f and g are given functions, A, = is the piecewise tangential Laplace

2
operator, v the unit vector of exterior normzfl, and 0s: H*(0Q2) — H°(0%Q2), for
s € (0,1), is the so-called nonlocal operator.

We will first consider the case in which the boundary 0f2 is polygonal, then we will
consider the case of a piecewise smooth boundary. We are interested in the regularity
of the solution of problem (2.0.1) in weighted Sobolev spaces. We preliminary prove an
a priori estimate for the solution, then we prove the existence and uniqueness results.

At last, we prove that the weak solution of problem (2.0.1) has the desired regularity.

2.1 Statement of the problem

We consider a domain Q C R? with polygonal boundary 9. Namely, we suppose that
0f) is made by a finite number of segments, which form a finite number N of angles
with opening «;, for j =1,..., N, and let us denote with o the opening of the largest

angle in 0 (see Figure 2.1).
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Figure 2.1: A possible example of domain 2. In this case N =9 and a = as.

We consider the problem formally stated in (2.0.1). Let b € C(992) be a strictly positive
function. We set 65: H*(02) — H~*(0N2) as follows: for every u,v € H*(0N2)

|CL’ _ y|1+25

OO x 0N

where (-,-) denotes the duality pairing between H*(0Q2) and H*(02). We remark
that the nonlocal term 6(-) can be regarded as an analogue of the fractional Laplace
operator (—A)® on the boundary.

We now define a bilinear form F as follows:

E(u,v) —/DuDvdLQ+/Dgungd€+/buvd€+ (05(u),v), (2.1.2)
Q o0 o0

for every u,v € V1(Q,0Q) :== {u € H'(Q) : vou € H'(0Q)}.

We consider the weak formulation of problem (2.0.1):

Given f and g, find u € V'(Q,0Q) such that E(u,v) = /fvdﬁg + /gvdﬁ
Q

00 (2.1.3)
for every v € V1(9,09).
We define the space V2(2,99) in a natural way following (1.2.9):
V2(Q,00) = {u € H'(Q) : r°D*u € L*(Q), you € H*(0Q)}. (2.1.4)

The hypothesis on f and g will be given in the theorems. In this chapter we do not
indicate the dependence of C' on the geometry of ().
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2.2 A priori estimates

Theorem 2.2.1. Let f € L2(Q) and g € L*(02). Let u € V2(Q,090) be a solution of
problem (2.0.1). Suppose that s < 3/4. Then there exists a positive constant C' = C(o)
such that

||U||§11(Q) + HTUD2UH%2(Q) + Hu”%ﬂ(aﬁ) < O(U)(HUH%Q([)Q) + ||7"Uf||%2(9) + \|g\|i2(aa))a

(2.2.1)
provided
s 1 1
1—— — > —— 2.2.2
~<0<g, 023 ( )
(recall that « is the opening of the largest angle in OS).
du

Proof. We use the so-called Munchhausen trick. We start by assuming that 3% and
0,(u) belong to L*(0N), hence the right-hand side of the boundary equation in (2.0.1)
belongs to L*(9€). Hence u € H*(9N2) and the following estimate holds:

2

ou
ol < C (\ o

+ lullZz00) + 105 ()12 00y + ||9||%2(39)> . (2:23)
L2(09)

In the following the norm of f,(u) in an Hilbert space H' has to be intended as the
norm in H of the unique element F' associated to the operator by Riesz’s theorem.
First we estimate Hes(u)”%z(ag)' Since u € H*(0), it is sufficient to consider the local
behavior of u near the vertices. Without loss of generality, we can assume that the
vertex is located at the origin. We introduce a smooth cutoff function n and rectify 02
near the origin. Then un|sq becomes a function on R which is the sum of a smooth
function and a term c|¢|7(¢) (here 7 is a one-dimensional cutoff function near the origin).
The function c|t|fj(t) belongs to H?(R) for every 3 < 3/2 (this can be seen by using

the definition of Sobolev space by the Fourier transform J:
HY(R) ={v €8 | (1+[¢f)**T[v] € LX(R)},

where 8’ is the space of tempered distributions). Hence, since 6, is a linear and con-
tinuous functional from H?(0Q) to HP~25(9), this implies that 0,(u) € HP2(0Q)

and
165 (W) 131620 22y < ClleellF2 (00, (2.2.4)

where C' depends on 3 and s.
We fix 8 € (2s,3/2). From the compact embedding of H#~25(9Q) in L%(99)) we deduce

that for every ¢ > 0 there exists a constant C'(¢) such that

165 () 122 (00) < ellfs()l|3zo-24(00) + CENOs (W) 17+ (o0,
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see Lemma 6.1, Chapter 2 in [74]. Similarly, we have

105 ()17 (a0) < Clul

tro0) < ellulltzon) + C@)llullZ o)

Therefore we obtain the following estimate using (2.2.3) and (2.2.4):

2

ou

ov

||u||§{2(89) <C (‘ + ||9||%2(39) +5||U||%12(39) +C<5)HUH%Q(6Q)) :

L2(89)

By choosing ¢ sufficiently small we obtain

oul|®
[ullF2o0) < € (’ EY + JlullZ200) + ||9||2L2(ag)> : (2.2.5)
L2(89)
We now estimate H%H; 09)" We consider a smooth function U on € which is linear

near the corners of 02 and such that (v — U)(P) = Dy(u — U)(P) = 0 in every vertex
P of 9. Since D?U vanishes in neighborhoods of vertices, without loss of generality

we can assume that for every v € R
HUH%{l(Q) + ||7"7D2U||%2(Q) + ||U||§{2(asz) < C(V)HUH%{?(@Q)‘ (2.2.6)

If we consider the function v = u — U, from Hardy inequality applied on each segment
of 9 (see [358]) we obtain that v € HZ_;(9Q):

HUHJQLIE:O(@Q) _/|U|2r4d€+/|Du|2r2d€+/\D2U|2d€§
oN onN o0

C /|Dv|2r_2d€+/|Dzv|2df Sé/|D2U|2d€§éHU”§{2(aQ) < 0.

o [2/9] o0

3
By rescaling we deduce v € H?,(02), and
2

HUHH%l(m) < Cllullz290)- (2.2.7)
-2

3
We point out that from (2.2.2) in particular v € Hz (0€2). Now we consider v as the
solution of the Dirichlet problem

~Av = f+ AU € L2(9),
5 (2.2.8)
U’ag € H? (39)

From Theorem 3.1, Chapter 2 in [73] (with [ = 0) it follows that v € H2(Q) if |o — 1| <
m/a (we recall that « is the opening of the largest angle in 092). From (2.2.6) and
(2.2.7), this implies

||U||?{1(Q) + HTUDQUH%?(Q) < C(U)(”TUf”%Q(Q) + ||u||§{2(asz)) (2.2.9)
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(to estimate the first term, we also used that o < 1 in (2.2.2)).
By rescaling, we deduce that Du € L? , (0Q) and

1
2

IDullz> | o0y < llulltn@ + Ir"D*ullf2q)- (2.2.10)

1
2

We define a cutoff function 75 such that
ns(r)=1 for r >34, ns(r)=0 for r<d/2.

Now we introduce the following trace operator:

A %5\89 + (1 =m)=| = Ki(6)u+ Ka(6)u.

ovlaa
We remark that the operator K;(d): HZ(Q) — L*(0Q) is compact. Using (2.2.9), we

obtain for arbitrary € > 0

€ g
||3<1(5)U||%2(69) < 5(“7" f”%2(9) + ||U||%{2(asz)) +Cl(e, o, 5)”““%2(89)-
From (2.2.9) and (2.2.10) we deduce
il o o
1K (8)ull 200y < C(0)02 (77 fll 21y + lullFo0))-

This in turn implies that o < % Hence, by choosing 6(c, €) sufficiently small, we obtain

Substituting the above inequality into (2.2.5) we obtain

2

@
ov

< ([l fll 72y + lullfrzan)) + C(e, 0)l|ull72a0)-
L2(09)

lullfr2(,) < C (8(Hr"f\li2m) +lullfre@,)) + Cle, o) lullam,) + !Iglliz(m) :
By choosing ¢ sufficiently small we obtain
el < € (I F1ag@ + CONulaey + 191220, ) - (2:2.11)

Taking into account (2.2.9), we get the thesis. O

2.3 Solvability of the Venttsel’ problem

We begin by proving the existence and uniqueness of the weak solution.
We point out that the we can equip the space V!(£2,092) with the natural norm

2
lllvsgem = (el + Il ony) ™
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Instead, by Friedrichs inequality (see (1.2.8)), we equip V1(£2,09) with the equivalent

Hilbertian norm

1
2

lellvs oo = (D220 + 1Dl sgo0y + ]300

Lemma 2.3.1. The energy form Efu] = E(u,u) generates an equivalent norm in

V1(Q,00).
Proof. Since b € C(02) and

(0s(u), u) < Cllul

Heoe) < Cllullfneny,

we obtain that Eu] < Cllull}: g g0y Then, since (f;(u),u) > 0 and iglgfb > 0, we have

Elu] > CH”H%A(Q,@Q)-

The following existence and uniqueness result holds.

Corollary 2.3.2. Let f € L*(Q), g € L*(09). Then there exists a unique weak solution
in VY(Q,00Q) of problem (2.1.3). Moreover

[ullvian) < CUIflle2@) + ll9llr26a), (2.3.1)
where C' depends only on the coercivity constant of E.

Proof. Existence and uniqueness of the weak solution follow from Lax-Milgram Lemma,
since the energy form E is coercive on V1(Q,09Q). As to (2.3.1), we take v = u as
test function in (2.1.3) and, from the coercivity of E, Cauchy-Schwarz inequality and

Friedrichs inequality, we get
Cllulf oo < Blu) = [ fudta+ [ gudt <
Q o0
I f 2 |ull 22 + |9l 2200y 1wl 22 00) < llullvi@.00) (| fllz2@) + l9llz200));
i.e. the thesis. [

We finally prove the desired regularity for the weak solution of the nonlocal Venttsel’

problem.

Theorem 2.3.3. Let o satisfy condition (2.2.2). Let f € L2(Q2) and g € L?(0SY). Then
problem (2.0.1) has a unique solution u € V*(Q,99), and the following inequality holds

lullZr @) + 1P D*ulla o) + lullizeo) < CUIP flZ2@) + I917200): (2.3.2)
where C' depends on o and the coercivity constant of E.
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Proof. We introduce the set of operators £,,: V2(Q,0Q) — L2(Q) x L*(0N2) defined as
ou
Lou = —Au,—Apu+ bu+ p a—+6’s(u) :
v

We claim that the operator Ly is invertible. Indeed, it corresponds to the boundary

value problem
—Au=f in €,

A +bu=g on 0f).
Here the equation in 2 and the boundary condition are decoupled. So we can first
solve the boundary equation and then use its solution as the Dirichlet datum for the
equation in the domain. Proceeding as in Theorem 2.2.1, we show that the solution
belongs to V2(€2,99Q) and inequality (2.3.2) holds. So the claim follows.
The estimates in Theorem 2.2.1 show that the operator
0
L, — Lo: V2(Q,00) — L2(Q) x L*(99); Lu—Lou=p (0, a_u + QS(U))

v

is compact. Since, for u = 1, Ker(£;) is trivial by Corollary 2.3.2, the operator £; is

also invertible, and the proof is complete. O

We conclude this section with some remarks. If € is a convex polygon, then a < w. So

we can put o = 0 and obtain the following result.

Corollary 2.3.4. Let 2 be a convex polygon. Let f € L*(Q) and g € L*(09Q). Then the
problem (2.0.1) has a unique solution v € H*(Q)NH?(00Q), and the following inequality
holds

ull3rz0) + el Fz@0) < CUF T2 + 19172000));

where C' depends on the coercivity constant of E.
If 2 is not convex, then m < a < 2. In this case we obtain the following result.

Theorem 2.3.5. Let Q be a non-convex polygon. Let f € L*(Q) and g € L*(09).
Then the unique solution of the problem (2.0.1) admits the following decomposition:

u(z) = Z cjx(rj)’r’ali sin(mw;a; ') + w(x). (2.3.3)

Jjrog>m
Here (rj,w;) are local polar coordinates in a neighborhood of the angle with opening

aj, X is a cutoff function near the origin, and w € H*(Q) N H*(OY). Moreover, the
following inequality holds

HwH%i?(Q) + ||"LUH12H2(aQ) + Z ¢ < C(Hf”%%ﬂ) + Hgﬂzﬁ(am)»

Jjra;>m

where C' depends on the coercivity constant of E.
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Proof. Following the lines of the proof of Theorem 2.2.1, we obtain the Dirichlet pro-

blem for v =u —U
—Av e L*(Q)

v|on € H2(00)
instead of (2.2.8). Theorem 3.4, Chapter 2 in [73] gives the representation (2.3.3) for

v. Since U is smooth, the statement follows. n

Remark 2.3.6. Without any sign condition on the coefficient b, the problem (2.0.1)

is not necessarily solvable, but it has the Fredholm property.

All our results easily hold for an arbitrary piecewise smooth domain Q C R? without

cusps.
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Chapter 3

Numerical approximation of
parabolic nonlocal Venttsel’

problems in pre-fractal domains

In this chapter, we study a parabolic nonlocal Venttsel’ problem for the Laplace ope-
rator in the domain €2,, introduced in Section 1.1.1. The problem is formally stated as

follows: for every t € [0, 7]

& =Au+ f in Q,,
—Ag,u=—% — by — 01 (u) + f - & on K, (3.0.1)
u(0,x) = ug(x) in Q,,.

where f, b and ug are given functions in suitable spaces, v is the outward unit normal
vector and A is the piecewise tangential Laplace operator on K.

The presence of the nonlocal term 6 1 (u) seems to deteriorate the regularity of the weak
solution up to the boundary. In order to prove the same regularity results obtained
for the local version of the problem, we have to make use of Theorem 2.2.1 adapted to
our case, to obtain the right regularity on K,. After giving existence, uniqueness and
regularity results, we perform a numerical approximation by mixed methods: FEM in
space and finite differences in time. After proving a priori error estimates for the ap-
proximated problem, we show some numerical simulations which stress the importance
of the nonlocal term in the process of heat flow.

Since in this chapter n will be fixed, we omit the subscript on {2, and we will simply

write €.
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3.1 The energy form

Let b be a positive continuous function on Q. We set 0:: H2(K,) = H 2(K,) as
follows: for every u,v € H%(Kn)

() 0) 3 ey s i, / / Y)lw) = v(y)) de(z) de(y).

0
< Il’ —yl?

N

Kp XKy

From now on (-, -) will denote the duality pairing between Hz(K,) and Hz(K,,).

We define now the energy form E as

Elu] = Balu] + Exc.[u] + /b|uy%w+<e (w), u) (3.1.1)

Kn

1
2

with domain

V(Q,K,)={ue H(Q) : vue H(K,)},

= / |Du|? dCsy
Q

Ey, [u /|Dgu|2d€

where
and

Here D, denotes the tangential derivative on K.

V(Q, K,,) is a Hilbert space equipped with the norm

2

lullviasc, = | [ IDu?ace+ [ IDPde+ fulfan | -

Q Ky

where dm = dLy + df. The space V(£, K,,) is non-trivial.
In order to prove the coercivity of the energy form F, we introduce an equivalent norm
on V(Q, K,,), which is defined as

1
3
llulllviomn = (IDulz + @) (3.1.2)
where @(u) = [|ul[Fn g, + (01 (u),u).
Proposition 3.1.1. The norms || - ||vk,) and ||| - |||vo,k,.) are equivalent.

Proof. We note that ||u < ylllu thanks to (1.2.8). To prove that
V(Q K») V(Q Kn)

HUHV(QJ{n) > Ol|’|u|||V(Q,Kn) we note that
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(030} < Nl o S Clllinge
]

We point out that, from our hypothesis on b, Proposition 3.1.1 in turn implies that the
norm induced by Elu] is equivalent to the norm || - ||y (o x,)-

We now prove some properties of the form F.

Proposition 3.1.2. The form E|u] defined in (3.1.1) is continuous and coercive on
V(Q, K,).

Proof. We start by proving the continuity of £ on V (€2, K,,). Since b is continuous on
Q, we have

Elu] < [DullZag + Dl + (max b) el + {03 (), ) <
2+ 1 12 ey + (03 (), < By + 2l sy < masc{ L 0}

We prove the coercivity. By using again the continuity of b, we have

(w), u) >

1
2

. : |u(z) —u(y)l? _
IDul gy min { 1 min o B, // L= ata) o) = Clull o

Elu] > [DullZaq + [Deulage, + (m b) IrA—

where C' depends on b and C;. n

Proposition 3.1.3. The energy form E[u] is closed in L*(2,m), i.e. for every Cauchy
sequence {ur} C V(Q, K,,) there exists u € V(Q, K,,) such that

Elug —u] + |Jup — u||p2(0m) = 0 for k — 4o00.

Proof. Let {u;} be a Cauchy sequence in V(Q, K,,), i.e. a sequence such that
Elug — u;] + ||ur, — ujl|r2(om) = 0 for k,j — 4o00.

We observe that in particular {u;} is a Cauchy sequence in L?*(Q2,m) and, since

L?(2,m) is a Banach space, there exists an element u € L?(2,m) such that

HUk — u”LZ(Q,m) m 0.

We have to prove that

Elup —u] —— 0.
k—-+o0
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We note that from Elu, —u;] — 0 when k, j — +o00, it follows that each term in (3.1.1)

vanishes (because they are all non negative terms).

Since /|D(uk —u;)[*dLy — 0, it follows that {Duy} is a Cauchy sequence in L2(12),
Q

and the same holds for the terms in L*(K,). Then {Du} is a Cauchy sequence in
L?(2,m), hence there exists an element w € L?(2,m) such that Du — w in L?(£2,m).
From Remark 4, Chapter 9 in [I1], we know that w = Du a.e., so we have that
ueV(Q,K,).

It is trivial that / bluy, —u|? d¢ — 0 because b is a continuous function on Q. It remains

Ky
to study the term 9%:

(03 (g — ), g — u>H*%(Kn),H%(Kn)

/ g, () — u(x|)$—_(;t|k2(y) —u(y))|? de(z) de(y) < [[up — u||2%(K -

Knx Ky,
C'llug _uH%{l(Kn)

and the last term tends to 0 when & — 400 because we know that u;, — win V(Q, K,,).
O

Theorem 3.1.4. The energy form Elu] with its domain V(Q, K,,) is a Dirichlet form
on L*(Q,m).

Proof. We have to prove that E[u] is markovian. Since we know that Fu| is closed,

we can prove a sufficient condition for having markovianity, i.e. Vu € V(Q, K,,)
v:i=(uV0O)A1leV(Q K,) and E[v] < Elul,

where (u V v)(z) = max {u(x),v(z)} and (u A v)(z) = min {u(z),v(x)}.

Let us consider the map 7: R — R defined as T'(s) = ((s V 0) A 1), then we set
v(z) := T(u(x)). Now we approximate T' with functions 7. € C*(R) such that

)

|T.(s) —T(s)| < e and <1

Since T. € CY(R) and u € V(Q,K,), it follows that T.(u(z)) € V(Q, K,), then
T(u(x)) =v(x) € V(Q, K,). Now

dT.(u(z1(€), 22(())) 01, Ou dxy(€) =~ OT. Ou dwy(l)

ds - Ou Oy Al ou Oxy df
oT. oT.
= 5. (Du, z(0)) = 5 Du,

where z(¢) = (2} (), 25(¢)). Using the properties of T, it follows that
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ds

Hence we have that

By [v] = /|Dgu DEde = Ere. .

AT (u(z:1(£), 22(£))) ’2 < ‘8Ta

We can repeat the same argument on Eq [u] to prove that Eqlv] < Eqlu]. It is obvious

that
/b|v|2d€ < /b|u|2cw.

Kn Knp

We have only to prove that

(0 (0), 0) < {0 (u), ).
We define the sets A = {x € K,, : u(z) <0}, B={re€ K, : 0<u(r) <1} and
C ={x € K, : u(r) > 1}. Hence we can split the nonlocal term into a sum of integral

terms in the following Way'

(03 v / / Lol — vty)l - |2 dl(z) de(y) + / / %da@daw
// =
//%d‘< )atty //%dawm

BxB CxB

// i |ac—y|2 St ay)*//%dé(ﬂf)dﬁ(yn
// ik |x_y|2 ® ey aety).

We point out that, from the definition of v, we have that

// = // =R i) aty) - o

and // %dé(@ dl(y) < <9%(u),u>. As to the other terms in the above

BxB
sum, the following inequalities hold:

e on BxA={(z,y) € K, : u(x) <0,0 <u(y) <1} we have that

o(z) = v(y)] = uly) < uly) —ulzr) < |u(z) —uly)l,
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(u), u);

1
2

[o(x) — v(y)?
hence // T dl(z)dl(y) < (0

BxA

e on CxA={(z,y) € K, : u(x) <0,u(y) > 1} we have that
(@) — o) =1 < uly) —ulz) < |u(z) —uly)],
hence // vl 7= y|2 dé( ) dl(y) < (01 (u),u);

e on C x B={(z,y) € K, : 0 <u(x) < 1,u(y) > 1} we have that
(@) —v)] = lulz) = 1] =1 —u(z) <uy) —ul) < |u(z) —uly)],
lv(x
hence // |I_y|2 ® a6(e) dety) < 193 (), 0

CxB

Similar arguments hold on A x B, A x C' and B x C respectively. Therefore we proved
that <9%(v), v) < (9% (u),u). Hence Elu] is markovian, then E[u] with its domain
V(Q, K,,) is a Dirichlet form on L?(2,m). O

For the main properties of Dirichlet forms, see [33].
Now we define the bilinear form associated to the energy form E[u] as follows: for
every u,v € V(Q, K,,)

E(u,v) :/DuDvdL2—i—/Dwadﬁ—i—/buvdﬁ—i—(9 (u),v). (3.1.3)
Q Kn Ky

1
2

Theorem 3.1.5. For every u,v € V(Q, K,,), E(u,v) is a closed symmetric bilinear
form on L*(Q2,m). Then there exists a unique self-adjoint non-positive operator A on
L2(2,m) such that

E(u,v) = (=Au,v)2(0m)y Yu € D(A),VveV(Q, K,), (3.1.4)

where D(A) C V(Q, K,,) is the domain of A and it is dense in L*(2,m).

For the proof see [15].

In Theorem 3.1.4 we proved that (Fk,, Hi(K,)) is a closed bilinear form on L*(K,).
Then, there exists a unique self-adjoint, non positive operator Ag, on L*(K,) (with
domain D(Ak,) dense in L?*(K,,)) such that

Ex, (u,v) = — /(AK,L wyvdl, ué€ D(Ag,),v € Hol(Kn)

Kn

34



(see Chap. 6, Theorem 2.1 in [45]). Let now H!'(K,) be the dual space of H}(K,).

We can also introduce the Laplace operator on K, as a variational operator
Ag,: Hy(K,) — H(K,)

by
Bk, (z,w) = —(Ak, Z7w>H—1(Kn),H&(Kn) (3.1.5)
for z € H}(K,) and for all w € HJ(K,,). We will use the same symbol A, to define

the Laplace operator both as a self-adjoint operator and as a variational operator. It

will be clear from the context to which case we refer.

Remark 3.1.6. As it will be clear in (3.4.7), Ak, will be the piecewise tangential
Laplacian with domain D(Ag, ) = H*(K,,)

Theorem 3.1.7. The self-adjoint non positive operator A associated to the Dirichlet
form Elu] is the generator of a strongly continuous analytic contraction semigroup
{Ti,t > 0} on L*(Q,m).

Proof. The analyticity of {7} } follows from Proposition 3.1.2 (see Theorem 6.2, Chapter
4in [81]). The contraction property follows from Lumer-Phillips Theorem (see Theorem

4.3, Chapter 1 in [76]). The strong continuity follows from Theorem 1.3.1 in [33]. O

3.2 A priori estimates in weighted Sobolev spaces

In this section we prove a priori estimates for the solution of problem (3.0.1). We stress
the fact that the key issue is to prove that u € H?(K,), which does not follow as in
the case of local Venttsel” problem (see [63]). In this section t is fixed.

We adapt the results of Chapter 2 for the elliptic problem to the parabolic problem
(3.0.1). We recall the space V2(Q, K,,) defined in (1.2.9). We state the following

Theorem, i.e. Theorem 2.2.1 specialized to our case.

Theorem 3.2.1. Let f and 9% belong to L*(Q,m). For every t € [0,T] let u €
V2(Q, K,,) be a solution of problem (3.0.1). Then there exists a positive constant C' =
C(o) such that

o dul|®
||U||§11(Q)+||7“ DZUH%%Q)"‘”UH?{%&) < C(o) HUH%Q(KH) + ||f||%2(ﬂ,m) +ll=7 )
de L2(Q,m)
(3.2.1)
provided
! <0< ! (3.2.2)
— <0< . 2.
4 2
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We point out that Theorem 3.3.1 will state that fl—? € L?(Q,m), hence this hypothesis

in the following will always be satisfied.

Proof. As in the proof of Theorem 2.2.1, we assume that 2% and 0 (u) belong to
L*(K,), hence the right-hand side of the second equation in (3.0.1) belongs to L*(K,).
Then the following estimate holds:
2
L2(K,L)> ‘

HM@mgﬁ§C<‘
(3.2.3)

By proceeding exactly as in the proof of Theorem 2.2.1, we prove that 6 1 (u) € HP(K,)
for g < % and that the following estimate holds:

2

du
dt

ou

ov

+lullZae,) + 105 W, + 1T + ‘
L2(Ky)

2

ou du|?
||U||%12(Kn) <C (‘ ED + ||U||%2(Kn) + Hf”%?(Kn) + ‘ n ) : (3.2.4)
VL2 (k,) L2(Kn)
As to the estimate of ‘ %H; Ky e consider a smooth function U on Q as in the

proof of Theorem 2.2.1 such that (2.2.6) holds. Setting v = u — U, we obtain that
3
ve H?_((K,),ve H%(Kn) and estimate (2.2.7) holds.

3
We point out that from (3.2.2) in particular v € H7 (K,,). Now we consider v as the
solution of the Dirichlet problem
—Av=f—%+AU € L*Q),

, (3.2.5)
vk, € H2(Kp).

We note that, due to our hypothesis (3.2.2) on o, in particular f — 9 € L2(Q).
Hence, from Theorem 3.1, Chapter 2 in [73] (with [ = 0) it follows that v € H2(Q) if
|o — 1| < 3/4, since the opening of the worst angle in K, is 4?”. Moreover, from (2.2.6)
and (2.2.7), the following estimate holds:
" du
7 (-3)

2

HuH%ﬂ(Q) + ”TUDzUH%%Q) < (o) ( + HUH%P(K,L))

L2(Q)

; (3.2.6)
du
< C(o) (‘ T + 120 + ”UH%{?(KH)) -
12(9)
By rescaling, we deduce that Du € Li,;(Kn) and
2
IDulZ: ey < lulldn g + I D2ulay. (3:2.7)
L)

We introduce the following trace operators:

K1 (0)u = 775@ Ko (8)u = (1 — 175)8“

ovlk,’ ovlk,
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where 7; is the cutoff function defined in the proof of Theorem 2.2.1. We remark that
the operator X;(d): H2(Q2) — L?(K,) is compact and, by using (3.2.6), we obtain for
arbitrary € > 0

2

du

2 e
151 Ol < (' i

+ 1l Z20) + HUH?p(K")) + C(e,0,0)|ull 72k,
L2(Q)

From (3.2.6) and (3.2.7) we deduce
2

du
dt

L2(Q)

152 (8)ullZ2 k) < Clo)d277 (‘ 1172 + HUH?“{?(KTL)) :

which as before implies o < % Hence, by choosing ¢ sufficiently small, it follows that

2
ol =<
L*(Kn)

Substituting the above inequality into (3.2.4) we obtain

2

@
ov

du
dt

+ ||f||%2(9) + ||U”%12(Kn)> + O(&@HUH%Z’(KH)-
L2(Q)

du ||?
ey < Ce (‘ W ey + HuH?{zmn))
12(9)
9 9 du|?
+C(e, o)|ullz2k,) + 1 f 2k, + I :
L?(Kn)

By choosing ¢ sufficiently small we obtain

du
dt

2
(3.2.8)
L2(2,m)

and, taking into account (3.2.6), we get the thesis. O]

lullZ k) < C(o) <Hf\|i2<g,m> + [lullZe k) + '

3.3 Existence and uniqueness results

We now consider the following abstract Cauchy problem, for T' > 0 fixed:

) u’(((;ﬁ)) f Au(t) + f(t) for t e [0,T], (3.3.1)

where f and ug are given functions in suitable spaces and A is the operator associated
to the energy form E. From semigroup theory we get the following existence and

uniqueness result.
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Theorem 3.3.1. Let a € (0,1), f € C%([0,T]; L*(2,m)) and ug € D(A). We define

t

ult) = Ty + / T, f(r)dr, (3.3.2)

where Ty is the semigroup generated by the operator A. Then u defined in (3.3.2) is the
unique strict solution of problem (P), i.e. a function u such that u'(t) = Au(t) + f(t)
for allt € [0,T], uw(0) = ug and

we CH[0,T]; L*(©2,m)) N C([0, T]; D(A)).
Moreover the following estimate holds:
luller qoryszz@my) + 1ulleqor:pay < C (lluollpiay + I f llcoeo,ryc2@my)) »

where C' is a constant independent of n.

For the proof see Theorem 4.3.1 in [65].

Remark 3.3.2. If we suppose uy € D(A) in Theorem 3.3.1, then the solution u of
problem (3.3.1) is classical, i.e. it belongs to C*((0,T]; L*(2,m)) N C((0,T]; D(A)) N
C([0,T]; L3(£2,m)) and it satisfies pointwise problem (3.3.1). In addition to that, we
have that u € C1*([e, T|; L*(2,m)) N C%*([e, T]; D(A)) for every € € (0,T) (see The-
orem 4.3.1 in [68]).

We now give the strong formulation of the abstract Cauchy problem (P).

Theorem 3.3.3. Let u be the unique strict solution of (3.3.1) given by Theorem 5.3.1.
Then, for every t € [0,T], it holds that

%(t,7) = Au(t,x) + f(t,2) fora.e. w=(m,22) €9,
du — —%jLAKnu—bu—Q%(u)—i-f in H™3(K,), (3.3.3)
u(0,x) = up(x) in Q.

Proof. For every fixed t € [0,T], we multiply the first equation in (3.3.1) by a test
function ¢ € D(Q2) and then we integrate on §2. Then, by using (3.1.4), we obtain

du

Todts= [Aupdeat [ fodts=-Blug)+ [ fodts
Q Q

Q Q
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Since ¢ has compact support in €2, after integrating by parts, we get

dt —Au+f in(D(Q)), (3.3.4)

then, by density, equation (3.3.4) holds in L?*(f2), so it holds for a.e. = € Q. We
remark that from this it follows that, for each fixed ¢t € [0,T], v € V(Q) = {u €
HY Q)] Au € L?(Q2)}, where Au has to be intended in the distributional sense. Hence,

we can apply Green formula for Lipschitz domains (see [7]) which yields in particular

that 24 € H=3(K,):
/DuDvdL2 = <— U> /Auvd[;z
Q

We now come to the dynamical boundary condition. Let v € V(Q, K,,). We take the

scalar product in L?*(£2,m) between the first equation in (3.3.1) and v, so we obtain
du
ETEEY = (Au’7 ,U)L2(Q,m) + (f7 U)L2(Q,m)- (335)
dt (m)

Then, by using again (3.1.4), we have that

du
—vdl dl =
/ v 2+/dt

—/DuDvdLg—/Dgungdé—/buvdﬁ—<9 (u ),v>+/fvdL2+/fvd€.

Q Ky Ky Q Ky

[

Now, using Green formula for Lipschitz domains and the fact that equation (3.3.4)
holds a.e. in §, we obtain Vv € V(Q, K,,) and for each t € [0, T

/—vdﬁ——<%,v>—/Dgqudf—/buvdf—w%( )v>+/fvd€. (3.3.6)

n n K’n

Since H'(K,) is dense in Hz(K,) (see [7]), we deduce that the boundary condition
—Ag,u=—o-—bu—01(u)+ f—-— (3.3.7)
holds in H~z2(K,,). O

We now prove a better regularity in space of the solution of problem (3.3.3).

Theorem 3.3.4. Let 0 and f be as in Theorem 3.2.1. Then for every t € [0,T] the
solution of problem (3.3.3) belongs to V(Q, K,,), and the following inequality holds:

dul?

||U||§{1(Q) + ||TUD2UH%2(Q) + HUH%{?(KH) <C (Hf”%Q(Q,m) + ’ n ) . (3338)
L2(Q,m)

where C' depends on o.
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Proof. We rewrite problem (3.3.3) as

—Auy=f—d in Q,

at

(3.3.9)

—Agu=—%— bu—0i(u)+f—G  on K,

We note that, for every ¢t € [0,T], f — i—? € L*(Q2,m). Hence, from elliptic regularity
results of Theorem 2.2.1, we deduce that for every ¢ € [0, 7] u € V2(Q, K,,) and (3.3.8)
holds. O

3.4 Regularity results in fractional Sobolev spaces

We now prove some regularity results for the strict solution u of (3.3.3).

Theorem 3.4.1. Let u be the solution of problem (3.3.3). Then, for every fized t €
0,T], uw e H(Q) fors < 1.

Proof. Let us consider for every fixed ¢ € [0,T] the weak solutions w and @ in H'(Q)
of the following auxiliary problems:
Aw =0 in (2
(3.4.1)

w=u on K,

—Aw = -2 in 2
a tJ (3.4.2)

w=20 on K,.
We point out that the regularity of the solution u of problem (3.3.3) follows from the

regularity of w and w since

u=w+ w. (3.4.3)
From Theorems 2 and 3 in [39], it follows that
oW
— e L*(K,). 3.4.4
00 ¢ 1K, (3.4.4)

As to the solution w of problem (3.4.2), we remark that the right-hand side of the
first equation belongs to L*(2). From Kondrat’ev regularity results for the solutions

of elliptic problems in corners (see [17]), since f — 9% € L2(Q) for y > 1/4 (taking into

account that the angles in € have opening equal to 5 or %’r), we get

1
H(S“D“@UH%Q(Q) < C(p,n) for || =2 and pu > 7 (3.4.5)

du
\f‘a

L2()
where § = 0(z) denotes the distance from the boundary. Now, by using Proposition

4.15 in [10], we have
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N

]l 20y < €4 118" Y Dwl|2() + lwllm @)
|af=2

and from (3.4.5) it follows that w € H*(Q2) for s < 7/4.

We now prove that @ has the same regularity of w. Since u € H?(K,), in particular
u belongs to H2(K,). Then from the trace theorem (Proposition 1.2.1) there exists
a function @ which belongs to H?(2) and such that vt = u. If we consider then the
function w = @ — @, this function belongs to H'(Q) and it is the weak solution of the
auxiliary problem

Aw = —Au in Q

w =20 on K,.

(3.4.6)

Analogously, since A belongs to L?(£2), we obtain that @ belongs to H () for yu > 1.
This in particular implies that @ belongs to H.(€2) for u > 1, hence from Proposition
4.15 in [10] it follows that u € H*(Q) for s < . O

Remark 3.4.2. By proceeding as in Theorem 4.2 in [53], with the obvious changes,
we can prove that u € HEL(Q) for ;1 > 1/4, with weight given by the distance from the

reentrant vertices (i.e. the vertices of the pre-fractal curve K,).

Remark 3.4.3. From Theorem 3.4.1, we have that the solution of problem (P) is the
solution of the following problem: for every ¢ € [0, 77,

du — Au+ f in L2(Q2),
B A u—bu—0,(u)+f  in LA(K,), (3-4.7)
u(0,x) = ug(x) a.e. o € Q.

where Ak, is the piecewise tangential Laplacian.

Since

we Hi ™ (Q) Ve >0, (3.4.8)
from Sobolev embedding theorems (see Theorem 1.4.5.2 in [37]), we have that
u € C™(Q) with § = 3 —&.

We remark that, just knowing that v € H'(K,,), from Sobolev embedding theorems
we deduce that v € C%2(K,). From Theorem 3.4.1 we obtain a better regularity for
the solution u of problem (3.4.7).
Moreover, since u € H*(K,) and Du € Hi75(Q), from the trace theorem we have
Dulk, € H*(K,) for 0 < s1 < 1.
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Remark 3.4.4. For the reader’s convenience, we now summarize the main regularity
properties of the solution of problem (3.4.7) which will turn crucial in order to prove
the a priori error estimates in Section 3.5: u belongs to H:(Q) for u > 1/4, it is Holder

continuous on Q with § = 2 — ¢ and its trace belongs to H*(K,).

3.5 A priori estimates

In this section we prove some a priori estimates for the solution u of problem (3.4.7).

Proposition 3.5.1. Let u be the solution of problem (3.4.7). Then, for every fized
t € 10,7 it holds:

t t
)2 )+ / ()2 sy dr < C { ol + / 1) o dr |+ (3:5.1)
0 0

where C' 1s a constant depending on t and on the coercivity constant of E.

Proof. We write the weak formulation of problem (3.4.7): for each ¢ € [0, 77,

du
(E(t),v) + E(u(t),v) = (f(t),v)r200m) Vv € V(QK,). (3.5.2)
L2(Q,m)
If we choose v = u(t), thanks to the coercivity of E we have that
1d
51Oz m + 6@V, < CE):0)2@m): (3.5.3)

We observe that, by using Cauchy-Schwartz and Young inequalities, we obtain

1 1 9
(f(t)7u(t))L2(Q,m) < [1F Ol e2@m) Hu(t)HLQ(Q,m) < §Hf(t)H%2(Q,m) + ) Hu(t>HL2(Q,m)‘

Hence estimate (3.5.3) can be written in the following way:

d
E”u(t)H%?(Q,m) + u®) [ em < ColllF O Z2(@m) + e F20,m)- (3.5.4)

From the differential version of Gronwall inequality (see [29, page 624]), (3.5.4) implies
that

t
lu(t)lZ2(0m) < Cs IIUOlliz(Q,m)Jr/Hf(T)H%z(Q,m)dT : (3.5.5)
0

where C3 depends on t. Now, by integrating (3.5.4) in [0,¢] and by using (3.5.5), we
get

t t
J 1Ol dr <€ [ luoliaam + [ 1 Omr | @50
0 0

where C' depends on the coercivity constant of £ and on ¢. Putting together (3.5.5)
and (3.5.6), we get the thesis. O
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Theorem 3.5.2. Let u be the solution of problem (3.4.7). Then it holds that
T
J
1

~ 2 2
<t | Ol + | s a7 |
0

du
E(T)

dr + sup [[u(t)|[{ .k,
L2(Q,m) (0,77

(3.5.7)

where C'is the coercivity constant of E, while the constant C' depends on n.

Proof. In order to prove this estimate, we use the Faedo-Galerkin method (see Section
7.1.2 in [29]). Let {¢;}32, be a complete orthonormal basis of V(Q, K,,), and V¥ =
span{¢y, ..., on}. We define uy: [0,7] — V¥ in the following way:

Z &y (t) ¢y, (3.5.8)

where we select the coefficients d’ (), for t € [0,T] and j = 1,..., N such that

dfv(O) = (U0, ;) L2(0m) (3.5.9)

and
duN .
(F(t),@) 4 Blun(),6;) = (1), &) z@m Vi=1,....N. (3.5.10)
L2(Q,m)

The existence and uniqueness of a function uy of the form (3.5.8) follows from standard
ODE theory.

Now we multiply equation (3.5.10) by (d%)(t). Then, by taking the sum on j =
1,..., N, we obtain

(o o), om0 Gr0) = (0. Fe) e

We point out that

d d dux d
E(uN,%) /DuND( ;‘;V) dLg—i-/DguNDg( - ) dé+/buN%d£+

(i () = () (452 () — $22(y)) 1a

Then, from Cauchy-Schwartz and Young inequalities, (3.5.11) can be written in this

way:
du N 2

ey

1d
+ogPlunl < ||f( M Z2(@m)- (3.5.12)

2 ‘ L2(Q,m)
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Now, integrating (3.5.12) on (0, ), using the coercivity of £ and taking the supremum

on [0, 7] we obtain

duN
/ | a7+ swp flon() o
LZ(Q m) t€[0,T
(3.5.13)
1 2
< ey | ElnO)+ [ 10 i |
0
where C is the coercivity constant of E. We now point out that, since <9%(u),u> <
(jl(n)HuH%p(Kn), it follows that
Elun(0)] < Ca(n)|uol¥o.x.-
Hence we get
duN
/ | a7+ swp fln( o
2(Q,m) t€[0,T]
(3.5.14)

1 ~ 2 2
< ey | Gl + [ 10 dr |
0

i.e. the thesis for uy.

Now we want to prove the estimate for u. At first we observe that from (3.5.14) it
follows that uy € L*([0,T]; V/(Q, Ky,)) and dun e L2([0,T); L*(2,m)). Then, we point
out that by multiplying (3.5.10) by d » we can obtain an estimate similar to (3.5.1)

for uy. Since
uy € L*([0, T); V(2, Ky,)),

there exists a subsequence {uy,} weakly converging to a function w in
L3([0,T); V(9Q, K n)), and also in L*([0,7];V (£, K,)). Moreover, from (3.5.14)
we deduce that N’“ — 4w in L2([0, T]; L*(Q,m)) when k — +o0.

We wish to prove that the limit w is the weak solution of (3.5.2). We define the

following function for m < N:

Zdﬂ ) ;1

where {d’}72, are given smooth functions. After multiplying (3.5.10) by d’, summing

for j =1,...,m and integrating on [0, 7], we obtain

/T [(%(T)W(T))LQ(QM) +E(UN(T),U(T)>] dr — O/T(f;'U(T))dT

0
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By setting N = N, from the weak convergence we get that w satisfies (3.5.2) for
a.e. t € [0,7], hence uy weakly converges to the solution of (3.4.7). Therefore,
the thesis follows from the weak lower semicontinuity of the L>°([0,T]; V (€, K,,)) and
L*([0,T7; L*(2,m))-norms and from (3.5.14) (we point out that the right-hand side of
(3.5.14) does not depend on N). O

2

Corollary 3.5.3. Let u be the solution of problem (3.4.7). Then it holds that
du 9 9
+ a2 | dr+ sup [lu@)[V o x,)

T
—(7)
/ (' dt " "l 2 qm) te[0,7]

0 (3.5.15)

T
<C (Nl + [ IO |
0

where C' 1s a constant depending on p, n, T' and the coercivity constant of E.

Proof. Estimate (3.5.15) follows from (3.4.5), (3.5.1) and (3.5.7). O

3.6 Numerical approximation and a priori error es-

timates

We now focus our attention on the numerical approximation of problem (P). It will be
carried out in two steps. In the former one we discretize by a Galerkin method the space
variable only. We obtain an a priori error estimate for the semi-discrete solution. In
the latter one we consider the fully discretized problem by a finite difference approach
on the time variable.

In order to obtain optimal a priori error estimates, we use a suitable mesh (developed
in [21] and [20], see Figure 3.1) which is compliant with the Grisvard conditions. More
precisely, since the solution u is not in H?(f2), one has to use a suitable mesh refinement
process which guarantees an optimal rate of convergence.

We consider a family of triangulations {7}, , }, where n is the step of the approximation
of the Koch snowflake and A is the mesh size of the triangulation, i.e.

h = max hg,
SET,

where hg is the diameter of the triangle S € T),;,. We require that this family of

triangulations is reqular and conformal.

Definition 3.6.1. A family of triangulations {Ty,}, h > 0, is reqular if there exists a
constant X > 1 such that
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Figure 3.1: A zoom of the mesh considered.

h
max —> <A,
SeTy, pPs

where pg 1s the radius of the biggest circle inscribed in S. X\ is the regularity constant
of the mesh.
The family of triangulations {T} is conformal if the intersection between two triangles

of the family is either a vertexr or an edge.

For more details on regular and conformal triangulations, we refer to [78].

We now have to make more assumptions on our family of triangulations {7}, }. Since
the domain €2 we consider is not convex, the presence of the “reentrant” vertices de-
teriorates the regularity of both the strong and the numerical approximated solutions.
Hence, we have to require that the mesh refinement process produces a family of trian-
gulations compliant with some particular conditions, first formulated by Grisvard [37],

which are adapted to our context in the following Definition.

Definition 3.6.2 (Grisvard conditions). A family of conformal and reqular triangula-
tions {T.n} of ¥ is compliant with the Grisvard conditions if each triangulation T,
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of the family satisfies the following statements:

(a) hs < AT for every S having at least one reentrant vertex, (3.6.1)

(b) hs < Ah ingf(x)“ for any other triangle .S, (3.6.2)
Te
where X is the regularity constant of the mesh, p is a suitable constant, v is the so-called
weighting distance defined as follows (where n, = igin :
|z — P| if v € B(P,n,) for some P € Q,
f(l’) = 1 fo ¢ UPEQB(P7 277n)7

1;:” (lz = P[ = 1n) + otherwise,
where Q is the set of reentrant vertices introduced in Section 1.1.1.

The number p appearing in the above definition is the weight exponent of the Sobolev
space to which u belongs (see Remark 3.4.4).

Finally we make two more assumptions on the mesh algorithm:
(¢) h — 0 when j — 0o, where j is the iteration number of the mesh algorithm;

(d) the family {7}, } is a sequence of nested refinements, i.e. all the nodes of T},

are also nodes of 7},1, 5 and the mesh size h — 0 when n — oo.

Hypothesis (¢) guarantees the convergence of the finite element method, while hypot-
hesis (d) allows a more accurate computation of the numerical solution and bounds
the growth of the complexity of the numerical problems associated to the subsequent
refinements.

We denote by X, .= {v € C(Q) : v|g € PyVS € T,,,}, where P; denotes the space
of polynomial functions of degree one. Let Ij: HA(Q) — X, with g > 1/4, be the
Xj,-interpolant operator, defined as:

I (u)|s € Py for every S € T,,, and Ij(u) = u at any vertex of any S € T, .

We note that I}, is well defined since u is in particular continuous on € (see Remark
3.4.4). From Theorem 8.4.1.6 in [37], we deduce the following result.

Theorem 3.6.3. Let u € H:(Q). Let {T,n}n>0 be a family of conformal and regular
triangulations over Q compliant with the Grisvard conditions (see Definition 3.6.2).
Let {T,, n}n>0 be locally refined towards reentrant corners in the following sense: for

0<pu<1, we have as h — 0

1) hg < ohTh for all S € T, , such that at least one vertex coincides with P; for
some j € Q;
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2) hs < oh igf ™ for all S € T, with no vertex coinciding with any P; for every
j€9.

Then there exists a constant C' independent of h such that

N|=

ID(u = In(w)l120) < Ch g Y IIP*DullZ2q
181=2

We now discretize problem (3.4.7) in space first. We define the finite dimensional space

of piecewise linear functions

Xn,h = {U € C(Q) : ’U|S eP, VS e Tth}.

We set V5 := X, N HY(Q). We have that V,,;, C V(Q2, K,,), it is a finite dimensional
space of dimension Nj, where N}, is the number of inner nodes of 7},,. The semi-
discrete approximation problem is the following:

for f € C%([0,T]; L*(2,m)), u) € V,;, such that u) — wug in L*(Q,m) and for each
t € 10,7, find u,4(t) € V, 5 such that

du,,
( dt’h (t),vh) + E(unn(t),vn) = (f,vn)2cm) Yon € Van
L2(Q,m)

(Po,n) (3.6.3)

un p(0) = u%.

The existence and uniqueness of the semi-discrete solution w, ;(t) € V, 5 of problem
(P,.1) follows since problem (B, ) is a Cauchy problem for a system of first order linear
ordinary differential equations with constant coefficients (see e.g. [78]). By proceeding
as in the proof of Proposition 3.5.1, we can prove an estimate similar to (3.5.1), hence
we have the stability of the method.

We now recall some key estimates of the interpolation error (see Proposition 4, Lemma

1 and Theorem 5.1 in [20] and the references listed in).

Theorem 3.6.4. Let u(t) be the solution of problem (3.4.7) and let I,(u) be the inter-
polant polynomial of u. Then, for every t € [0,T] it holds that

IDCu(t) ~ Tn(u(O) ey + 8) = Tl ey < e (uliziay + llloer)
(3.6.4)

where ¢ is a positive constant.

Proposition 3.6.5. Let u(t) and I,(u(t)) be as above. Then there exists a constant
C > 0 independent of the triangle S such that

ut) — In(u(®) 2205y < C b S / r(a)? [Du(t)]? dLs, (3.6.5)

PS  jaj=2%
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where hg is the diameter of the triangle S € T, and pg is the radius of the biggest
circle inscribed in S.

Proposition 3.6.6. Let u(t) and I(u(t)) be as above. Then for every t € [0,T] there

exists a constant C' > 0 such that
lu(t) = In(u®)lz2@) < C 1 ul)|F2 @) (3.6.6)

We now give an optimal error estimate with respect to the norm of L([0,T]; V(Q, K,,))

for piecewise linear polynomials only.

Theorem 3.6.7. Let u be the solution of (3.4.7) and u, be the discrete solution of
(3.6.3). Then, for each t € [0,T], it holds that

t
() = tnn (12 0m) + / (7)) = ()11, AT <
0

t
lao — 62 my + C 2 / 1F ) aam A7,
0

where C' is a suitable constant independent of h.

For the proof we refer to Theorem 5.2 in [20] with small suitable changes.

We now consider the fully discretized problem, obtained by applying a finite difference
scheme, the so-called 6-method, on the time variable. It is well known that the 6-
method is unconditionally stable with respect both to the L?*(2) norm and to the
L?(2,m) norm provided % < # < 1. On the contrary, in the case of 0 < 0 < %,
one has to assume that {7, ,} is a quasi-uniform family of triangulations and that a
restriction on the time step holds. Since the peculiarity of the family {7, ,} is not
to be quasi-uniform, from now on we assume % < @ < 1. An error estimate between
the semi-discrete solution u, (t) and the fully discrete one u, , can be obtained as in
Theorem 6.1 in [20]. From this estimate and Theorem 3.6.7 we deduce the following

convergence result.

Theorem 3.6.8. We set t; = [At for | = 0,1,...,M, At > 0 being the time step
and M being the integer part of T/At. Assume that f € C%*([0,T]; L*(2,m)) and
% € L*([0,T] x Q,dt x dm). Let n be fivred and u(t) be the solution of problem (3.4.7),
and let uihh be the fully discretized solution with the same initial datum u$) as given by
the 0-method with % <60 < 1. Then for everyl =0,1,..., M

T
lu(t) =y 22 0m) < Mo — wpllZ2 (o m) + C B / 1 (O 2@my d7 | +

0
T
2
of
+ / H —(7)
L2(Q,m) o ot
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where Cy is a constant independent of M, At and h and is a non-decreasing function
of the continuity constant of E(-,-) and T.

appearing in the above

2
dun,h (0) ‘

dt L2(Q,m)
theorem can be estimated by ||Aug + f (O)H%Q(Q my- Indeed, proceeding as in Remark

Remark 3.6.9. We point out that the norm ’

11.3.1 in [78] with suitable changes, we take uj = ITf , (ug), where ITf , is the “elliptic
projection operator”. Hence, taking into account (3.1.4), we get

2
dun’h

_ (A“OJrf(O)’ at (O)>L2<n ),

and the thesis follows from Cauchy-Schwarz inequality.

dun,h
H 0)

dt

L2(2,m)

3.7 Numerical results and conclusions

In this section we present some numerical results concerning the transmission problem
defined at the end of Section 3.4. We consider the domain illustrated in Figure 3.2.
A highly conductive pre-fractal interface K, = K, , U K, 3, delimiting a non-convex
polygonal domain €2, is placed at the center of a square domain 25 to study the heat
transmission across the pre-fractal. In order to appreciate its role in the transmission
process, we consider the nonlocal term 9% (u) active only on the portion K, , of the
pre-fractal interface (in red in the figure). Defining symmetric conditions with respect
to the geometry of the problem (in terms of boundary conditions and heat sources),
we will be able to compare the heat flux that crosses the interface where the nonlocal
term is present with the heat flux that crosses the interface where the nonlocal term
is not active, and evaluate, numerically, the influence of the nonlocal term in the heat
exchange process.

The dimensional equations of the problem are:

(0 C, 9 =k Au+ f in L2(Q),

P dt

Ps Cp’s % = —(Vl ]{31 DU1 + 120) k?g DUQ) + k?s (AKn’au — 8% (U)) + f iIl LQ(Kn a),

)

ps Cps i—? = —(v1 ky Duy + 15 kg Dug) + ks Ag, ,u+ f in L*(Kpp),

u(0,z) = up(x) Ve Q,

u(t,z) =0 Vt,Va e o
where

o =0 UQy;
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Figure 3.2: The domain of the problem.

p is the material density in the bulk domain Q (in Kg/m?);

ps 1s the material density per meter in the boundary domain K, (in Kg/m?);

C, and C), 4 are the heat capacity at constant pressure (in J/(Kg - K));

k is the thermal conductivity in Q (in W/(m - K)); k1 = klq, and ks = k|q,;

ks is the thermal conductivity per meter in K, (in W/K);

e vy and 1, are the outwards normal vectors on K, for 2; and 2, respectively;

the term f represents a thermal source (in W/m?);

u is the unknown variable: the temperature in Kelvin degrees;

uy = ulg, and us = ulq,.

The term bu which appears in the equations of the problem defined in Section 3.4 has
been omitted here (b = 0) to emphasize the role of the nonlocal term Hé(u) in the
transmission problem. The operator 9%(u) is defined by the duality pairing between
H™2(K,) and Hz(K,). For every u,v € Hz(K,), we define
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y))(v(z) —v(y))
(), 9) -3 eyt 1) // |x_y|2 d¢(z) dl(y).

Ko xK,

(0

N

We observe that the term (61 (u), U> can be rewritten in the following way:

1
2

// |x - y|2 ) 4 // |x — y|2 W) o) de(y)
// |a; - y|2 ) g // ‘x — y‘z W) 40y aegy) =

KnXKn nXKn

/ / yP Jo(a >dg(x) dl(y) =2 / (Tu) (@)o(z) d(a),

KnxKn Ky

where ([u)(x) := / % dl(y). The last expression has been exploited for the

implementation of the problem in the weak form. The simulations have been performed
on Comsol V.3.5a, on a desktop computer with a quad-core Intel processor (i5-2320)
running at 3.00 GHz and equipped with 8 GB RAM.

Table 3.1 shows the numerical values used for the parameters above defined.

P ‘ Ps ‘Op‘cp,s ks
8000 | 21000 | 450 | 150 | 109

Table 3.1: Numerical values used in the simulations for the physical coefficients.

The thermal conductivity k instead, has been defined variable in ) as shown in Figure
3.3. The domain has been ideally divided into eight sectors. The thermal conductivity
is constant within each sector and variable from one sector to the subsequent one, so
as to have alternations of very low values (k = 1: isolating material) and high values
(k = 1000: good conductive material) between adjacent sectors.

The alternation of high and low values of the thermal conductivity in adjacent sectors
separated by the pre-fractal layer is used to force the heat flow along the pre-fractal on
the east and west parts of the barrier, and through the barrier on the north and south
parts.

The thermal source is defined as a 2D gaussian curve with a very low variance, in order

to represent a flame concentrated at the center of €);:

f(x) = 105 ¢ 0-5((@1=71)%+(22—72)%)/0.001

where (1, Z2) are the coordinates of the center of ;. Figure 3.4 shows a 3D represen-

tation of the source term.
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k=1 ,‘m nonlocal term

1 k=10"3

Figure 3.3: Definition of the thermal conductivity in the bulk domain 2.

Taking into account our choices on the location of the source term and the boundary
conditions, the heat flows from the center of {; (where the heat source has the max-
imum) towards the domain {2, and reaches the boundary 02 where the temperature
is kept constant at 0 (Dirichlet conditions). In the east and west sectors in €y, the
heat produced by the source travels in the domain pushed by a high conductivity and
reaches the pre-fractal barrier along the shortest possible path (ideally a straight line,
which in the simulation takes the form of a slightly curved line because of numerical
errors induced by the finite triangulation of the domain). As the barrier is reached,
only a small part of the heat passes through it, because on the other side of the bar-
rier there are two low conductivity areas that are holding the thermal flow. The heat
mainly flows along the barrier (which is by assumption a highly conductive layer) until
it reaches the north and south sectors, where, beyond the barrier there are again high
conductivity areas.

Summarizing, the heat moves from the center of the domain 2 to the boundary 0f2,
and crosses the fractal layer mainly on the north and south sectors. The difference of

the flow entity along these two main directions is due the role of the nonlocal term.
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Figure 3.4: The source term f(z).

The numerical simulations confirm that the nonlocal term is responsible for a larger
flux across the barrier in the north sector.

Figure 3.5 shows the main streamlines of the heat flux for the stationary solution.
The streamlines have been drawn with a density in the domain proportional to the
magnitude of the vector field to which they are tangent. Observe that the pre-fractal
is crossed by much more lines in the north sector than everywhere else. This means
that the amplitude of the heat flux that crosses the barrier in the north sector is much
higher than in other sectors, and this is due to the presence of the nonlocal term.
Figure 3.6 shows a three-dimensional representation of the same streamlines. The
height of the curves is proportional to the magnitude of the heat flow. This figure
confirms that the heat flux across the barrier in the east and west sectors is negligible
(the corresponding curves are almost completely flat). Most of the flux across the
barrier takes place in the north and south sectors. But the former is populated by
much more lines, in virtue of the fact that the nonlocal term acting in the north part
of the pre-fractal is responsible of a larger heat flux across the barrier.

We conclude by noticing that the same results may be obtained also defining the
problem on different domains. The Koch curve could be replaced by a more general

symmetric pre-fractal of any order, or even by a pre-fractal of mixture type [22]. As
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Figure 3.5: Heat flux streamlines at the stationary condition.

already pointed out in [20], the fractal geometry helps to achieve a larger heat flux
across the barrier. Our experimental results suggest that by drawing a pre-fractal
barrier of a proper material characterized by non-constant heat conductivity (which
may be described by the nonlocal term Qé(u)) one could obtain a highly conductive

layer with increased capability to drain the heat.
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Figure 3.6: A 3D representation of the heat flux streamlines. The height of the curves
is proportional to the amplitude of the heat flux.



Chapter 4

Quasilinear local Venttsel’ problems

in two-dimensional fractal domains

In this chapter, we investigate a quasilinear local Venttsel’ problem for the p-Laplace
operator, for p > 2. We study such problem in the two-dimensional domain €2 having
fractal boundary K and in the corresponding approximating pre-fractal domains €2,
with boundary K, (see Section 1.1.1). We give existence and uniqueness results for
both problems and we prove that the pre-fractal solutions converge to the limit fractal
one. In order to do so, we prove the M-convergence of the pre-fractal functionals to the
fractal one; this will require the use of harmonic extensions. Then, after proving the M-
convergence, from the G-convergence of the subdifferentials we deduce the convergence

of the solutions.

4.1 Energy functionals

We introduce the energy functionals for the fractal and pre-fractal problem respectively.
Let H,, and H be the spaces defined in Section 1.4. Let be p > 2 and b a strictly positive

continuous function in 2. We set

%/ |DulP dLs + %/b\u|p dp+ E,lu] if ue D(®,),
Q K (4;1;1)

too it ue H\D(®,),

D, [u] :==

with domain
D(®,) :={ueW"(Q) : ul, € D(&,)},
where (€,, D(E,)) is the nonlinear energy form defined in Section 1.5.
Proposition 4.1.1. ®, is a weakly lower semicontinuous, proper and convex functional

n H.
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For the proof see Proposition 2.3 in [56].

We define
(4.1.2)
with domain
D(E{M) = W'P(K,).
We now introduce the energy functional on the pre-fractal domain:
%/XQJDudeQ + o [ pupdes BOW] ifue D@),
q);(on) [u] = Q Kn
+00 if u e H,\ D(®),
(4.1.3)
where

D(®M) :={ue W"(Q) : u|, € D(EM)}.
Proposition 4.1.2. <I>( ")

onal in H,,.

is a weakly lower semicontinuous, proper and convex functi-

Proof. From the definition of @fg"), it is clear that the functional is proper and convex.
In order to prove weak lower semicontinuity, we prove it for each term in (4.1.3) and

the thesis will follow from the properties of the liminf.
Let {vp} € D(®Y”) such that

vp, — u in WHP(Q,,) and yov, — 2z in WHP(K,) for h — +oo0.

We have to show that z = ~ou and that lim ®”[v,] > ®[u]. Since by hypothesis

h—o00

vy € D(<I> ) then Duvy, € (LP(€,))? and it is a bounded sequence. Hence there exists
a subsequence, which we still denote by {Duvy,}, which weakly converges in (LP(£2,))?
to a certain function w. Since p > 2, LP(£,) is embedded in L*(2,), and Dv;, weakly
converges to w also in (L2(£2,))?, because D is a closed operator in L?(€2,,). Hence w =
Du € (L?*(2,))? and in particular v, — u in H'(Q,). Hence, from the semicontinuity
of the norm we have

- hm /|Dvh]de2 /\Du\pdﬁg.

P h—oo

Qn

Now, from the weak convergence in H'(1,), we deduce that v, — u in H*(Q,) for
every s € (%, 1). Hence from trace theorem we have yov, — You in HS*%(Kn) and in
particular in L?(K,,). From the uniqueness of the limit we get z = you.
From the semicontinuity of the W1P(K,,)-norm, we get the thesis for the other two
terms in (4.1.3), hence we get the thesis for (IDSL). O
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4.2 M-convergence of energy functionals and of

their subdifferentials

We recall that the definition of M-convergence of quadratic energy forms was introduced
by Mosco in [71] for a fixed Hilbert space and adapted to the case of varying Hilbert
spaces by Kuwae and Shioya, see Definition 2.11 in [51]. This notion has been extended
to the case of proper convex functionals in Banach spaces by Télle (see Section 7.5,
Definition 7.26 in [32]).

Let H, be a sequence of Hilbert spaces converging to a Hilbert space H in the sense
of Definition 1.4.1.

Definition 4.2.1. A sequence of proper and convex functionals {Cb,g")} defined in H,
M-converges to a functional ®, defined in H if the following hold:

a) for every {v,} € H, weakly converging to u € H in H

lim @1(0") [Un] > ©p[ul.

n—oo

b) for every u € H there ezists a sequence {w,}, with w, € H, strongly converging
to u wn H, such that
lim CD;") [w,,] < ®,ul.

n—0o0

We now state the main theorem of this section.

Theorem 4.2.2. Let 6, = (3'-%)" = (3)". Let ®, and " be defined as in (4.1.1)
and (4.1.3) respectively. Then @1(0”) M-converges to the functional ®,.

We preliminary state the following propositions.

neN
weakly converges to u in L*(Q) and lim 6, / v, dl = /gou du for every o € C(Q).
n—oo

Ky K
For the proof see Proposition 4.4 in [63].

Proposition 4.2.3. If {v,}, .y weakly converges to a vector u in H, then {v,}

Proposition 4.2.4. Let v, — u in W'P(Q), b € C(Q). Then

6n/b|vn|pd£ R /b]u|”du.
K

Kn
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Proof. We first note that

(5n/b|vn\p dé—/b\u|p du| < 5n/b|vn|p dé—én/b\u|p de

Ky K Kn Ky
4 5n/b]u|p de—/bmyp dul.
Ky K
We set
A, = 5n/byvn|p cw—an/b|u|p at
Ky Kn
and
By = §n/b\u|p de—/bw du
K, K

and we study these two terms separately.
For the first term it holds that

p
A < e1bullbllo@ (Ion = vllzary) (Hollimgen + 1l o)

Since v, weakly converges to u in WHP(), it follows that v, strongly converges to u
in WeP(Q) for every a € (0,1).

If we consider the extension of v, —u to W*?(R?) we have from Theorems 1.2.2 and
1.2.6

On (an - u||LP(Kn)> < Co || Ext(v, — U)HWa,p(R?) < oajvp — “”Wa,p(sz) :

Hence A,, goes to 0 when n tends to oo.
We now prove that also B, goes to 0. Since u belongs to W?(Q) there exists a
sequence {g,} € C(Q) N WP(Q) such that ||g,, — ullyrny — 0 as m goes to oo (see

Proposition 4.4 in [11]). Then we have

B, < 5n/b|u]p d€—5n/b|gm]p ae| + 5n/b|gm|p d€—/b|gm\p du
Ky Ky K, K
| [ gl dn = [ blap au).
K K

Proceeding as in the case A,, we can estimate the first and the third term in the right-

hand side with ||u — gmHWLp(Q) and hence we conclude that for every € > 0 there exists
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m. € N such that these two terms are less than ce. Then, if we choose m > m, the
second term in the right-hand side goes to 0 for n tending to oo for Proposition 1.4.11

(since b gy, belongs to C(€2)). O

We are now ready to prove Theorem 4.2.2.

Proof. Proof of condition a). Let v, € H, be a weakly converging sequence in H to
u € H. We can suppose that v, € D((IDén)) and

TLIL_IEOCI)I()”) [Un] < 00

(otherwise the thesis follows trivially). Then there exists a ¢ independent of n such

that
1 1=p

) )
—/XQn’DUn|de2 + —n/b|vn|p dl+ = / |Du,|Pdl < ¢ (4.2.1)
p p p
Q Kn

Knp
In particular we have that ||v,|lw1r@,) < c. For every n € N from Theorem 1.2.5 there
exists a bounded linear operator Ext: W'P(Q,,) — W!P(R?) such that

[Ext vy [lwrore) < Cllogllwie@,) < cC,

with C independent of n.
Now we denote by 0, = Extv,|q. Then 0, € W'P(Q) and ||0,|lwre@) < ¢C, hence
there exists a subsequence, still denoted by ©,,, weakly converging to © in W1?(Q). We
point out that 9, strongly converges to ¢ in LP(£2) and also in L?(2) since p > 2. From
Proposition 4.2.3, v, weakly converges to u in L*(Q2). We prove that © = u Ls-a.e.,
that is

/(@ —u)pdLy =0

Q
for each ¢ € L*(Q). Indeed, we can write

/(ﬁ—u)godﬂg = /(f)—f)n+®n —u)pdLsy

. . (4.2.2)
= /(@ — Op)pdLs + /(vn —u)pdLly + / (0, — u)p dLs.
Q Qn N2y,

For every € > 0 there exists n € N such that each term in the sum of the right-hand
side of (4.2.2) is less than €/3. Since 9, — 0 in L*(Q) and v, — u in L?(Q) we deduce
our claim for the first two terms. As to fQ\Qn (0, — u)p dLy, from Holder inequality we
deduce that

/ [(0n — u)ip| ALy < ol 200 ([0l L200) + [[ullz20) < €/3,
A2y
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since |2\ Q,| — 0 as n — oo.

We now prove that
lim [ xq,|Dv,|PdLs > /|Du|p dLs. (4.2.3)
n—oo
It is enough to prove that xq, Dv, — Du in LP(Q), from here the claim will follow
from the semicontinuity of the norm. Since xq, Dv, = xq, D?,, this amounts to prove
that [, Xa, DiypdLs — [, DupdL, for every ¢ € LF'(Q).
It holds that

/Dugpdﬁg — /Df}ngodﬁg = /(Du— Dv,)pdLy — / Do, pdLs.

Q Qn Q O\

The first term vanishes as n — oo since Dv,, — Du in LP(Q2). Now we estimate the

second term fQ\Qn |Do,p| dLy. We have

| Dinpdts < el gy D s — .
O\

Hence (4.2.3) holds. Now we prove that

Jim 517 / Duf? df > &,[u.
n—oo I
We begin by proving that

EMNu] < EM[u]. (4.2.4)

We fix a positive orientation on K,,, the anti-clockwise orientation, and we choose as
origin A;. This induces a natural orientation on the vertices P;, for j = 1,...,3N,
where N = 4" and P, = Psng1 = A;. Let now M; be a segment of the n-th generation
(i.e. M; € K,,). From the definition of 8;") given in (1.5.3), we get

p
. 4p-1n 3N glp=1n 3N
£y = (ulPn) = u(P)Y = ==Y / Dulde| <
p j=1 j=1
J .
4p=1n 3

Z\M\p /|Du\pd£—%<§)(p M%/muyfﬂde— EM ).

JlM

From Proposition 4.2.5, v, is in particular continuous on K,,. Hence the function v,
is defined on the discrete set V", so we extend it to a continuous function Hwv, on
K. This extension is unique and it is obtained by constructing the discrete harmonic

extension Huvy,|y, of v,|y» to the set V, and then taking the unique continuous extension
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of Hu,|y, to K. This iterative process is known as decimation in the physics literature
(see [19], [50] and [15]). Then from (4.2.1) and (4.2.4) we have that

Ep[Hvy) = sup 8;") [vn] < e. (4.2.5)
h

Moreover Hv,, € D(E,) and from (4.2.5) we have that {Hv,} is a bounded sequence

in D(E,). Then there exists a subsequence, still denoted by Huv,, weakly converging
to a function u* in D(€,) with

&y [u*] < lim &,[Hv,] = lim EM[v,] < ¢ (4.2.6)

n—oo n—oo

(this follows from the lower semi-continuity of the norm, from (4.2.5) and (4.2.4)).

From Ascoli-Arzela Theorem it follows that
Hv,, — u" uniformly in C'(K)and u* € C(K). (4.2.7)

We have to prove now that u* = u|gx in LP(K). Since 7, weakly converges to u in
WhP(Q), it strongly converges to u in W*P(Q) for 0 < o < 1. Hence 0,|x strongly
converges to u in By (K) with 8 = a — % and 0,|x — u|x in LP(K) (in particular
in L?(K)).

Now let » € C(Q). Then

[ =~ uliodn -

K

/(u* - an)cpd,u+5n/vng0d€ — /u|Kg0d,u + /angodu — 5n/vngod€.
K Ky K K Kn

We note that the first integral tends to 0 as n goes to infinity from the weak convergence,
and that the difference between the second and the third integral also tends to 0 since

v, — u in H by assumption. We have to estimate
/angpd,u — 5n/vn<pd€.
K Knp

We note that, for every P € K,, and P’ € V", from the uniform boundedness of v,
and the uniform Holder continuity of v, on K, (see Proposition 4.2.5), for every ¢ > 0

there exists 7 > 0 such that for every n > n
|0 (PYva(P) = (P} )ua(P)| < ec+ cpen 377 (4.2.8)

Now we consider P/ € V* N M, where M := 1;,,(K,). Then from (4.2.8) we have
that
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3N
oo [ oapdt 26,3 [ 1(wn(PIP) — wa(PR(P)] de +

Ky, =1 yrr
3N 3N
503 [ (PR PIAE < Bulectcpens ™), 46,3 [ lon(B(R)| At
=1y =15
The first term vanishes as n — oo for the arbitrariness of €. Now we point out that

3N 3N 3N
0> [l PP A= 4 Y (PP = 43 Hu(P)o(P7) =
=1, i=1 i=1

3N
H(6ia(K) S Hun(P)e(PY) = [ Hoa )P dp

Hence we get, for n — oo,

[ (HP) P) — Ho(P)oP)) s = 0

K
since Hv, is equi-Holder continuous on K. We conclude the proof taking into account
the liminf properties of the sum and Proposition 4.2.4.
Proof of condition b). We have to prove that for every u € H there exists {wy}, oy
strongly converging to u in H such that

O, u) > Tim & [w,].

n—o0 p

We can suppose that v € D(®,). Indeed, if u ¢ D(®,) then ®,[u] = 400 and from
Lemma 1.4.9 it follows that there exists a sequence {v,}, .y converging to u in H and
hence lim " [v,] < ®,[u] = +o0.

Let thgr_fotot € D(®,), i.e. ue WH(Q) and u|x € D(E,). For the case p = 2, we refer

to [63]. Here we consider the case p > 2. Since p > 2, then u belongs to C'(£2) (see
66]). )

We extend by continuity u to T, where T is the triangle defined in Section 1.1.1, and
we denote its extension by 4. Following the same approach as in [65] and [57] with
some suitable modifications, we introduce a quasi-uniform triangulation 7,, of 7 made
by equilateral triangles 77 such that the vertices of the pre-fractal curve K, are nodes
of the triangulation at the n-th level. Let §,, be the space of all the functions being
continuous on T and affine on the triangles of 7,,. We denote by M,, the nodes of 7,
i.e. the set of the vertices of all 7. For a given continuous function u, we denote by
I,u the function which is affine on every 77 € 7,, and which interpolates u in the nodes
P, e M, N Q,,. We set w,, = 1,4 and we prove that {w,} strongly converges to u in
H, which is equivalent to prove that (see Lemma 1.4.6) (w,, v,)n, — (u,v)y for every

sequence {v, } weakly converging to a vector v in J.
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We know that
Hwn - u”Wl,p(fr) — 0 (4.2.9)

as n goes to oo (see [23]) and hence [jwy, — ully1,q) = 0.

From Theorem 1.2.2, there exists a constant c¢ independent of n such that
_1

lwn = ull 2,y < €0 ® [Jwn — ullyprs(q)-

Then we have

0 < |(wn,vn)m, — (u,v)g| = /wnvndL2+5n/wnvnd€—/uvsz—/uvdﬂ =

Qn Kn Q K

(Wn — U, Vn)12(02) + On /(wn —w)v, A+ (u,v) g, — (u,0)g| <
Ky

< ‘(wn - u, /Un)LQ(Qn)‘ + ‘(\/E(wn - U), \/5_nvn)L2(Kn)

< lwn = ull 2y [0nll 2 + VOn llwn = ull 2,y VOn 0nll L2,y + (s v0) b, = (w,0) 1]

The claim follows since v, — wv in X, therefore sup||v,|lm, < o0, and
n

+ 1w, vn ), = (u,0) | <

Vo l[wn — ull 2,y < cllwn = ullyrag)-
We now prove condition b) of Definition 4.2.1 for the sequence w,. We note that from

lim 6n/b\wn|pd€— /b|u|pdu.
n—o0

Ky K

Proposition 4.2.4

We have that

/yDIUanL2 §/|Dwn\de2,
Qn Q

then, by taking the limit for n — oo, we have the thesis (since ||D(w, — u)||zr@) — 0
for n — o00).

We have only to prove that

— §l-p
fim o /\Dwn]pd€§8p[u].
n—oo p
Ky
We now show that S1p
EMu] = ’; /]Dwn\Pde, (4.2.10)
Ky

by using the parametrization of K, by means of the arc length with origin P, = A;.

Since w,, = I,1, we have that

w, =mil+q; 1€ [l L],
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where [; = (j —1)3 ™ for j =1,...,3N. Hence we get

e &
» Z mi (L — 1) =

7=1

4p=1n 3

Z (wa(Py1) = wa( ) = €0 wa] = 071l
p =
j
The claim then follows from the monotonicity of €[u].
Taking into account the limsup property of the sum the conclusion of the theorem

follows. L

Proposition 4.2.5. Let v, € D(<I>(")) be weakly converging in I to u with

h_m@zg”) [va] < o0. Then v, is uniformly bounded and Hdélder continuous uniformly
n—oo
mn on K,.

Proof. We begin by proving the Holder continuity. We start by assuming P, Q) € M;.
Then

P

n(P) =0 (Q) < [ Dt < / Dudc| P- QP
PQ
We point out that from (4.2.1) we have that

/|Dvn|pd€§ coPt,

Ky
where ¢ is independent of n. Then, since |P — Q| < 37", by setting 5 := =L we get
3 n(l df)
[0 (P) = 0a(@)] < e|P = QI 07 370 ) = e[ — Q) e

1P~ QI (3d ) —clP— Q.

This proves the uniform Hélder continuity in n of v,. If P and @) do not belong to the
same segment, the proof can be carried out by a chain argument.

We now prove the uniform boundedness. From the uniform convergence of Hv,, to u*
in C'(K) (see (4.2.7)), it follows that for every ¢ > 0 there exists n > 0 such that, for

every n > n,
|Hv,(P) —u*(P)| <e VPeK.
Then it holds that, since u* € C(K),

| Hopl|zoo 1,y < [[HVn — w2 (i) + [0l ey < €+ Ju™]ler

66



Now take P € V. Since Hv,(P) = v,(P), then
[va(P)| = |Hua(P)| < c.
Let now P € K,,. Then
[0a(P)] < [0n(P) = va(P)] + |vn(P)],

hence the thesis follows. O]

In the following Theorem we deduce the G-convergence of the associated subdifferen-
tials.

Theorem 4.2.6. @I(,n) M-converges to @, in H if and only if 8@1(?) G-converges to
0P,,.

For the proof see Theorem 7.46 in [32]. This result will be crucial for the convergence

of the solutions of the nonlinear abstract Cauchy problems.

4.3 Convergence of the solutions of the abstract

Cauchy problems

We now consider the abstract homogeneous Cauchy problem

du
(P) T+ Au30, tel0,T]
u(0) = wy,

where A is the subdifferential of ®,, T" is a fixed positive number, and v, is a given
function. We now recall some results on the properties of nonlinear semigroups ge-
nerated by the (opposite of) subdifferential of a proper convex lower semicontinuous
functional on a real Hilbert space (see Theorem 1 and Remark 2 in [10], see also [3]).
According to [3, Section 2.1, chapter II], we say that a function u : [0,T] — H is a strong
solution of (P) if u € C([0,T]; H), u(t) is differentiable a.e. in (0,7), u(t) € D(—A)
a.e and % + Au 3 0 for a.e. t € [0, 7.

Theorem 4.3.1. Let ¢ : H — (—00,+00] be a proper, convex, lower semicontinuous
functional on a real Hilbert space H, with effective domain D(p). The subdifferential

Jy is a maximal monotone m-accretive operator. Moreover, D(¢) = D(0p). —0¢

generates a (nonlinear) Co-semigroup {T'(t)}i>0 on D(¢) in the following sense: for

each ug € D(y), the function u := T(-)ug is the unique strong solution of the problem

ue C(Ry; HYNWLEX((0,00); H) and u(t) € D(p) a.e.,

loc
d
d—l;—i—&p(u) 50 a.e on Ry,

u(0,z) = up(x).
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In addition, —0p generates a (nonlinear) semigroup {T(t)}tzo on H, where for every

t >0, T(t) is the composition of the semigroup T(t) on D(p) with the projection on

the convex set D(¢p).

In our case it turns out that, from Theorem 4.3.1, the subdifferentials 0®, and 8@;")
are maximal, monotone and m-accretive operators on H and H, respectively. Then,
if we denote with 7,(¢) and T, ™ () the nonlinear semigroups generated by —0®, and
—8@1(;1) respectively, these semigroups are strongly continuous and contractive on H

and H, (see Proposition 2.5 in [50] for the fractal case).

Theorem 2.7 in [50] states the following result.

Theorem 4.3.2. If uy € D(—A), then (P) has a unique strong solution u €
C([0,T); H) defined as uw = T,(-)ug such that uw € W42((6,T); H) for every 6 € (0,T).
Moreover uw € D(—A) a.e. fort € (0,T), vVt € L*(0,T; H) and ®,[u] € L'(0,T).

2—d;
D Y

solution u of problem (P) solves the following problem (P) on € for ¢ € (0,7] in the

Moreover, from Theorem 2.6 in [50], if we set « =1 — it can be proved that the

following weak sense:

(

du — Apu=0, in L¥ (Q)
du Ou )y, |P—2
() w>L2<K,du),L2<K,du> + (5D 7w><B£”’(K))',Bg’P<K>
(bluP~2u,¢) + &,(u,1b) =0 for every ¢ € D(E,),
L9 (K, dp), LP (K ap)

u(0, ) = ug(x) in L2(Q,m).

\

We now come to the pre-fractal case. For each n € N fixed, we consider the abstract

homogeneous Cauchy problem

du
o+ Ayu, 20, te€l0,7]
(Pn) a _(n)

un(0) = uy

Visa given

where A, is the subdifferential of @IS,"), T is a fixed positive number, and ué”
function.

Before stating existence and uniqueness results we give a characterization of A,,.

Theorem 4.3.3. Let u,(t) belong to D(®) for a.e. t € (0,T], and f be in H,. Then
feopl” [un] if and only if
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( —Apu, = fin LY (Q),

5 Quy | Ty, [P~2 > + 0, (blu,[P%u
( n) <8Vn ’ n| ﬂﬂ L N n < ‘ n‘ n w>LP/(Kn),LP(Kn)
w o . (Kn)’Wp, 7p(Kn)
—o=P (A =9 or every ¢ € WHP(K,
L " < P n’¢>W*1aPI(Kn),W1vP(Kn) " <f’¢>L2(Kn)aL2(Kn) f yy ( n)’
where g% denotes the outward normal derivative across K,,.

Proof. Let f € 004" [u,)], ie. @5 [v] — @5 [u,] > (f, v — un)s, for every v € D(®F):

/f(v—un)d£2+(5n/f(v—un)d€ <
Qn Kn

1 On
; / X (Dol = [Du, ) da -+ 2 / b(Jo]? — [un?) A+
[9) Ky

1-p
On

p

/(|Dv|p — |Du,|?) de. (4.3.1)

Kn

By choosing v = u,, + t, with ¢ € D(q),g")) and 0 <t < 1in (4.3.1), we obtain

tQ[fldengténlzfdjdé <

1 On
5/Xnn(!D(un+f¢)|”— Dy [”) d£2+§/b(lun+t¢|”— |un|”) dl+
Q

KTL

/ (D + t0)P — [DupP)dl.  (43.2)

Kn

1-p
On

p

Now, if ¢ € D(£,), from (4.3.2) we have that

/fdeQ < 1/ (ID(uy + )P — |Du, ") ALy,
D t
Qn

Then, by passing to the limit for t — 0T, we get

n

/f@z)dzg < /|Dun|p_2DunD¢dL2.
Qn Qn

By taking — in (4.3.2) we obtain the opposite inequality, and hence we get

/ fydls = / Duy P> Duty D .
QTL QTL
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In order to apply Green formula for Lipschitz domains (see [13] and [7])

/|Du|”_2Dqu AL, = <§7”\Du|f’—2,¢> - /Apuw L,
Qn

1 12 1
—7 D 7P
w P ko w? Ty

we ask that w := [Du,[P"2Du, € (L%, (2,))? == {w € (L” ()2 : divw € L” ()},
Since p > 2, then p’ < 2, therefore if we choose f € L?(9,) in particular f € L ($,).
Hence, taking into account that ¢ € D(€,), it holds that —A,u, = f in LP'(,) (in
particular —Ayu, = f in L?(£2,)) then it holds a.e. in §,,.

We go back to (4.3.2). Dividing by ¢ > 0 and passing to the limit for ¢ — 0, we get

/ fihdLy + 6, / fhdl < / IDun|[P2Du, Dyp AL + 6, / bl [P 21, 1 A0
Qn Ky

Qn Kn

+617P / |Du, [P~2Du,, D) de.
Ky
As above, by taking —i we obtain the opposite inequality, hence we get the equality.

Then, by using Green formula for Lipschitz domains and since —Apyu,, = f in LP(Q,),

we have
5, / Fpdl = <an IDu, |72, ¢> 4, / bl [P~ 2 1) Al
Kn ' W e ey K (4.3.3)
+ oL / D, [P~?Du, Dap dX.
Kn

We can define A, as a variational operator A,: Wy (K,) — W~ (K,) in the follo-
wing way:
/|Dz|p_2Dsz = — <Dy 2, W Sy () Wi (i) (4.3.4)
Kn

for z,w € Wy*(K,). Then from (4.3.3) we have that

duy,
Suf = bl P2y — 52 P A, + %ymm—? (4.3.5)
Un
holds in Wﬁi’pl(Kn).
We want now to prove the converse. Let then u, € D(@,(J")) be the weak solution of
problem (P,). We have then to prove that ®”[v] — @ [u,] > (f,v — up) s, for every
v € D(®J). By using the inequality

~(lal = 8 = e b (436)
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one gets

p

$[0] — B [u,] /]Dun|p 2DuandL2—/]Dun|pd£2 +
QTL
51_p/|Dun|p_2Duand€—571L_p/|Dun|pd€+
Kn Kn

5 / bl 2w dl — 6, / bl dl. (4.3.7)

Kn Ky

Since u, is the weak solution of (P,), by using as test functions v and u,, we have

(I);n)[’u] - (I)I()n)[un] > (f,v)m, — (f,un)m,,,

i.e. the thesis. O
By proceeding as in Theorem 2.6 and Theorem 2.7 in [56] one can prove the following
result.

Theorem 4.3.4. If u(()n) € D(—A,), then (P,) has a unique strong solution u, €
C([0,T): H,) defined as u, = T\ ()ul” such that u, € WY2((6,T); Hy,) for every
§ € (0,T). Moreover u, € D(—A,) a.e. fort € (0,T), Vti € L?(0,T;H,) and

" [u,] € L'(0,T).

Moreover from Theorem 4.3.3 it follows that the solution w,, of problem (F,) solves for

each n € N the following problem (P,) on , for ¢ € (0, 7] in the following weak sense:

( dun — Apu, =0, in L' (Q,)
duy, Ouy, 2
G (S ) e D ) ;
. R W (e ¥ 1)
(Bu) 4 0 (bl P20, 000) — O3 (At ) Lo=0
LP (Kn),LP(Kn) w—1.p’ (Kn),WHP(Kn)

Y 4, € WHP(K,),

un(0,2) = ul(z)  in LA(Q) N L2, my).
Theorem 4.2.2, Theorem 4.2.6 and Theorem 7.24 in [32] allow us to deduce that the

pre-fractal solutions converge in a suitable sense to the limit fractal one.

Theorem 4.3.5. Let H,, H, q)j(gn), ®, and 9, be as in Theorem 4.2.2. Let Tlgn)(t),
Ty(t), u " and ug be as in Theorems 4.53.2 and 4.5.4. If u(()") — ug strongly in H, then
T,S )(t) (n) — T,(t) ug strongly in I for every t > 0.
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Remark 4.3.6. We point out that the existence and uniqueness of the strong solution
for problems (P) and (P,) can be proved also for the nonhomogeneous problems (see
Theorem 2.7 in [56] for the fractal case). But in this case the asymptotic behavior of

the solutions is still an open problem.
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Chapter 5

Quasilinear local Venttsel’ problems
in three-dimensional fractal

domains

In this chapter we extend the results of Chapter 4 to the three-dimensional case. Let
Q, Qn, S and S, be as defined in Section 1.1.2. In the following we denote by L?(Q,m)

the Lesbegue space with respect to the measure m with
dm = dL3 + dg, (5.0.1)

where L3 is the three-dimensional Lebesgue measure and g is the measure defined in
(1.1.5). By the space L*(Q,m,) we denote the Lebesgue space with respect to the
measure m,, with

dm,, = xg,dLs + xs,9,do, (5.0.2)

where xq, and xg, denote the characteristic function of @),, and S,, respectively and
do = dl¢ x dL; is the measure on every affine face SY) of Sh.

In the setting of varying Hilbert spaces introduced in Section 1.4, we consider H =
L?(Q,m) where m is the measure in (5.0.1), and the sequence {H,}, y with H, =
{L*(Q) N L*(Q,m,)} where m,, is the measure in (5.0.2) with norms

lullfy = el ) + lulsliZasgy Nullh, = lulliag. + lulsllizs, 5.0

One can easily prove that, if we set 9, = (%)”, Theorem 1.4.11 holds and the spaces

H,, converge in the sense of Kuwae and Shioya to the space H.
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5.1 Preliminaries

Most of the results presented in Chapter 1 hold true also for the three-dimensional
case. For the sake of clarity, we recall the main results of Chapter 1 specialized to the
3D case.

We define the Sobolev space W*P((Q)) and the trace operator 7y exactly as in Section
1.2, by replacing R? with R? (see e.g. [10]). We denote by W'?(S,) the Sobolev space

(on the polyhedral domain S,,) of functions for which the norm

sy = | (Tl + D0,y + Do,y ) 26
I

is finite [74].

Proposition 5.1.1. Let Q),, and S,, be as in Section 1.1.2. Let zln <s <1+ %. Then
WSi%’p(Sn) is the trace space to S, of W*P?(Q,,) in the following sense:

1. vy is a continuous and linear operator from W*P(Q),,) to Wsi%’p(Sn);

2. there exists a continuous linear operator Ext from We P (Sp) to WP(Q,,) such
that o o Ext is the identity operator in WS_%’p(Sn).

We now fix 5y
B=1-2""4

We recall the definition of Besov space on S only for this particular 3, which is the

(5.1.1)

case of interest.
Definition 5.1.2. We say that f € By*(S) if f € LP(S, g) and it holds
I Fllagocs) < +00,

where

hSA

fFPP
1 lBzr(sy = 1 f1lLr(sg) + // o Pl|2df+p1dg(P)dg(P') (5.1.2)

|P—P’|<1

We recall the trace theorem specialized to our case.

Theorem 5.1.3. Let I' denote S, Q x {0} and Q x {1}. BPP(I") is the trace space of
WhP(Q) that is:

1. There exists a linear and continuous operator o : W'P(Q) — BEP(T).
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2. There exists a linear and continuous operator Ext : BPP(T) — WHP(Q), such

that vy o Ext is the identity operator on BEP(T").

For the proof we refer to Theorem 1 of Chapter VII in [13], see also [23]. In the case
I' = S, then the smoothness index a is equal to 1 — 2= df LT =0x{0}orI' = Qx {1},

then o =1 — %; we point out that in this case the Besov space B, (I) coincides with
p
the fractional Sobolev space W'~ 5? (I).

We recall also the definition of Besov spaces on an arbitrary closed subset F' C R? given
in [12, page 356]. Let pup be a measure supported on F. The Besov space BgvP(F ) with

respect to up is the space of functions such that the following norm is finite:

el gy = IlellZ F)+Z3W 3 // )‘duFUduF(y), (5.1.3)

|z —y|<3=7
where m;(z) := pr(B(x,377)). From Proposition 2 in [12], it follows that this norm is
equivalent to the following norm:
= . (b.14
Iy = Vil + [ | ey () (). (514

lze—y|<1

We now give the three-dimensional version of Theorem 1.2.2, which can be proved in

the same way with small suitable changes.

Theorem 5.1.4. Let u € WB”’(R?’) and 0, = (%)" = (3'45)". Then, fm’% <p< %,

C;
B
HUHIZP( < 5_||u||Wﬁp(R3)

where Cg is independent of n.

We conclude this section by recalling the 3D versions of the extension theorems pre-

sented in Section 1.2.

Theorem 5.1.5. Let u € WBM"’(RS). Then, for % < B,

[ullzr(sy < Cllully (5.1.6)

Wh.p(R3)"

Theorem 5.1.6. There exists a bounded linear extension operator Ext; : Wl?P(Q,,) —
WhP(R3), such that
||EXtJU||]%/1,p(R3) < CJ”U”];VLP(QH) (5.1.7)

with Cj independent of n.
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Theorem 5.1.7. There exists a linear extension operator Ext such that, for any 8 > 0
Ext : WHP(Q) — WHP(R3),

Ext VI 5y < Callvly a0 (5.1.8)
with OB depending on B
5.2 Energy functionals
From now on, let p > 2 (for the case p = 2, we refer to [51] and [55]). By proceeding
as in [17], we construct a p-energy form on K (which has the role of Euclidean p-

Lagrangian d£(u,v) = |Du[P"2DuDv dL3) by defining a p-Lagrangian measure £ on
K. The corresponding p-energy form on K is given by

Ex(u,v) = /dL‘}’((u,v)

K

with domain D(K) = {u € LP(K, u) : Exlu] < +oo} dense in LP(K, ).

Proposition 5.2.1. D(K) is a Banach space equipped with the following norm

'U\*—‘

[ullory = (ullpp sy + Ex[ul)?. (5.2.1)
As in [18] the following result can be proved.

Proposition 5.2.2. For p > 1, D(K) is embedded in C*"(K), with
(1 1\ In4
= In3’

Remark 5.2.3. We point out that, for p > - 4 1 35

tion 5.2.2 is greater than one. In this case, for the Koch snowflake K, from Corollary

the Holder exponent 7 in Proposi-

4.2 in [18], the space C%"(K) does not degenerate to the space of constant functions.

We now define the energy form on S:

1
I K I

with domain D(S) defined as

D(S) = C(S) N Lr([0, 1; D(K)) N W ([0, 1]; Lr(K)) >, (5.2.3)
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where | - [[p(s) is the intrinsic norm

[ullos) = (Eslul + [[ullfs,6)7- (5.2.4)

We now give an embedding result for the domain D(S). Unlike the two-dimensional
case where there is a characterization of the functions in D(K) in terms of the so-called
Lipschitz spaces (see Theorem 4.1 in [18]), for D(S) we do not have such characteriza-

tion, but the following result holds.
Proposition 5.2.4. D(S) is continuously embedded in Bg’p(S), for any 0 < B < 1.

Proof. We follow the proof in [52], adapted to our case.
We recall that

D(S) = C(S) N Lr([0,1]; D(K)) WLr([0,1]; Lp(K))H.”I’(S)'

Following [67], we define Bg’fpfgyl(S) = LP([0, 1];B§}p7€(K))ﬂW1’p([0, 1}; LP(K)) for
e>0.

From Theorem 4.1 in [18] and Proposition 3, Chapter V in [13], it holds that D(K) =
By (K). Moreover, this last space is continuously embedded in By?__(K) for € > 0
(see Proposition 5, Chapter VIII in [13]). Hence, from the definition of D(S), we
deduce that D(S) C Bg}{s’l(S). Moreover, the embedding is continuous, i.e. there
exists a positive constant C' such that

HUHBZ}{EJ(S) < Cllullps)- (5.2.5)

From the definition of By? _ ;(S)-norm we get

HUH%dP}{EJ(s) = / (HUHIJJBS;’E(K) + HUHZZ,P(K + [IDyullf, K)) dl: <
0

[ (1l s+ B+ D012 ) 01 <

1

¢ [ (It + e, + Dyl ) 21
0
From the definition of Eg and of the norm in D(K), we get

S —

lullgze _ s) < C(Bslul + ullfogs) = Cllulln),
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i.e. the thesis.
For any Banach space X and for any 0 < 8 < 1

WP((0,1]; X) € WPP([0,1); X).
Moreover if /3 is not integer, it holds

Whe([0,1); X) = B5”([0,1]; X).

Hence if 0 < f < 1
By 1(8) € L([0,1]; B" .(K)) (N BF"(0,1; LP(K)) C
L7([0, 1]; BLP(K)) (1 BL2([0, 1); LY (K)) = BLX(S),

where the last equivalence can be proved following [67]. We now prove that there exists
a positive constant C' such for every 0 < 8 < 1

HUHBgP(S) < Cllullpes)- (5.2.6)

Indeed, from the above remarks, we get

1
lullpgrs) = € / lullsgr ey 41+ lellgrqoninraeyy | = CU oo gy ey +
0
||u||€‘/5,p([0’1];LP(K))) S C(||u||ll)/p([0,1];35}1’75([()) + ||u||€V1,P([071];LP(K))) = CHUHZ];(YZ}{SJ(&'
From (5.2.5) we get (5.2.6). Hence the theorem is proved. O

Now we introduce the energy functional on (). Let us consider the space
V(Q,S) ={ueW"(Q) : uls € D(5), ulg =0}, (5.2.7)

where Q := (Q x {0}) U (Q x {1}).
Let b be a continuous and strictly positive function on Q. We consider the energy

functional ®, defined as follows:

}D/|Du|pd[43+Eg[u|5] +%/b|u]pdg ifueV(Q,>S),

+00 ifue H\V(Q,S).

We denote by LP(Q), m) the Lebesgue space with respect to the measure m defined in
(5.0.1). The following Proposition easily follows from Proposition 4.1.1.

Proposition 5.2.5. @, is a weakly lower semicontinuous, proper and convex functional
i H.
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We now set

1-p
E,S"’[u}:&; /(K [Dufrdl d51+%‘/ /|Dyu|pcw1 de, (5.2.9)
1 n Ky I

with domain

D(E{™) = W'(S,).

We now introduce the energy functional on the pre-fractal domain:

ﬁ/xQn|Du|de3 + 2 [ bjufPdo+ B u]  ifue V(Q,S5),

q)é”)[u] =4 0 Sn
+00 if ue H,\V(Q,Sh),
(5.2.10)
where

V(@Q.5.) = {u e WH(Q) + ul, € D(E), ulg, =0},
where we define Q,, := (€, x {0}) U (Q, x {1}).

By proceeding as in Proposition 4.1.2, we can prove the following result.

(n)

Proposition 5.2.6. &, is a weakly lower semicontinuous, proper and convez functi-

onal in H,.

5.3 Density results
In the notations of [67, page 8], we introduce the following space:
W(0,1) := L2([0,1]; D(K)) () W"*([0,1]; L*(K)). (53.1)

This is a Banach space equipped with the norm

1
[ullwo,1) = (Hu“ip([OJ};D(K)) + ”DyuHip([og};Lp(K)))p' (5.3.2)

The following results hold.

Proposition 5.3.1. The space D([0,1]; D(K)) is densely embedded in W (0, 1), that is

D(0,1; D(K)) " = w(0,1). (5.3.3)

Proof. One can easily adapt the proof of Theorem 2.1 page 11 in [67] to the case of

Banach spaces, by replacing all the L? spaces with the corresponding LP spaces. O
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Proposition 5.3.2. D([0,1]; D(K)) C C(S).

Proof. See Proposition 5.2 in [51]. O

Theorem 5.3.3. The space D([0,1]; D(K)) is dense in D(S) with respect to the in-

trinsic norm || - ||lp(s)-

Proof. One can adapt the proof of Theorem 5.3 in [54] with small suitable changes. [

We now state the main Theorem of the section.

Theorem 5.3.4. Let Q, S and V(Q,S) be defined as in Section 1.1.2 and (5.2.7)
respectively. For every u € V(Q,S) there exists 1, € V(Q,S) (N C(Q) such that:

(1) ||vn — ullwreg) — 0 for h — oo;
(2) [[n — ullpo@m) — 0 for h — oo;
(3) Es[ton —u] — 0 for h — oc.
In order to prove this Theorem, we need a preliminary proposition on trace and exten-

sion operators.

Proposition 5.3.5. Let 8 be as defined in (5.1.1). Let vy and Ext be the trace and

the extension operator defined in Theorem 5.1.3 respectively. Then
(1) If u € C(R®) \WHP(R?) then vou € C(S) () BE"(S).
(2) If u e C(95) ﬂBg’p(S) then Extu € C(R3) N WHP(R?).

Proof. One can adapt the proof of Proposition 5.5 in [54] with the obvious changes
when considering the case p > 2 instead of p = 2. O]

We are now ready to prove Theorem 5.3.4.

Proof. We follow the spirit of the proof of Theorem 5.4 in [51].
Let us consider u € V(@Q, 5), then u|s € D(S). We set

uls on S,

0 ondQ\S,

U =
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where 9Q \ S = Q = (Q x {0}) U (Q x {1}). We point out that u|g € BP?(S) for every
a € (0,1) from Proposition 5.2.4.

We now consider the Besov space Bg”p (0Q) on the closed set 0Q = S U Q). We remark
that 0Q) is neither a 2-set nor a (df + 1)-set because S and 2 have different Hausdorff
dimensions. Hence we make use of the more general theory of Besov spaces on arbitrary
closed sets introduced by Jonsson in [12].

We prove that there exists € > 0 such that u € Bffa(aQ). We denote by fi the measure
supported on dQ) defined as

dp = xsdg + xqdLa.

The measure fi satisfies the following property: there exist two positive constants ¢;

and ¢y such that
&r? < f(B(z, 1)) < Ert for every x € Q. (5.3.4)
Taking into account (5.3.4), from (5.1.4) it follows that

~ Ji() — i(y)”
00y < | Nl + [ 2B i)t

lz—y|<1
1+2df

The last integral is finite if and only if v < Moreover, since @ = 0 on €2, then

Il zr(o0) = Ilulsllzo(s)-
We now estimate the B2?(0Q)-norm of @ with the BL?(S)-norm of ulg, for a € (0, 1),
hence vp +1 < ds + 1 + ap, that is
d
y< - ta (5.3.5)
p

2d;

We remark that, if v satisfies (5.3.5), it also satisfies the condition v < 24 and we

have that
18020 0 < € (ulsliugs) + lulsWpngs)) < oo
For the arbitrariness of 0 < a < 1, there exists & > 1 — 7f such that
1<y <% + Q.

Therefore, there exists e > 0 such that @ € B‘ffe(@@). Since Q) is a closed set in R3
from Theorem 1 in [12] there exists an extension operator Extaq from BYP.(0Q) to
ByP(R?). This space coincides with W1?(R?). Hence, if we set

a = (EXtaQﬂ) |Q,
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this function in particular belongs to W?(Q).
We now prove (1). From Theorem 5.3.3 there exists {¢,} C D(0,1; D(K)) such that

lon — uls||nsy — 0 when h — oo.

Let now @y, := Ext ¢p,. Then from Proposition 5.3.5 (see [13])
Pn € WH(Q)NC(Q).

We now prove that ||@5 —Ul|wieg) — 0. Indeed, from Theorem 5.1.3 and the inclusion
of D(S) in BL"(S) (see Proposition 5.2.4),

H@ - aHWLP(Q) < ClHSDh - u|SHB”‘p(S) < H@h - U|SHD(S) —0
B

from the density Theorem 5.3.3.
Now let us consider the function u — @. This function belongs to W'?(Q) and it is
such that (u —@)|sg = 0, then u — @ € Wy (Q) (see Theorem 3 in [30]). There exists

{Nm Ymen C C2(Q) such that
[0m — (u = )|lwirg) — 0. (5.3.6)

Let {¢nm} denote the doubly indexed sequence of function {¢n — 7, }. The sequence
{¢n.m} belongs to WHP(Q) (N C(Q). From Corollary 1.16 in [6] we deduce that {t,, 1}
converges to u in W'P(Q) as h — oco. In fact there exists an increasing mapping
h — m(h), tending to oo as h — oo, such that

A [l = Ynmen fwrr@) = lim flu = Ph = Thm(w lwrr@) <
Jim (fu = =y lwrr @) + 100 = Ullwie)):

Hence by applying Corollary 1.16 in [6] to the right hand side of the above inequality
it follows that

Jim (lu =P lwie@) < lim lim { flu = = nmllwie) +llon = ullwire]}-

The two terms in the sum tend to zero when m, h — oo, then
T ([0nmny — ullwing) =0, (5.3.7)

and also lim ||1p m) — u|lwirg) = 0. Hence we conclude that
h—o0

|¥hmn) — wllwreg) — 0 when h — oo.

From now on we denote by v, = ¥y, ). We now prove (2), that is

ln = ull 1o @ my = U0 — ullzr@) + 190 — ullLr(sy = 0. (5.3.8)

The first term in (5.3.8) tends to zero when h — oo since
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[n = ullr@) < [n = ullwir)-

We now prove that also the second term in (5.3.8) tends to zero:

|Un — ullLecsy = |@nls — mnls — uls||zr(s)
= |lon — ulsllzris) < llon — ulslloes),

and the last quantity tends to zero from the density of D(0,1; D(K)) in D(S). This
proves that ¢, — u in LP(Q,m).
We now prove (3):

Es[(u—n)|s] = Esluls — ¥nls] = Esluls — ¢n] < |luls — @nllnsy — 0.
Hence the theorem is proved. O

We remark that we can prove a result similar to Theorem 5.3.4 also for the pre-fractal

case. We define the space
W(0,1) = LP([0,1]; WHP(K,)) nWHP([0, 1); LP(K,)).

Similarly to Proposition 5.3.1, we can prove that D(0,1; W"P(K,)) is dense in
W™ (0,1). But it turns out that

W (0,1) = Wh(S,).

We also point out that we can prove as in Theorem 5.3.2 that D(0,1; W'?(K,)) C
C(S,). Hence the following result holds.

Theorem 5.3.6. For every u € V(Q, S,) there exists 1, € V(Q, S,)NC(Q) such that:
(1) llvbn = UHWLP(Q) — 0 for h — oo;

(2) ||Yn — ullLr(@umn) — 0 for h — oo;
(3) Ez(an)[l/)h —u] = 0 for h — .

Proof. Let u € V(Q,S,), hence ulg, € D(EYY) = Wr(S,). From the density of
D(0,1; WiP(K,)) in W'P(S,), there exists a sequence {¢,} C D(0,1; WP(K,)) such
that

H‘Ph - UHlep(sn) — 0 for h — oo.

Since {¢n} C D(0,1; WHP(K,)), in particular it belongs to Wl_%’p(Sn). From the trace
Theorem 5.1.1 there exists an extension ¢, belonging to W'?(Q,,); then, from Theorem
5.1.6, there exists an extension @, € WHP(R?). We point out that, since ¢, € C(S,),
as in Proposition 5.3.5 we can prove that the extension of ¢y, is continuous on Q. We
set ¥, := ¢nlg, hence ¢, € WHP(Q). From Theorem 5.1.6 and Theorem 5.1.1 we get
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lon = wllwrr@) < Cillon — ullwirgs) < Collén — ullwre@a) < Csllon —ull g0 g ) <

Callon — UHWlw(Sn),

and the last quantity tends to 0 for h — oo from the density of D(0,1; WP(K,)) in
Whr(S,).
As to (2), the following holds from (1) and the density of D(0,1; W'P(K,,)) in W' (S,,):

1n = ull o (@umn) = 1¥n = ullpoq,) + Onllon — ullfus,) <
Cillvon = ulljyrag) + Collen = wllfyrns,) = O-

We now come to (3):
By — ] < Cllon = ullynags,y = 0.

Hence the theorem is proved. O

5.4 M-Convergence of the energy functionals and

convergence results

The main theorem of this section is the following.

Theorem 5.4.1. Let 6, = (3'-%)" = (3)". Let @, and o be defined as in (5.2.8)
and (5.2.10) respectively. Then @fgn) M-converges to the functional ®,,.

We preliminary state the following propositions.

Proposition 5.4.2. If {v,},  weakly converges to a vector u in I, then {v,}, .y

weakly converges to u in L*(Q) and lim §, / v, do = /gpu dg for every ¢ € C(Q).
n—oo
Sn
For the proof see Proposition 6.6 in [55].

Proposition 5.4.3. Let v, — u in W'P(Q), b € C(Q). Then

5n/b|vn|pda—> /b|u|pdg.
S

Sn

Proof. The proof follows from Proposition 4.2.4 simply by integrating on I. O]
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Proof. (Theorem 5.4.1) The proof is similar to the proof of Theorem 4.2.2 with suitable
changes. We have to prove conditions a) and b) in Definition 4.2.1.

Proof of condition a). Let v, € H, be a weakly converging sequence in H to u € H.
We can suppose that v, € V(Q, S,) and

lim @I()”) [Un] < 00

n—o0

(otherwise the thesis follows trivially). Then there exists a ¢ independent of n such
that

1 On 6P On
—/XQ,LIDvnlpdﬁva—/b|vn|pda+ . /|Dvn|pd0+—/|Dyvn|de§c. (5.4.1)
p p p p

Sp, Shn

n

Let us suppose that v, is continuous on Q. From (5.4.1), in particular we have that
|vn|lwir(,) < c. For every n € N from Theorem 5.1.6 there exists a bounded linear
operator Ext: W1?(Q,) — WP(R3) such that

|Ext v, [lwir@sy < C llonllwirg,) < cC,

with C' independent of n.
We now set 0, = Extv,|g. We then proceed as in the proof of condition a) in Theorem

4.2.2, by using Proposition 5.4.2 this time, and we conclude that

lim [ xq,|Dv,[PdLs > /|Du|p dLs.

Moreover, the following

1-p
On

1
lim /]Dvn|pd02 —/EK[U] dLy
n—oo P E p ’

holds as a consequence of Theorem 4.2.2 and Fatou Lemma. We are left to prove that

On 1
lim — / Dy, [P do > — / |Dyulf dg. (5.4.2)
p
S s

n—oo P

First we point out that, since v, weakly converges to u in W1P(Q), it follows that v,
strongly converges to u in W*?(Q) for every s € (0,1). Hence, from Theorem 5.1.3,

Un|s strongly converges to u|s in B”P,_ ”
s——&

to u|g in LP(S). ’
We now set w,, := Dyv,, € LP(Q). In order to prove (5.4.2), we preliminary prove that

(S), so in particular v,|s strongly converges

||wn||LP(S) <ec.
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From the density of C*(Q) in W?(Q) (see [70, Theorem 2, page 28]), there exists a
sequence {w!};, € C*(Q) such that wh —— Wn in L*(S,). We want to prove that
—00

Wl esy < e

h

» is continuous on S, we

By proceeding as in the proof of Theorem 4.5 in [57], since w

can estimate the above norm in terms of the corresponding Darboux sums, and we get

/|w2|p dg <6, / lw"| do. (5.4.3)
S Sn

Passing to the upper limit as h — oo, since w” strongly converges to w, in L?(S,),

from (5.4.1) we get
T sy < e

Since w! is bounded in LP(S), there exists a subsequence (still denoted by w!) we-
akly converging to a function w} in LP(S) for h — oo. Moreover, from the lower

semicontinuity of the norm, we have

[wrillzees) < e

*
nl

The above inequality implies that there exists a subsequence of w*, again denoted by

wi, weakly converging to a function w* in LP(S). By using again the lower semicon-

tinuity of the norm, we get

n—o00 n—o00 h—oo n—o00 h—oo

sy < lim [ i dg < tin i [ full?dg <l tnd, [ ubpdo =
S S Sn

h_m(;n ’wn|p do = h_m(sn |Dyvn|p dO',
n—oo n—oo
Sn Sn
where in the last inequality we used (5.4.3). Hence (5.4.2) follows if we prove that
w* = Dyu a.e. in LP(S).
By using the definition of weak convergence and distributional derivative, we get V ¢ €
L¥(S)

n—00 h—00

/w*gpdg :JLI&/w:wdg = lim lim [ w'pdg = nliﬁrgo/wngpd‘q =
S s

S
lim [ Dyv,pdg = — lim /vnDyap dg = —/uDygo dg = /Dyuga dg,
n—oo n—oo

5 S S S

i.e. the thesis. We conclude the proof taking into account the liminf properties of the
sum and Proposition 5.4.3.

If v, is not continuous on @, from Theorem 5.3.6 there exists w, € V(Q,S,) N C(Q)
such that [[v, — wallwre) < £, [[vn — WallLr(@my) < = and o [w,] < o [va] + .

— n?
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By triangle inequality we easily have that w,, tends to u weakly in J{. Hence from the

previous step we have

M [u] < nh%o M w,] < nl%lo (cp;m[vn] - %) = Y}L_nolo ®(M[v,],
i.e. the thesis.
Proof of condition b). As before, we can suppose that u € V(Q, S), i.e. u € W'P(Q)
and u|x € D(S). The difference from the proof of condition b) in Theorem 4.2.2 is
that now w is no longer continuous (since we are in dimension three). We have then to
consider two cases.
Step 1. We suppose that u € C(Q), hence u € H. We extend by continuity u to
R and we put U this extension. Following the same approach of Theorem 4.2.2, we
introduce a quasi uniform triangulation 7,, of R made by equilateral tetrahedron R?
such that the vertices of the pre-fractal surface .S,, are nodes of the triangulation at the
n-th level. We denote by I,u the interpolant polynomial of v and we set w, = I,u.
As in the proof of condition b) in Theorem 4.2.2, we can prove that {w,} strongly
converges to u in .
We now prove condition b) for the sequence w,. We note that from Proposition 5.4.3
lim 6, [ blw,|Pdo = /b|u|p dg.

n—00
Sn S

/wan|pd53 §/|Dwn\de3,
Qn Q

then, by taking the limit for n — oo, we have the thesis (since ||D(w, — u)||rr(@) — 0

We have that

for n — 00).

We have only to prove that

lim E(") (w,] < Esluls].

n—o0

Since w,, = I,u, we have that
wp =mil+hy+q 1€l ], y € Y, visal,

where [; = (j—1)3™andy; = (1 —1)3 " for j=1,...,3N,i=1,..., M. Hence we
get

51 sl-p M 3N
/dy/|Dwn|pd£— ’; SN mP e — L) (i — yi) <
=1 j=1
4(p n M 3N
p ZZ (Wn(Pjy1,i41) — wn(Pje))" =

i=1 j=1
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M 3N

EZE:WU%mHﬂ—UU%»W§/8MMM@

P =3 j=1 7

Ap=1)n

Passing to the upper limit, we get

_ 5l-p
fim o /dy/|Dwn]pd£§/8K[u]dﬂl.
Ky

1 1

In the same way one can prove that

md—n/dy/|Dywn|pd£§//|Dyu|de1du.
n*)OOp
T

1 Ky K
Taking into account the limsup property of the sum the conclusion of the theorem
follows.

Step 2. If u € V(Q,S), but u is not continuous, from Theorem 5.3.4 there exists
Yn € V(Q,S)NC(Q) such that v, — uin H and |[¢, — ullygs) — 0. Let h € N
fixed such that ||¢, — ullv(g.s) < 3 and |[¢p —ully < . By W, we denote a continuous
extension in R.

From Step 1 we have that for every fixed h € N 1,4, strongly converges to ¢, in H,
I,y converges to 1, in WHP(R) when n — oo and

Tim 5 [1 0] < p[n].

n—oo

Passing to the upper limit for A — oo to both sides of the above inequality we obtain

i (T @ [Lls]) < Tim @[] = @, ful.

h—oo \n—oo P

We now want to apply Corollary 1.16 in [0] for proving that there exists an increasing
mapping n — h(n) such that, denoting by w, = n@h(n), we have that w, converges to

win H and Tim ®5" [w,] < ®,[u]. To this aim we have to prove that
n—oo

lim lim |(wppn, v0)m, — (u,0)E] <0
h—00 n—+00

for every {v,} weakly converging to v in H. Indeed we have

|(wn,h7vn>Hn - (U, U)H| S |(wn,havn)Hn - (wN’m U)H + (d;h - U,U)H| S
|(Wn,hy )1, — (U, 0) | + |00 — ullallollar < [(won, vo)m, — (n, V)| + 7
Passing to the upper limit for n — oo, we obtain
lim | (W py Vo), — (U, 0) | — 0.
n—oo

Then Corollary 1.16 in [0] provides the thesis. O
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We point out that, from Theorem 4.2.6, the M-convergence of the functional implies

the G-convergence of their subdifferentials, as in the two-dimensional case.

We now consider the abstract homogeneous Cauchy problem

() W@t Aus0, te(0,T]
u(0) = wy,

where A is the subdifferential of ®,, T" is a fixed positive number, and v, is a given
function. As in the two-dimensional case, from Theorem 4.3.1 the subdifferentials 09,
and 8<I>I(,n) are maximal, monotone and m-accretive operators on H and H,, respectively.
Then, if we denote with T,,(¢) and TIS") (t) the nonlinear semigroups generated by —0®,,
and —8@]@ respectively, these semigroups are strongly continuous and contractive on H
and H,,. Hence, we get an existence and uniqueness result for the solution u = T),(-)ug
of problem (P) analogous to Theorem 4.3.2. Moreover, the solution u of problem (P)
solves the following problem (P) on @ for ¢ € (0,T] in the following weak sense (where
B is given by (5.1.1)):

(

% —Ayu=0, in Lp/(Q)
du ) + (54DulP~2, )

L2(S,d@),L2(8,dg) (BRP(9)),BEP(5)

(P) < (blu|P~2u,v) + Eg(u,v) =0 for every ¢ € D(S5),

LY (8,dg),LP(S,dg)
u = O 11’1 WﬁVp(Q)j
u(0, P) = ug(P)  in L*(Q,m),

\

where we recall that Q = (2 x {0}) U (Q x {1}).
As to the pre-fractal case, for each n € N fixed we consider the abstract homogeneous
Cauchy problem

(n)

(P, dun 4 A,u, 30, te€(0,T]
un(o) =Uy

where A, is the subdifferential of ®"), T is a fixed positive number, and ué")

is a given
function.
We can give a characterization result for A,,, which is analogous to Theorem 4.3.3. We

recall that Q,, := (2, x {0}) U (Q, x {1}).

Theorem 5.4.4. Let u,(t) belong to V(Q,S,) for a.e. t € (0,T], and f be in H,.
Then f € 95 [w,] if and only if

89



( —Apun = f m Lpl(Qn)?
<g%2|DUn’p_2a w> + 6n <b’un’p_2u”7 w>

/ 1
7

3P’ P
W P (Sp),WP " (Sn)

— 0n (A
WL (5p), WP (Sn) n (Bpytin, V)

for every ¢p € WP(S,),

LP'(Sp),LP(Sn)

‘»—t

( n) _571;p <Apuna ¢>

[ U, =0 in Wi’p(fln),

w—Lp (Sp), WP (sp)

L2(Sn),L2(Sn)

where g%z denotes the normal derivative across S, and A, = div(|D,[P~2D,).

Proof. The proof follows the one of Theorem 4.3.3, but we have to suitably define A,

as a variational operator from W,"(S,) to W~"#'(S,) in the following way:

/'Dyz|p_2DyZDyw do = — < Qpy 2, W >po1(5,) wie(s,) (5.4.4)
Sn

for z,w € Wy(Sy).
In addition to that, we have to use a different version of the Green formula, since in
this case 0Q,, = S,, U Q,:

0
[ ipup=2pupac, = { 2 pup uls, ) :
Qn

ou _
(oipur,ola, )

(s, WP T (Sn)

- /Apuw dLg

1 2 1
7 ~ 7P
w ? T @ wr (@, @n

Hence we have that the analogous of condition (4.3.5) is

Snf = Onblun [P 2wy — P AU, + gzn DU P2 — 6,04 Un (5.4.5)
and it holds in W_ﬁ’p,(Sn). Moreover, we have u, = 0 in Wi’p(fln). O

From the properties of —A,, and T, IS") (), we get an existence and uniqueness result for
the solution w,, = ngn)(‘)uén) of problem (P,) analogous to Theorem 4.3.4. Moreover,

from Theorem 5.4.4 it follows that the solution u, of problem (P,) solves for each
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n € N the following problem (]5n) on @, for t € (0,77] in the following weak sense:
((dun  Au, =0, inLP(Q,)

dt
dup Qun p—2
6n < dt ’wn>L2(Sn),L2(Sn) -+ <8un |D'U/n| 7wn> . .
w2 (s, WP (s

+05 (blun P, ) — 0" (Byptin, w’")vw1 P’ (Sn), WP (Sp)
s n), ’ n

— 65 (Apytn, ¥n) =0 Vb, € WHP(S,).

w—Lp’ (Sn),WhP(Sn)

!

LP' (Sp),LP(Sn)

uy, =0 in Wi’p(Qn),
un(0, P) = ug”(P)  in L¥(Q) N L*(Q, my)

Theorem 5.4.1, Theorem 4.2.6 and Theorem 7.24 in [32] allow us to deduce that the
pre-fractal solutions converge in a suitable sense to the limit fractal one as in the

two-dimensional case.

Theorem 5.4.5. Let H,, H, @;,n), ®, and 6, be as in Theorem 5.4.1. Let u((]”) €

D(—A,) and ug € D(—A). If ul" — ug strongly in H, then Ty () ul —— T,,(t) uo
n—oo

strongly in H for every t > 0.
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